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Preface

As a result of the incorrect statement by A. Cauchy in his book Cours d’Analyse (1821)
that any separately continuous function on R�R is in fact continuous, a discussion was
generated as to whether certain separate regularity properties for functions in several
variables are in fact regularity properties with respect to all variables simultaneously.
While in the case of continuous functions this kind of implication fails to hold, the
situation of holomorphic functions is much better:

Any separately holomorphic function in several complex variables is automatically
holomorphic as a function of all variables.

This deep result was proved by Friedrich Hartogs in 1906. Since that time, gen-
eralizations of this result in various directions have been intensively pursued. Now,
more than a hundred years after the seminal work by Hartogs, we felt that the time had
come to gather some of the main streams of these developments into one single source
book. Since we have also been working in that area, we reached the conclusion that it
might even be our duty to complete such a project. The book may thus be understood
as a kind of hundredth anniversary of separate holomorphicity.

The book is divided into two parts. The first one, which is more elementary, deals
with separately holomorphic functions “without singularities”, while in the second part
the situation of existing singularities is discussed. For more details, the reader is asked
to consult the Introduction.

Holomorphic extension problems are important questions in several complex vari-
ables (SCV). Therefore, the book should be interesting for anyone seeking further
knowledge on this type of phenomena, in particular, for students (if they have attended
a course on SCV). We are confident that a part of this book will serve as a basis for
seminars on several complex variables and that other parts will lead to further research.

We do not claim that the text is easy (especially in Part II). However, to help the
reader as much as possible, much of the necessary prerequisite knowledge has been
collected in Chapter 3 (most of it without proofs but with hints on where to find them).
Moreover, most later sections begin with > § … showing which part of the previous
sections may be helpful in understanding the current one. As an orientation for the
reader, each chapter starts with a short summary of the topics one may find in it.

There are a few theorems for which no proofs are given; they are denoted by The-
orem*. Moreover, there are many points in the proofs that we have marked Exercise.
By this we mean that the reader is encouraged to write out the argument in more de-
tail than we have done. At the end of the book a list of general symbols with short
explanations is found; in addition, each chapter has its own list of symbols introduced
in it. Finally, from time to time we pose open problems (marked by ‹ … ‹ ) that to
the best of our knowledge have not yet been solved. We encourage the reader to try to
solve them.



vi Preface

We want to point out that we, the authors, are responsible for all mistakes that may
be still in the text. It would be much appreciated by us if the readers could inform us
about any mistakes they have found, using our email addresses:

Marek.Jarnicki@im.uj.edu.pl, Peter.Pflug@uni-oldenburg.de.

Finally, it is our great pleasure to thank the following institutions for their support
during the writing of this book:

Jagiellonian University in Kraków,
Carl von Ossietzky Universität Oldenburg,
Polish Ministry of Science and Higher Education – grant N N201 361436,
Deutsche Forschungsgemeinschaft – grant 436POL113/103/0-2.

Without this help it would have been impossible to finish this project.
We are deeply indebted to Dr. M. Karbe – Publishing Director of the EMS Publishing

House – for his constant help and to Dr. I. Zimmermann for taking care of the text.

Kraków–Oldenburg, June 2011 Marek Jarnicki
Peter Pflug
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Introduction

Let us begin with the following (elementary) problem.

(S-C ) We are given two domains D � Rp , G � Rq and a function

f W D �G ! R

that is separately continuous on D �G, i.e.,

• f .a; �/ is continuous on G for arbitrary a 2 D,
• f .�; b/ is continuous on D for arbitrary b 2 G.

We ask whether the above conditions imply that f is continuous on D �G.

It is well known that the answer is negative. However, recall that the answer was
not known for instance to A. Cauchy, who in 1821 in his Cours d’Analyse claimed that
f must be continuous.

l.er Théorème. Si les variables x; y; z; : : : ont pour limites respectives les quan-

tités fixes et déterminéesX; Y;Z; : : : , et que la fonction f .x; y; z; : : : / soit continue

par rapport à chacune des variables x; y; z; : : : dans le voisinage du systéme des

valeurs particuliéres x D X , y D Y; z D Z; : : : , f .x; y; z; : : : / aura pour limite

f .X; Y;Z; : : : /. A. Cauchy [Cau 1821], p. 39

See also [Pio 1985-86], [Pio 1996], [Pio 2000].
According to C. J. Thomae (cf. [Tho 1870], p. 13, [Tho 1873], p. 15, see also

[Rose 1955]), the first counterexample had been discovered by E. Heine:

f .x; y/ ´
´

sin.4 arctan x
y
/ if y ¤ 0;

0 if y D 0:

A simpler counterexample is the function

f .x; y/ ´
´

xy

x2Cy2
if .x; y/ ¤ .0; 0/;

0 if .x; y/ D .0; 0/;
(�)

which was already known to G. Peano in 1884 (cf. [Gen 1884], p. 173).
Since the answer is in general negative, one can ask how big is the set �C .f / of

discontinuity points .a; b/ 2 D �G of a separately continuous function f . A partial
answer was first given in 1899 by R. Baire ([Bai 1899], see also [Rud 1981]), who
proved that every separately continuous function f W R � R ! R is of the first Baire
class, i.e. there exists a sequence .fk/

1
kD1

� C.R2;R/ such that fk ! f pointwise
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on R2. Consequently, if f W R � R ! R is separately continuous, then f is Borel
measurable.

Several years ago I used to pose this question to randomly selected analysts. The
typical answer was something like this: “Hmm – well – probably not – why should
it be ?” The only group that did a little better were the probabilists. And there was
just one person who said: “Let’s see, yes, it is – and it is of Baire class 1 – and …”.
He knew. W. Rudin [Rud 1981]

Moreover, �C .f / must be of the first Baire category, i.e. �C .f / � S1
kD1 Fk , where

int xFk D ¿, k 2 N. Baire also proved that iff W Œ0; 1��Œ0; 1� ! R is separately contin-
uous, then �C .f / is an F� -set (i.e. a countable union of closed sets) whose projections
are of the first Baire category. Conversely, if S � Œ0; 1� � Œ0; 1� is an F� -set whose
projections are of the first Baire category, then there exists a separately continuous
function f W Œ0; 1� � Œ0; 1� ! R with �C .f / D S (cf. [Ker 1943], [Mas-Mik 2000]).
Moreover, if S � Œ0; 1� � Œ0; 1� is an F� -set whose projections are nowhere dense,
then there exists a separately C1 function f W Œ0; 1� � Œ0; 1� ! R with �C .f / D S

(cf. [Ker 1943]). Summarizing, the singularity sets �C .f / are small in the topological
sense. However, G. P. Tolstov ([Tol 1949]) showed that for any " 2 .0; 1/ there exists
a separately C1 function f W Œ0; 1� � Œ0; 1� ! R such that the measure of �C .f / is
larger than ".

It is natural to ask whether the above results may be generalized to the case of
separately continuous functions f W Rn ! R, n � 3, i.e. those functions f for which
f .x1; : : : ; xj �1; �; xj C1; : : : ; xn/ 2 C.R/ for arbitrary .x1; : : : ; xn/ 2 Rn and j 2
f1; : : : ; ng. H. Lebesgue proved ([Leb 1905]) that every such a function is of the .n�1/
Baire class, i.e. there exists a sequence .fk/

1
kD1

of functions of the .n� 2/ Baire class
such that fk ! f pointwise on Rn. In particular, every separately continuous function
f W Rn ! R is Borel measurable. Moreover, H. Lebesgue proved that the above result
is exact, i.e. for n � 3 there exists a separately continuous function f W Rn ! R that
is not of the .n � 2/ Baire class.

It is clear that one may formulate similar problems substituting the class C of
continuous functions by other classes F , e.g.:

• F D Ck D the class of Ck-functions, k 2 N [ f1; !g, where C! means the
class of real analytic functions,

• F D H D the class of harmonic functions,
• F D �H D the class of subharmonic functions (in this case we allow that
f W D �G ! Œ�1;C1/).

Thus our more general problem is the following one.

(S-F ) We are given two domains D � Rp , G � Rq and a function

f W D �G ! R
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that is separately of class F on D �G, i.e.,
• f .a; �/ 2 F .G/ for arbitrary a 2 D,
• f .�; b/ 2 F .D/ for arbitrary b 2 G.

We ask whether f 2 F .D �G/.
Moreover, in the case where the answer is negative, one may study the set

�F .f / ´ f.a; b/ 2 D �G W f … F .U / for every neighborhood U of .a; b/g:
Observe that the Peano function (�) is separately real analytic. Consequently, our

problem has a negative solution for F D Ck with arbitrary k 2 N [ f1; !g and,
therefore, one may be interested in the structure of �Ck .f /. The structure of �C! .f /

was completely characterized in [StR 1990], [Sic 1990], and [Bło 1992] (cf. Theo-
rem 5.8.2). In particular, in contrast to Tolstov’s result, the set �C! .f /must be of zero
measure.

Surprisingly, in the case of harmonic functions the answer is positive – every sep-
arately harmonic function is harmonic, cf. [Lel 1961] (Theorem 5.6.5).

In the case of separately subharmonic functions the answer is once again negative,
cf. § 5.8.2.

Analogous problems may be formulated in the case where D � Cp , G � Cq are
domains and f W D �G ! C is a function that is separately of class F with:

• F D O D the class of all holomorphic functions,
• F D M D the class of all meromorphic functions.

In the case of holomorphic functions the answer is positive – every separately holo-
morphic function is holomorphic (Theorem 1.1.7) – this is the famous Hartogs theorem
(cf. [Har 1906]). In the sequel we will be mostly concentrated on the holomorphic case.
We would like to point out that investigations of separately holomorphic functions be-
gan in 1899 ([Osg 1899]), that is almost at the same time as Baire’s first results on
separately continuous functions ([Bai 1899]).

Since the answer to the main question (S-O) is positive, we may consider the
following strengthened problem.

(S-OH) We are given two domains D � Cp , G � Cq , a non-empty test set B � G,
and a function f W D �G ! C such that:

• f .a; �/ 2 O.G/ for every a 2 D,
• f .�; b/ 2 O.D/ for every b 2 B (only in B).

We ask whether f 2 O.D �G/.
The problem has a long history that began with M. Hukuhara [Huk 1942] (Theo-

rem 1.4.2). (We have to mention that there was a misunderstanding related to the year
of publication of [Huk 1942]. Many papers (including ours) name 1930, but the reader
may verify (pp. 281–283) that, in fact, it was 1942.) The problem has been continued in
[Ter 1967], [Ter 1972], see Theorems 4.2.2 and 4.2.5; compare also the survey article
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[Pfl 2003]. Terada was the first to use the pluripotential theory – the newest tool at that
time. Roughly speaking, the final result says that the answer is positive iff the set B is
not pluripolar (i.e. B is not thin from the point of view of the pluricomplex potential
theory, cf. Definition 2.3.19).

The problem (S-OH) leads to the following general question.

(S-OC) We are given two domainsD � Cp ,G � Cq , two non-empty test setsA � D,
B � G. We ask whether there exists an open neighborhood yX � D � G of
the cross X ´ .A � G/ [ .D � B/ such that every separately holomorphic
function f W .A �G/ [ .D � B/ ! C, i.e.,

• f .a; �/ 2 O.G/ for every a 2 A,
• f .�; b/ 2 O.D/ for every b 2 B ,

extends holomorphically to yX .

Note that (S-OH) is just the case where A D D (and, consequently, X D yX D
D �G).

Investigations of (S-OC) began with [Ber 1912] and have been continued for in-
stance in [Cam-Sto 1966], [Sic 1968], [Sic 1969a], [Sic 1969b], [Akh-Ron 1973],
[Zah 1976], [Sic 1981a], [Shi 1989], [NTV-Sic 1991], [NTV-Zer 1991],
[NTV-Zer 1995], [NTV 1997], [Ale-Zer 2001], [Zer 2002]. It turned out (Theo-
rem 5.4.1) that if the sets A, B are regular (i.e. every point of A (resp. B) is a density
point of A (resp. B) in the sense of the pluricomplex potential theory, cf. Defini-
tion 3.2.8), then such a neighborhood yX exists.

Similar questions as above may be formulated for a boundary cross. To be more
precise:

(S-OB) We are given two domainsD � Cp ,G � Cq and two non-empty setsA � @D,

B � @G. We ask whether there exists an open subset yX ofD�G with X � xyX
such that every function f W �

A� .G [B/� [ �
.D [A/�B� ! C for which

• f .a; �/ 2 O.G/ for every a 2 A,
• f .�; b/ 2 O.D/ for every b 2 B ,
• f .a; b/ D lim

D3z!a
f .z; b/ D lim

G3w!b
f .a;w/, .a; b/ 2 A�B (the limits

are taken in a certain sense, e.g. non-tangential),

extends to an Of 2 O. yX/ and

f .a; b/ D lim
yX3.z;w/!.a;b/

Of .z; w/; .a; b/ 2 X ;

cf. e.g. [Dru 1980], [Gon 1985], [Pfl-NVA 2004], [Pfl-NVA 2007], see Chap-
ter 8.

So far our separately holomorphic functions f W X ! C had no singularities on X .
The fundamental paper by E. M. Chirka and A. Sadullaev ([Chi-Sad 1987]) and next
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some applications to mathematical tomography ([Ökt 1998], [Ökt 1999]) showed that
the following problem seems to be important.

(S-OS) Suppose that yX is a solution of (S-OC). We are given a relatively closed “thin”
set (in a certain sense, e.g. pluripolar) M � X ´ .A � G/ [ .D � B/: We
ask whether there exists a “thin” relatively closed set yM � yX such that every
separately holomorphic function f W X nM ! C, i.e.,

• f .a; �/ is holomorphic in fw 2 G W .a; w/ … M g for every a 2 A,
• f .�; b/ is holomorphic in fz 2 D W .z; b/ … M g for every b 2 B ,

extends holomorphically to yX n yM .

The problem (S-OS) has been studied for example in [Sic 2001], [Jar-Pfl 2001],
[Jar-Pfl 2003a], [Jar-Pfl 2003b], [Jar-Pfl 2003c], [Jar-Pfl 2007], [Jar-Pfl 2010a],
[Jar-Pfl 2010b], [Jar-Pfl 2011], see Chapter 10. Observe that the case where M D ¿
reduces to (S-OC).

Analogous problems may also be stated for separately meromorphic functions,
but their solutions are essentially more difficult. For example, the Hartogs problem
corresponds to the following question for separately meromorphic functions.

(S-M) We are given two domains D � Cp , G � Cq , a “thin” (in a certain sense)
relatively closed set S � D � G, and a function f W D � G n S ! C that is
separately meromorphic on D �G, i.e.,

• f .a; �/ extends meromorphically toG for “almost all” (in a certain sense)
a 2 D,

• f .�; b/ extends meromorphically to D for “almost all” b 2 B .

We ask under what assumptions on S the function f extends meromorphically
to D �G.

The problem has been studied for instance in [Kaz 1976], [Kaz 1978], [Kaz 1984],
[Shi 1989], [Shi 1991], [Jar-Pfl 2003c], [Pfl-NVA 2003], see Chapter 11.

All the above problems may be formulated also for more general objects than crosses
and in the category of Riemann domains over Cn and/or complex manifolds.

Notice that, instead of complex-valued functions f W X ! C, we may discuss
mappings f W X ! Z with values in a complex manifold or even a complex space
Z. We will not go in this direction. Let us only mention that in this general case
results may be essentially different than for complex-valued functions. For example
([Bar 1975]), let f W C � C ! xC be given by

f .z1; z2/ ´

8̂<̂
:

.z1Cz2/2

z1�z2
if z1 ¤ z2;

1 if z1 D z2 ¤ 0;

0 if z1 D z2 D 0:

Then f is separately holomorphic but nevertheless, it is not continuous at the origin.
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On the other hand we have the following positive result (cf. [Gau-Zer 2009]). Let
Pm be an m-dimensional complex projective space, let D � Cn be a domain, and let
f W D ! Pm be such that for any .a1; : : : ; an/ 2 D and j; k 2 f1; : : : ; ng, j < k, the
function

.zj ; zk/ 7! f .a1; : : : ; aj �1; zj ; aj C1; : : : ; ak�1; zk; akC1; : : : ; an/

is holomorphic in an open neighborhood of .aj ; ak/. Then f is holomorphic on D.
See also [Shi 1990], [Shi 1991], [LMH-NVK 2005] for characterizations of those

complex spaces Z for which Hartogs’ theorem on separately holomorphic mappings
f W D ! Z hold.



Part I

Cross theorems without singularities





Chapter 1

Classical results I

Summary. The chapter has an introductory character and collects those fundamental results related to

separately holomorphic functions which can be proved by using only “classical” methods of complex analysis,

without pluripotential theory. The main result is the famous Hartogs theorem (Theorem 1.1.7) which says

that every separately holomorphic function is in fact jointly holomorphic. The key tool used in the proof is

the Hartogs lemma (Lemma 1.1.6). We present two (rather non-standard) independent proofs of this lemma

based on Leja’s polynomial lemma (Lemma 1.1.8) and Koseki’s lemma (Lemma 1.1.9). Subsection 1.1.4

contains counterexamples to certain “weakened” versions of the Hartogs lemma. Observe that, in contrast

to the holomorphic case, separately continuous functions need not be jointly continuous. This leads to

certain intermediate “separately continuous-holomorphic” problems. One of them is presented in § 1.2. As

an application of the Hartogs lemma, in § 1.3 we present a characterization of separately pluriharmonic

functions. Finally, in § 1.4, we begin our discussion of the so-called Hukuhara problem related to those

functions that are holomorphic in all “vertical” directions but only in certain “horizontal” ones. The complete

answer needs pluripotential theory and will only be possible in § 4.2.

1.1 Osgood and Hartogs theorems

Definition 1.1.1. For an open set ¿ ¤ ˝ � Cn let O.˝/ be the space of all functions
holomorphic on ˝.

We say that a function f W ˝ ! C is separately holomorphic on ˝ (we write
f 2 Os.˝/) if for any a D .a1; : : : ; an/ 2 ˝ and j 2 f1; : : : ; ng, the function
� 7! f .a1; : : : ; aj �1; �; aj C1; : : : ; an/ is holomorphic in an open neighborhood of aj

(as a function of one complex variable).
For f W ˝ ! C, let �O.f / denote the set of all points a 2 ˝ such that f … O.U /

for every open neighborhood U � ˝ of a.

Clearly, O.˝/ � Os.˝/ and �O.f / is closed in ˝. The natural problem is
whether Os.˝/ D O.˝/, i.e. whether every separately holomorphic function is jointly
holomorphic. In other words, we ask whether �O.f / D ¿ for arbitrary f 2 Os.˝/.

At the end of the 19th century, due to the Cauchy integral representation, the fol-
lowing equivalence was well known.

Theorem 1.1.2. Let ˝ � Cn be open and let f W ˝ ! C. Then the following
conditions are equivalent:

(i) f is complex differentiable at any point of˝;

(ii) f 2 O.˝/;
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(iii) f 2 Os.˝/ \ C.˝/.

Proof. Exercise.

Thus Os.˝/\C.˝/ D O.˝/. The first result dealing with separately holomorphic
functions without the continuity assumption was the following one.

Theorem 1.1.3 (Osgood). (a) [Osg 1899] If f 2 Os.˝/ is locally bounded, then f is
continuous. Consequently, by Theorem 1.1.2, Os.˝/ \ L1

loc.˝/ D O.˝/.
(b) [Osg 1900] Suppose that n D p C q and f W ˝ ! C is such that for every

.a; b/ 2 ˝ � Cp �Cq the functions z 7! f .z; b/ andw 7! f .a;w/ are holomorphic
in neighborhoods of a and b, respectively (e.g., n D 2, p D q D 1, f 2 Os.˝/).
Then the set �O.f / is nowhere dense in ˝.

Define (cf. Symbols, p. 285)

kzk1 ´ maxfjz1j; : : : ; jznjg; z D .z1; : : : ; zn/ 2 Cn;

P.a; r/ D Pn.a; r/ ´ fz 2 Cn W kz � ak1 < rg; a 2 Cn; 0 < r � C1;

P.r/ D Pn.r/ ´ Pn.0; r/;

D.a; r/ ´ P1.a; r/; D.r/ ´ P1.r/; D ´ D.1/; T D @D:

Proof. (a) Nowadays standard proofs of (a) are based on the Schwarz lemma. If
jf .z/j � C for z 2 P.a; r/ � ˝, then

jf .z/ � f .a/j � jf .z1; z2; z3; : : : ; zn/ � f .a1; z2; z3; : : : ; zn/j
C jf .a1; z2; z3; : : : ; zn/ � f .a1; a2; z3; : : : ; zn/j
C � � � C jf .a1; : : : ; an�1; zn/ � f .a1; : : : ; an�1; an/j

� 2C

r
.jz1 � a1j C jz2 � a2j C � � � C jzn � anj/;

and consequently f is continuous at a.
(b) follows from a Baire argument. Let Pp.a; r/ � Pq.b; r/ �� ˝ be arbitrary.

Define

Ak ´ fz 2 Pp.a; r/ W 8w2Pq.b;r/ W jf .z; w/j � kg; k 2 N:

Then Ak is closed in Pp.a; r/ and Pp.a; r/ D S1
kD1Ak . Hence, by Baire’s theorem,

there exists a k0 such that Ak0 has a non-empty interior. Thus f is bounded on a non-
empty open set U D Pp.c; ı/ � Pq.b; r/ � Pp.a; r/ � Pq.b; r/. By (a), f 2 O.U /.
Hence U � ˝ n �O.f /.

Remark 1.1.4. Another proof of Theorem 1.1.3 (a), based on Montel’s theorem, may
be done by induction on n.

Indeed, suppose the result is true for n� 1 and let f 2 Os.˝/ be locally bounded.
We only need to show that f is continuous.
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Take a polydisc P.a; r/ �� ˝. Write z D .z0; zn/ 2 Cn�1 � C. Take a sequence
P.a; r/ 3 ak ! a such that f .ak/ ! ˛ 2 C. We want to show that ˛ D f .a/.
Since f is locally bounded in ˝, the sequence .f ..ak/0; �//1

kD1
� O.D.an; r// is

locally bounded. By Montel’s theorem, there exists a subsequence .ks/
1
sD1 such that

f ..aks /0; �/ ! g locally uniformly in D.an; r/ with g 2 O.D.an; r//.
By the inductive assumption, f .�; zn/ 2 O.Pn�1.a

0; r// for all zn 2 D.an; r/. In
particular, f .�; zn/ 2 C.Pn�1.a

0; r// for all zn 2 D.an; r/. Thus g D f .a0; �/ and,
finally, ˛ D lims!C1 f ..aks /0; aks

n // D g.an/ D f .a/.

Remark 1.1.5. Observe that the assumption in Theorem 1.1.3 (a) may be weakened,
namely:

If f 2 Os.˝/ is locally integrable, then f is continuous. Consequently, by Theo-
rem 1.1.2, Os.˝/ \ L1

loc.˝/ D O.˝/.
Indeed, take a polydisc P.a; r/ �� ˝. Then the one-dimensional Cauchy integral

formula gives

f .z/ D 1

2�i

Z
@D.a1;r/

f .�1; z2; : : : ; zn/

�1 � z1

d�1

D � � � D 1

2�i

Z
@D.a1;r/

�
: : :

�
1

2�i

Z
@D.an;r/

f .�1; : : : ; �n/

�n � zn

d�n

�
: : :

�
1

�1 � z1

d�1;

z D .z1; : : : ; zn/ 2 P.a; r/:

Since f is integrable on @0P.a; r/ ´ @D.a1; r/ � � � � � @D.an; r/, we may apply
Fubini’s theorem, which gives

f .z/ D
�
1

2�i

�n Z
@0P.a;r/

f .�1; : : : ; �n/

.�1 � z1/ � � � .�n � zn/
d�1 � � � d�n;

z D .z1; : : : ; zn/ 2 P.a; r/;

and consequently, f is continuous on P.a; r/.

W. Osgood also observed that the proof of Theorem 1.1.3 (b) gives more. Namely,
it shows that in order to prove that Os.˝/ D O.˝/ for an arbitrary open set˝ � Cn,
it suffices to check the following lemma.

Lemma 1.1.6. Let f W D.r/ � Pm.r/ ! C be such that

• f .a; �/ 2 O.Pm.r// for every a 2 D.r/,

• f 2 O.D.r/ � Pm.ı// for some 0 < ı < r .

Then f 2 O.D.r/ � Pm.r//.

Proof that Lemma 1.1.6 implies that Os.˝/ D O.˝/. We use induction on n. For
n D 1 the theorem is trivial. Suppose that Os.˝/ D O.˝/ for an arbitrary open
set ˝ � Cn�1.
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Fix ˝ � Cn D C � Cn�1 and f 2 Os.˝/. It is sufficient to show that f is holo-
morphic in a neighborhood of an arbitrary point .z0; w0/ 2 ˝. Let Pn..z0; w0/; 2r/ �
˝ and let

Ak ´ fw 2 Pn�1.w0; r/ W 8z2D.z0;r/ W jf .z; w/j � kg; k 2 N:

Since f .z; �/ 2 C.Pn�1.w0; 2r// for arbitrary z 2 D.z0; 2r/ (by the inductive as-
sumption), the sets Ak are closed in Pn�1.w0; r/. Moreover, we have

S
k2NAk D

Pn�1.w0; r/. Using Baire’s property we conclude that intAk0 ¤ ¿ for some k0. Let
Pn�1.�0; ı/ � Ak0 . In particular, byTheorem 1.1.3 (a),f 2 O.D.z0; r/�Pn�1.�0; ı//.
Now we apply Lemma 1.1.6 (with m ´ n � 1) to the function

D.r/ � Pn�1.r/ 3 .z; w/ 7! f .z0 C z; �0 C w/;

and we conclude that f 2 O.Pn..z0; �0/; r//. It remains to observe that .z0; w0/ 2
Pn..z0; �0/; r/.

Finally, F. Hartogs, based on the above remark by Osgood, finished the discussion
on the equality Os.˝/ D O.˝/ and proved in [Har 1906] the following theorem.

Theorem 1.1.7 (Hartogs’ theorem). Lemma 1.1.6 is true. Consequently, Os.˝/ D
O.˝/ for an arbitrary open set ˝ � Cn.

In his proof Hartogs used for the first time methods from potential theory in complex
analysis. Nowadays there exist various proofs of Lemma 1.1.6. We present below two
of them:

• Leja’s proof [Lej 1950], based on Leja’s polynomial lemma (Lemma 1.1.8),
• Koseki’s proof [Kos 1966], based on an elementary version of the Hartogs lemma

for special subharmonic functions (Lemma 1.1.9).

We like to point out that both proofs are based on classical complex analysis and
are independent of the Hartogs lemma for plurisubharmonic functions (cf. Proposi-
tion 2.3.13).

1.1.1 Leja’s proof

Let P .Cn/ denote the space of all complex polynomials of n complex variables. For
A � C, let diamA ´ supfjz � wj W z; w 2 Ag be the diameter of A.

Lemma 1.1.8 (Leja’s polynomial lemma, cf. [Lej 1933a], [Lej 1933b]). Let K � C
be a compact set such that

inffdiam S W S is a connected component of Kg > 0
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(e.g. K is a compact connected set having more than one point (continuum)). Let
F � P .C/ be such that

8z2K W sup
p2F

jp.z/j < C1;

i.e. F is pointwise bounded on K. Then

8a2K 8!>1 9MDM.K;a;!;F />0 9�D�.K;a;!/>0 8p2F W sup
z2D.a;�/

jp.z/j � M!deg p;

or equivalently (Exercise),

8!>1 9MDM.K;!;F />0 9˝D˝.K;!/ open
K�˝

8p2F W sup
z2˝

jp.z/j � M!deg p:

Notice that � and ˝ are independent of F .

Proof. Let r > 0 be such that diam S � 2r for every connected component S of K.
Step 10: Let A � Œ0; r� be a closed set with m ´ L1.A/ > 0. Then for every

d 2 N there exist t0; : : : ; td 2 A, 0 � t0 < � � � < td � r , such that

tk � tj � k2 � j 2

d2
m; j; k D 0; : : : ; d; j < k:

Proof of Step 10. Let t0 D minA, s0 ´ t0 C 12

d2
m. Then A1 ´ A n Œ0; s0/. Observe

thatA1 is closed and non-empty (ifA � Œt0; s0/, thenm D L1.A/ < s0 � t0 D 12

d2
m �

m – a contradiction).
Put t1 ´ minA1, s1 ´ t1 C 22�12

d2
m. Then t1 � t0 � s0 � t0 D 12�02

d2
m. Let

A2 ´ A n Œ0; s1/; A2 is again closed and non-empty (if A � Œt0; s0/ [ Œt1; s1//, then
m < s0 � t0 C s1 � t1 D 22

d2
m � m – a contradiction). Let t2 ´ minA2. Then

t2 � t1 � s1 � t1 D 22�12

d2
m.

We continue and we get t0; : : : ; td�1 ´ minAd�1, sd�1 ´ td�1 C d2�.d�1/2

d2
m,

Ad ´ A n Œ0; sd�1/. Suppose that Ad D ¿. Then A � Œt0; s0/ [ � � � [ Œtd�1; sd�1/

and hence m < s0 � t0 C � � � C sd�1 � td�1 D d2

d2
m D m – a contradiction. Thus

td ´ minAd is well defined and td � td�1 � sd�1 � td�1 D d2�.d�1/2

d2
m.

Step 20: For any B � K and a 2 K, let

�a.B/ ´ ft 2 Œ0; r� W B \ @D.a; t/ ¤ ¿g:
Observe that if B is closed, then so is �a.B/ (Exercise).

Step 30: Let

I.˛/ ´ exp
� Z 1

0

log
˛2 C x2

x2
dx

�
; ˛ � 0:
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Observe that log I.˛/ D log.1 C ˛2/ C 2˛ arctan.1=˛/ (Exercise). In particular,
log I.˛/ � .� C ˛/˛.

From now on p is an arbitrary polynomial from the family F and d ´ degp.

Step 40: For any closed set B � K, a 2 K, and � > 0 we have

kpkxD.a;�/ � kpkB ŒI.˛/�
d ;

where

kpkC ´ sup
C

jpj; A ´ �a.B/; m ´ L1.A/; ˛ ´
r
�C r �m

m
:

In particular, if B D K, then A D Œ0; r� and, consequently,

kpkK.�/ � kpkK ŒI.
p
�=r/�d ;

where K.�/ ´ S
a2K

xPn.a; �/; notice that K.�/ is also compact (Exercise).

Proof of Step 40. The case where m D 0 is obvious. Assume that m > 0. Let
t0; : : : ; td be as in Step 10. Take arbitrary zk 2 B \ @D.a; tk/, k D 0; : : : ; d . Let
Td ´ fz0; : : : ; zd g,

L.k/.z; Td / ´
dY

j D0
j ¤k

z � zj
zk � zj ; k D 0; : : : ; d;

be the Lagrange interpolation polynomials with nodes at Td . If z 2 xD.a; �/, then

jz � zj j � jz � aj C jzj � aj � �C tj . Moreover, since r � tj � td � tj � d2�j2

d2
m,

we get tj � r �mC j2

d2
m, and, consequently, jz � zj j � .˛2 C j2

d2
/m, j D 0; : : : ; d .

On the other hand, jzk � zj j � jtk � tj j � jk2�j2j
d2

m. Thus, if z 2 xD.a; �/, then

jL.k/.z; Td /j �
dY

j D0
j ¤k

˛2 C j2

d2

jk2�j2j
d2

.�/� 2

dY
j D1

˛2 C j2

d2

j2

d2

.��/� 2ŒI.˛/�d ;

where (�) follows from the inequality
Qd

j D0
j ¤k

jj 2 �k2j D 1
2
.dCk/Š.d �k/Š � 1

2
.d Š/2

(Exercise), and (��) follows from the fact that the function Œ0; 1� 3 x 7! log ˛2Cx2

x2

is decreasing and, therefore (Exercise),

1

d

dX
j D1

log
˛2 C j2

d2

j2

d2

�
Z 1

0

log
˛2 C x2

x2
dx D log I.˛/:
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Observe that ps.z/ D Psd
kD0 p

s.zk/L
.k/.z; Tsd /, z 2 C. Hence, for z 2 xD.a; �/,

we have

jp.z/js D
ˇ̌̌ sdX

kD0

ps.zk/L
.k/.z; Tsd /

ˇ̌̌
� kpks

B.sd C 1/2ŒI.˛/�sd ;

which implies that
jp.z/j � kpkB

s
p
2.sd C 1/ŒI.˛/�d :

It remains to let s ! C1.

Step 50: Let .Ks/
1
sD1 be a sequence of compact subsets ofK such thatKs � KsC1,

K D S1
sD1Ks . Then for every � > 0 there exists a sequence .ms.�//

1
sD1 � Œ0; r�

with ms.�/ ! r such that

kpkK.�/ � kpkK ŒI.
p
�=r/I.˛s/�

d ;

where

˛s ´
s
�C r �ms.�/

ms.�/
; s 2 N:

Proof of Step 50. Take a1; : : : ; aN 2 K such that K � SN
kD1

xD.ak; �/ μ L. Let
Ak;s ´ �ak .Ks/. ThenAk;s % Œ0; r�when s % C1, which implies that L1.Ak;s/ %
r when s % C1, k D 1; : : : ; N . Putms.�/ ´ minkD1;:::;N L1.Ak;s/. It is clear that
ms.�/ ! r . Fix an s 2 N. Then, by Step 40 (with B ´ Ks), we get

kpkxD.ak ;�/ � kpkKs ŒI.˛k;s/�
d � kpkKs ŒI.˛s/�

d ;

where

˛k;s ´
s
�C r � L1.Ak;s/

L1.Ak;s/
:

Hence,
kpkL � kpkKs ŒI.˛s/�

d ;

and, finally, by Step 40, we get the required inequality.

Step 60: Let

Ks ´ fz 2 K W 8p2F W jp.z/j � sg; s 2 N:

Observe thatKs is compact,Ks � KsC1, andK D S1
sD1Ks (because F is pointwise

bounded on K). Let Fs;d D fzs;0; : : : ; zs;d g be the d -th system of Fekete points for
Ks , i.e. Fs;d realizes the maximum of the continuous function

KdC1
s 3 .z0; : : : ; zd / 7!

Y
0�j <k�d

jzj � zkj:
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Observe that jL.k/.z; Fs;d /j � 1 for z 2 Ks . Hence, by Step 50, we get

jp.z/j D
ˇ̌̌ dX

kD0

p.zs;k/L
.k/.z; Fs;d /

ˇ̌̌
� s.d C 1/ŒI.

p
�=r/I.˛s/�

d ;

where z 2 K.�/, s 2 N.
Step 70: We move to the main proof. Fix an ! > 1. Let d0 D d0.!/ 2 N

be such that d
p
d C 1 � 3

p
! for d � d0. Let � D �.r; !/ > 0 be so small that

I.
p
�=r/ < 3

p
!. Finally, let s0 D s0.r; !/ 2 N be such that I.˛s/ � 3

p
! for s � s0.

In view of Step 50, if d � d0, then

kpkK.�/ � s.d C 1/ŒI.
p
�=r/I.˛s/�

d � s!d :

It remains to find an estimate for d < d0. Let S ´ fz0; : : : ; zd0g � K be an arbitrary
set of d0 C 1 pairwise distinct points. Put

M0 ´ max
kD0;:::;d0

sup
p2F

jp.zk/j < C1:

Then, for d � d0 we get

jp.z/j D
ˇ̌̌ d0X

kD0

f .zk/L
.k/.z; S/

ˇ̌̌
� M0

zM � M0
zM!d ; z 2 K.�/;

where zM ´ maxz2K.�/ jL.k/.z; S/j. It remains to put M ´ maxfs0;M0
zM g.

Proof of Lemma 1.1.6 via Leja’s polynomial lemma (cf. [Lej 1950]). Let n ´ 1Cm.
Observe that it is sufficient to show that f 2 O.Pn.r

0// for arbitrary 0 < r 0 < r . Thus
we may assume that jf j � C < C1 in D.r/ � Pm.ı/ and f .z; �/ is bounded for any
z 2 Pm.r/. We have

f .z; w/ D
X

˛2ZmC

f˛.z/w
˛; z 2 D.r/; w 2 Pm.r/;

where

f˛.z/ D 1

˛Š
.D˛f .z; �//.0/ D 1

˛Š
.D.0;˛/f /.z; 0/; z 2 D.r/; ˛ 2 ZmC:

The last equality follows from the fact that f 2 O.D.r/ � Pm.ı//. In particular,
f˛ 2 O.D.r// for arbitrary ˛. Moreover, by the Cauchy inequalities, we obtain

jf˛.z/j � C=ıj˛j; z 2 D.r/; ˛ 2 ZmC: (1.1.1)

Applying once more the Cauchy inequalities (for the function f .z; �/), we have

jf˛.z/j � kf .z; �/kPm.r/

r j˛j ; z 2 D.r/; ˛ 2 ZmC: (1.1.2)
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Consequently,

lim sup
j˛j!C1

jf˛.z/j1=j˛j � 1=r; z 2 D.r/:

Our aim is to show that the series
P

˛2ZmC
f˛.z/w

˛ converges locally normally in

D.r/ � Pm.r/.
Take an arbitrary � 2 .0; 1/ and let ! > 1 be such that �0 ´ !2� < 1. Fix a point

a 2 D.r/ and 0 < � < r � jaj. Let 0 < �0 < � be so small that r�0 � !ı�. Write

f˛.z/ D
1X

kD0

f˛;k.z � a/k; z 2 D.a; r � jaj/;

p˛.z/ ´
j˛jX

kD0

f˛;k.z � a/k; F ´ f.r=!/j˛jp˛ W ˛ 2 ZmCg:

In view of (1.1.1), the Cauchy inequalities imply that

jf˛;kj � C

ıj˛j�k
:

Consequently, in view of (1.1.2), if z 2 xD.a; �0/, then

jp˛.z/j � jf˛.z/j C
1X

kDj˛jC1

jf˛;k.z � a/kj � C.z/
�!
r

�j˛j C C

ıj˛j
��0

�

�j˛jC1 1

1 � �0
�

� C.z/
�!
r

�j˛j C C

1 � �0
�

�0

�

��0

ı�

�j˛j � C.z/
�!
r

�j˛j C C1

�!
r

�j˛j
:

Hence, the family F is pointwise bounded on xD.a; �0/. By Leja’s polynomial lemma
there exist 0 < � � �0 and M > 0 such that� r

!

�j˛jjp˛.z/j � M!j˛j; z 2 D.a; �/; ˛ 2 ZmC:

Finally, for .z; w/ 2 D.a; �/ � Pm.� r/ we get

jf˛.z/w
˛j �

�
jp˛.z/j C C1

�!
r

�j˛j�
.� r/j˛j

� M.!2�/j˛j C C1.!�/
j˛j � .M C C1/�

j˛j
0 ;

which implies that the series
P

˛2ZmC
f˛.z/w

˛ converges normally in D.a; �/�Pm.� r/.
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1.1.2 Koseki’s proof

The main ingredient of Koseki’s proof is the following lemma (cf. Proposition 2.3.13).

Lemma 1.1.9 (Koseki’s lemma, cf. [Kos 1966]). Let ˝ � C be open, '� 2 O.˝/,
p� > 0, 	 � 1. Assume that the sequence .j'� jp� /1�D1 is locally uniformly bounded in
˝ and

lim sup
�!C1

j'�.z/jp� � c; z 2 ˝:
Then for any K �� ˝ and " > 0 there exists a 	0 such that

j'�.z/jp� � c C "; z 2 K; 	 � 	0:

Proof. The result is local – it is sufficient to show that for any " > 0 and a 2 ˝ there
exist a disc D.a; �/ � ˝ and 	0 such that

j'�.z/jp� � c C "; z 2 D.a; �/; 	 � 	0:

We may assume that ˝ D D.2/, a D 0. Let C > 0 be such that j'� jp� � C in D for
arbitrary 	. We may also assume that '� 6	 0, 	 � 1. Write '� D B� � in D, where
B� is a finite Blaschke product and  � has no zeros in D. Let 
� 2 O.D/ be a branch
of  p�

� in D. Given arbitrary � 2 @D, we have

lim sup
D3z!�

j
�.z/j D lim sup
D3z!�

j �.z/jp� D lim sup
D3z!�

j'�.z/jp� � C;

and so j
� j � C in D, 	 2 N. In particular, the family .
�/
1
�D1 is equicontinuous in

D. Fix an " > 0 and let 0 < � < 1 be such that j
�.z/ � 
�.0/j � "=2 for z 2 xD.�/
and 	 � 1. Then

j'�.z/jp� � j �.z/jp� D j
�.z/j � "=2C j
�.0/j; z 2 xD.�/; 	 � 1:

It remains to estimate 
�.0/. Observe that

j
�.0/j � 1

2�

Z 2�

0

j'�.e
i� /jp� d�; 	 � 1:

Let
Ak ´ f� 2 Œ0; 2�� W j'�.e

i� /jp� � c C "=4; 	 � kg:
The sets Ak are closed, Ak � AkC1, and

S
k2NAk D Œ0; 2��. For 	 � k we have

j
�.0/j � 1

2�

� Z
Ak

j'�.e
i� /jp�d� C

Z
Œ0;2�	nAk

j'�.e
i� /jp�d�

�
� 1

2�

�
.c C "=4/L1.Ak/C C.2� � L1.Ak//

� ! c C "=4;

where L1 denotes the Lebesgue measure in R. Hence j
�.0/j � c C "=2 for 	 
 1.
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Proof of Lemma 1.1.6 via Koseki’s lemma. We begin as in the proof based on Leja’s
polynomial lemma:

f .z; w/ D
X

˛2ZmC

f˛.z/w
˛; z 2 D.r/; w 2 Pm.r/;

where

f˛ 2 O.D.r//; jf˛.z/j � C=ıj˛j; z 2 D.r/; ˛ 2 ZmC;
lim sup
j˛j!C1

jf˛.z/j1=j˛j � 1=r; z 2 D.r/:

Write ZmC D f˛1; ˛2; : : : g so that j˛� j � j˛�C1j, 	 D 1; 2; : : : . Let ˝ ´ D.r/,
'� ´ f˛� , p� ´ 1=j˛� j. Fix a � 2 .0; 1/ and let " > 0 be such that .1C r"/� < 1.
Applying Lemma 1.1.9 toK ´ xD.� r/, we obtain j'�.z/jp� � 1=rC " for z 2 xD.� r/
and 	 � 	0. This means that

jf˛.z/j � .1=r C "/j˛j; z 2 D.� r/; j˛j 
 1:

Hence

jf˛.z/w
˛j � ..1C r"/�/j˛j; z 2 D.� r/; w 2 Pm.� r/; j˛j 
 1:

Consequently, the series
P

˛2ZmC
f˛.z/w

˛ is convergent normally in Pn.� r/, which

implies that f 2 O.Pn.� r//. Since � was arbitrary, we conclude that f 2 O.Pn.r//.

1.1.3 Applications

Theorem 1.1.7 permits us to generalize Lemma 1.1.6 to the following useful form.

Proposition 1.1.10. (a) Let D � Cp , G � Cq be domains and let ¿ ¤ B � G be
open. Let f W D �G ! C be such that

• f .a; �/ 2 O.G/, a 2 D,

• f .�; b/ 2 O.D/, b 2 B .

Then f 2 O.D �G/.
(b) Let D � Cp , ˝ � D � Cq be domains such that for every a 2 D the fiber

˝.a;�/ ´ fw 2 Cq W .a; w/ 2 ˝g is connected. Let U � ˝ be an open set such that
for every a 2 D the fiber U.a;�/ is non-empty. Let f W ˝ ! C be such that

• f .a; �/ 2 O.˝.a;�//, a 2 D,

• f 2 O.U /.

Then f 2 O.˝/.
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Proof. (a) Observe that Hartogs’ Theorem 1.1.7 implies that f 2 O.D � B/.
First, consider the case where D D Dp , G D Dq , and B D Pq.ı/. We apply

induction on p. The case p D 1 reduces to Lemma 1.1.6. Assume that p � 2.
By virtue of Hartogs’ theorem, it suffices to prove that f 2 Os.DpCq/. In fact,

we only need to check that f .�; w/ 2 Os.Dp/ for every w 2 Dq . Fix a 2 Dp and
j 2 f1; : : : ; pg. Define

g.�; w/ ´ f .a1; : : : ; aj �1; �; aj C1; : : : ; ap; w/; .�; w/ 2 D � Dq :

Then g satisfies all the assumptions of the lemma with p D 1. Consequently, g 2
O.D � Dq/, which shows that f is holomorphic as a function of zj .

In the general case let˝ denote the set of all .a; b/ 2 D�G such thatf 2 O.U / for
an open neighborhood U � D �G of .a; b/. It is clear that˝ is open and non-empty.
The first part of the proof shows that if .a; b/ 2 ˝, then fag � G � ˝ (Exercise).
Thus ˝ D D �G.

(b) Exercise.

Exercise 1.1.11. (a) Find a counterexample showing that Proposition 1.1.10 (b) may
be not true if the fibers ˝.a;�/ are disconnected for some a 2 D.

(b) Prove that Proposition 1.1.10 (b) remains true for arbitrary open˝ � D �G if
for all a 2 D each connected component of ˝.a;�/ intersects U.a;�/.

As a first elementary application of Hartogs’Theorem 1.1.7 we present the following
remark on separately polynomial functions; more developed results will be presented
in § 5.3.

Corollary 1.1.12. Let f W Cn ! C be separately polynomial, i.e. for any .a1, …,
an/ 2 Cn and j 2 f1; : : : ; ng, the function

C 3 zj 7! f .a1; : : : ; aj �1; zj ; aj C1; : : : ; an/

is a polynomial. Then f 2 P .Cn/.

Proof. We use induction on n. The case n D 1 is trivial. Suppose that the result is true
for n�1. By Hartogs’ theorem f must be holomorphic. Write f in the form of the Har-
togs series f .z0; zn/ D P1

sD0 fs.z
0/zs

n, .z0; zn/ 2 Cn�1 � C, where fs 2 O.Cn�1/,
s 2 ZC. Put Ak ´ fz0 2 Cn�1 W 8s�k W fs.z

0/ D 0g, k 2 ZC; notice that each Ak

is closed. Since f is separately polynomial, we get
S1

kD0Ak D Cn�1. Consequently,
Baire’s theorem implies that intAd ¤ ¿ for a d , which, by the identity principle
for holomorphic functions, gives fs 	 0, s � d . Thus f .z0; zn/ D Pd

sD0 fs.z
0/zs

n,
.z0; zn/ 2 Cn�1 � C. Observe (Exercise) that the functions f1; : : : ; fd must be
separately polynomial in Cn�1. Thus, by the inductive assumption, they are also
polynomials.
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1.1.4 Counterexamples

Proposition 1.1.10 (a) is not true without the assumption that f 2 O.D �B/ for some
open set ¿ ¤ B � G (even if f satisfies some additional regularity conditions). This
was already observed by Hartogs [Har 1906]. Other counterexamples were constructed
for example by Leja ([Lej 1950]) and Fuka ([Fuk 1983]).

Following T. T. Tuichiev [Tui 1985] (see also [Sad-Tui 2009]), let us consider the
following more general problem. We are given a domain D � Cp and a function
f W D � D.R/ ! C (0 < R � C1) such that f .z; �/ 2 O.D.R// for every z 2 D.
Write

f .z; w/ D
1X

kD0

fk.z/w
k; .z; w/ 2 D � D.R/;

and assume that fk 2 O.D/, k 2 N. Notice that this condition is automatically
satisfied if f 2 O.D � D.ı// for certain 0 < ı < R (cf. the proofs of Lemma 1.1.6).

Using Lemma 1.1.6 one can easily prove that �O.f / D S � D.R/ (Exercise). In
the sequel we will be able to show that S is nowhere dense (Theorem 4.1.1).

Remark 1.1.13. Observe that not every relatively closed nowhere dense set S � D is
such that S � D.R/ D �O.f / for a certain f .

For example, it is excluded that there exists a domainG �� D such thatS\G ¤ ¿
and S \ @G D ¿.

In fact, sincef is holomorphic in a neighborhood of@G�D.R/, we may assume that
jf j � C on @G � D.r/ for an 0 < r < R. Consequently, by the Cauchy inequalities,
jfkj � C=rk on @G, k 2 N. Thus, by the maximum principle, jfkj � C=rk in
G, k 2 N. In particular, the series

P1
kD1 fk.z/w

k converges locally uniformly in
G � D.r/. Thus f 2 O.G � D.r//; a contradiction.

In particular, if p D 1, then S \ D.a; �0/ is not polar for every disc D.a; �0/ � D

such that S \ D.a; �0/ ¤ ¿.
In fact, suppose that S \ D.a; �0/ is polar. Then there exists a � 2 .0; �0/ such that

@D.a; �/ \ S D ¿ (cf. Proposition 2.3.21). Thus we may take G ´ D.a; �/.

We are interested in those cases where �O.f / ¤ ¿. Following ideas from
[Tui 1985], we get the following general result.

Example 1.1.14. Let D ´ C, R ´ C1, and let S � C be a closed nowhere dense
set such that U ´ C n S is connected and simply connected. Then there exists a
sequence of polynomials .Pk/

1
kD1

� P .C/ such that:
(a) the series f .z; w/ ´ P1

kD1 Pk.z/w
k pointwise convergent on C � C, and

locally uniformly convergent in U � C (so f 2 O.U � C/),
(b) �O.f / D S � C.
Indeed, using the Riemann mapping theorem, we have a biholomorphic mapping

' W U ! D. Put Kk ´ '�1.xD. k
kC1

//, k 2 N. Then Kk is compact, U n Kk is

connected,Kk � intKkC1, and U D S1
kD1Kk . Let rk > 0 be such thatKk � xD.rk/
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and rk % C1. LetSk ´ S\xD.rk/. Observe that for eachk 2 N the set Cn.Kk[Sk/

is connected. For, take two points a; b 2 C n .Kk [ Sk/ and try to find a connecting
curve � W Œ0; 1� ! C n .Kk [Sk/. If a; b 2 U , then we may find such a curve because
the set U n Kk is connected. Thus, suppose that e.g. a 2 S . Then jaj > rk . Since
S is nowhere dense, there exists an a0 … S such that Œa; a0� \ .Kk [ xD.rk// D ¿ (in
particular, Œa; a0� � U n .Kk [ Sk/). If also b 2 S , then we may construct in a similar
way a point b0 2 U nKk . If b 2 U , then we take b0 ´ b. Now it remains to connect
a0 with b0 in U nKk .

Since S is nowhere dense, there exists a sequence .ak/
1
kD1

� U such that ak 2
U n Kk , k 2 N, and each point of S is an accumulation point of this sequence
(Exercise).

Making use of Runge’s approximation theorem, we find a sequence of polynomials
.Pk/

1
kD1

� P .C/ such that for each k 2 N we have jPkj � 1=kŠ on Kk [ Sk and

jPk.ak/j � kŠC Pk�1
sD1 jPs.ak/j.

Then (a) is obviously satisfied. To get (b), we only need to show thatf is unbounded
near every point .z0; 1/ 2 Sk0 � C�. Indeed, for k > k0 we have

jf .ak; 1/j � jPk.ak/j �
k�1X
sD1

jPs.ak/j �
1X

sDkC1

jPs.ak/j � kŠ �
1X

sDkC1

1

sŠ
� kŠ � e:

Note that T.T. Tuichiev in [Tui 1985] (see also [Sad-Tui 2009]) stated that an anal-
ogous example is possible for closed nowhere dense sets S � C such that each point
from CnS may be “connected to 1 with a curve”. As we have seen in Remark 1.1.13,
under such weakened assumptions, the above example is in general impossible.

1.2 Separately continuous–holomorphic functions

Starting from Hartogs’ theorem one may discuss the following more general problem:
Let D � Cp; G � Cq be domains. We say that a function f W D � G ! C

belongs to OC.D �G/ if:

• f .z; �/ 2 C.G/, z 2 D,
• f .�; w/ 2 O.D/, w 2 G.

The question now is under which conditions an f 2 OC.D�G/ belongs to C.D�G/.
Example 1.2.1. Let D D G D D. By Runge’s theorem we find a sequence of
polynomials .Pk/k2N such that

• Pk.z/ !
k!1

0, z 2 D,

• for any x 2 D \ R, any r 2 Œ0; 1/ the sequence .PkjD.x;r//k2N is not uniformly
convergent.
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Put

f .z; w/ ´

8̂<̂
:
Pk.z/ if w D 1=k; k � 2;

0 if w D 0;

tPk.z/C .1 � t /PkC1.z/ if jwj D r.t; k/; 0 < t < 1; k 2 N;

where r.t; k/ D t=k C .1 � t /=.k C 1/. Then f 2 OC.D � D/ but f … C.D � D/
(Exercise).

A characterization of those functions in OC.D � D/ which are holomorphic is
contained in the following result which is based on an observation by Rothstein in
[Rot 1950].

Proposition 1.2.2 ([Wil 1969]). Let f 2 OC.D � D/. Then f 2 C.D2/ if and only if
�Rf 2 �H .D/ D the set of all functions subharmonic on D, where

Rf .z/ ´ inffjwj W w 2 xD; .w 2 D H) f is not continuous at .z; w//g; z 2 D:

Proof. Assume that there is a point z0 2 D with Rf .z0/ D k < 1 and fix k0 2 .k; 1/.
Let D.z; r/ �� D. Then the family of functions .f .�; w//jwj<k0 is pointwise

bounded on xD.z; r/. Therefore, there exists a disc D.z0; r 0/ � D.z; r/ and a positive
constant c such that jf j � c on D.z0; r 0/ � D.k0/. Hence, by Vitali’s theorem, f is
continuous there (Exercise).

Set

D ´ intfz 2 D W f is continuous at all points of fzg � D.k0/g:
Then,D is an open dense subset of D and Rf � k0 onD. Denote byDj , j 2 J � N,
the different connected components of D. Take a disc K0 D D.z0; r0/ �� D. Put
M ´ @D\K0. ThenM ¤ ¿. Applying again the Baire argument, now for xM , leads
to a discK1 D D.z1; r1/ � K0 with z1 2 xM such that jf j � d on . xM \K1/� D.k0/.
Obviously there is a point z� 2 K1 such that Rf .z

�/ < k0.
Now fix an arbitrary point a 2 K1 with Rf .a/ < k0. Take a sequence of points

.an/n � K1 with an ! a and choose connected components Djn 3 an. We need the
following lemma which is due to Rothstein (see [Rot 1950]).

Lemma* 1.2.3. Let h W D ! .0;C1/ a superharmonic function (i.e. �u 2 �H .D/).
Let .zj / � D.s/ with zj ! z0 2 D.s/, 0 < s < 1. Moreover, let .wj /j � D.s/ with
jwj � z0j � d > 0. Assume that there are Jordan arcs Jj � D.s/ connecting zj and
wj such that u � ˛ on all Jj ’s. Then u.z0/ � ˛.

Applying this lemma it follows that diamDjn ! 0 if n ! C1. Therefore, for
large n, we have @Djn � K1. By the maximum principle we conclude that jf j � d

on Djn � D.k0/; in particular jf .an; w/j � d , jwj < k0. Therefore, jf .a; �/j � d on
D.k0/. Since a was arbitrarily chosen, we conclude that jf j � d on K1. By Vitali’s
theorem, Rf � k0 on K1, but Rf .z

�/ < k0; a contradiction.
The converse implication is obvious.
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1.3 Separately pluriharmonic functions I

Definition 1.3.1. Let ˝ be an open subset of Cn. A function u 2 C2.˝;R/ is
pluriharmonic on ˝ (u 2 PH .˝/) if

@2u

@zj @ Nzk

.z/ D 0; z 2 ˝; j; k D 1; : : : ; n: (†)

Remark 1.3.2. (a) If n D 1, then PH .˝/ D H .˝/ D the space of all functions
harmonic on ˝.

(b) Equations (†) in real variables mean

@2u

@xj @yk

.z/ D @2u

@xk@yj

.z/;
@2u

@xj @xk

.z/C @2u

@yj @yk

.z/ D 0;

z 2 ˝; j; k D 1; : : : ; n;

which in particular shows that each pluriharmonic function is harmonic and, conse-
quently, of class C1.

(c) If f D uC iv 2 O.˝/, then u 2 PH .˝/.

Proposition 1.3.3. IfD � Cn is a starlike domain with respect to a point a 2 D, then
for any u 2 PH .D/ there exists an f 2 O.D/ such that u D Re f .

Consequently

• any pluriharmonic function is locally the real part of a holomorphic function,

• if F 2 O.˝ 0; ˝/, where ˝ 0 � Cm is open, then u B F 2 PH .˝ 0/ for any
u 2 PH .˝/.

A proof may be found in [Jar-Pfl 2008], Proposition 1.14.28.
In the case of pluriharmonic functions Proposition 1.1.10 gives the following result.

Proposition 1.3.4 (Cf. [Sad 2005]). Let u W Pp.r/ � Pq.r/ ! R be such that

• u.a; �/ 2 PH .Pq.r// for every a 2 Pp.r/,

• u 2 PH .Pp.r/ � Pq.ı// for some 0 < ı < r .

Then u 2 PH .Pp.r/ � Pq.r//.

The result will be generalized in Proposition 9.3.1.

Proof. Using Proposition 1.3.3 we get a function f W Pp.r/ � Pq.r/ ! C such that

• f .a; �/ 2 O.Pq.r// for every a 2 Pp.r/,
• f 2 O.Pp.r/ � Pq.ı//,
• u D Re f .

Using Proposition 1.1.10 we conclude that f 2 O.Pp.r/�Pq.r//, which immediately
implies that u 2 PH .Pp.r/ � Pq.r//.
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As a direct consequence we get (Exercise) the following result (cf. Proposi-
tion 1.1.10).

Proposition 1.3.5. (a) Let D � Cp , G � Cq be domains and let ¿ ¤ B � G be
open. Let u W D �G ! R be such that

• u.a; �/ 2 PH .G/, a 2 D,

• u 2 PH .D � B/.
• Then u 2 PH .D �G/.
(b) Let D � Cp , ˝ � D � Cq be domains such that for every a 2 D the fiber

˝.a;�/ is connected. Let U � ˝ be an open set such that for every a 2 D the fiber
U.a;�/ is non-empty. Let u W ˝ ! R be such that:

• u.a; �/ 2 PH .˝.a;�//, a 2 D,

• u 2 PH .U /.

Then u 2 PH .˝/.

The reader is asked to formulate and solve an analogue of Exercise 1.1.11 for
separately pluriharmonic functions.

1.4 Hukuhara and Shimoda theorems

Theorem 1.1.7 and Proposition 1.1.10 suggest the following problem, called the Huku-
hara problem.

(S-OH) Given two domains D � Cp , G � Cq , a non-empty test set B � G, and a
function f W D �G ! C that is separately holomorphic in the sense that

• f .a; �/ 2 O.G/ for every a 2 D,
• f .�; b/ 2 O.D/ for every b 2 B ,

we ask whether f 2 O.D �G/.
In the above situation we write f 2 Os.X/with X ´ .D�G/[.D�B/. Notice

that from the set-theoretic point of view the set X is nothing other than the Cartesian
productD�G which is, of course, independent ofB . Writing X D .D�G/[.D�B/
we point out the role played by the set B .

Remark 1.4.1. (a) Theorem 1.1.7 and Proposition 1.1.10 (a) guarantee that the answer
is positive (i.e. Os.X/ D O.D �G/) whenever B is open.

(b) Observe that the answer must be negative if B is too “thin”. For example, if
B ´ g�1.0/, where g 2 O.G/, g 6	 0, then, for an arbitrary function ' W D ! C, the
function f .z; w/ ´ '.z/g.w/, .z; w/ 2 D � G, belongs to Os.X/ (and, of course,
may be not holomorphic on D �G).

The discussion of (S-OH) started with the paper by M. Hukuhara [Huk 1942].
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Theorem 1.4.2 (Hukuhara). If p D q D 1 and B has an accumulation point in G,
then every locally bounded function f 2 Os.X/ is holomorphic onD �G.

Below (Theorem 1.4.4) we present a more general result (cf. [Ter 1972]) whose
proof uses the same ideas as the original proof by Hukuhara.

Definition 1.4.3. We say that a set B � Cq is analytically thin at a point b0 2 xB if
there exist a connected open neighborhood U of b0 and a function ' 2 O.U /, ' 6	 0,
such that B \ U � '�1.0/.

Observe that (Exercise):

• if q D 1 and a set B � C has an accumulation point b0 2 C, then B is not
analytically thin at b0,

• if B � Cq is open and non-empty, then B is not analytically thin at each point
b0 2 xB ,

• for every b0 2 Cq there exists a sequence .bs/
1
sD1 converging to b0 such that the

set B ´ fb1; b2; : : : g is not analytically thin at b0.

Theorem 1.4.4. For arbitrary p and q, if B is not analytically thin at a point b0 2
G \ xB , then every locally bounded function f 2 Os.X/ is holomorphic onD �G.

The following notion will be very useful in the sequel.

Definition 1.4.5. Let ˝ be a topological space (e.g. an open set in Cn). We say
that a sequence .˝k/

1
kD1

of open subsets of ˝ is an exhaustion sequence for ˝ if
˝k �� ˝kC1 �� ˝, k 2 N, and˝ D S1

kD1˝k . In the case where˝ is connected
we additionally require that each ˝k is connected.

Proof of Theorem 1.4.4. Let .Dk/
1
kD1

and .Gk/
1
kD1

be exhaustion sequences for D
and G, respectively, with b0 2 G1. It suffices to prove that f is holomorphic on each
Dk �Gk . Thus, we may additionally assume that f is bounded.

Observe that f must be continuous. Indeed (cf. Remark 1.1.4), let

D �G 3 .zk; wk/ ! .z0; w0/ 2 D �G
and f .zk; wk/ ! ˛ 2 C. By a Montel argument we may assume that f .zk; �/ ! g

locally uniformly in G with g 2 O.G/. In particular, f .zk; wk/ ! g.w0/ D ˛.
Recall that if b 2 B , then f .�; b/ 2 O.D/. Hence, f .zk; b/ ! f .z0; b/ D g.b/,
b 2 B . Since B is not analytically thin, we conclude that f .z0; �/ 	 g. Thus
˛ D g.w0/ D f .z0; w0/.

Fix an arbitrary polydisc P D P.a; r/ �� D and define

Qf .z; w/ ´ 1

.2�i/p

Z
@0P

f .�; w/

z � � d�; .z; w/ 2 P �G:

Then Qf 2 Os.P �G/\ C.P �G/ and so Qf 2 O.P �G/. Moreover, by the Cauchy
integral formula, Qf .z; b/ D f .z; b/ for .z; b/ 2 P � B . Since B is not analytically
thin at b0, we conclude that Qf D f in P �G, which finishes the proof.
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It took another 25 years before I. Shimoda came back to the Hukuhara problem. He
proved in [Shim 1957] an analogous result to the one of Osgood (Theorem 1.1.3 (b)).

Theorem 1.4.6 (Shimoda). If p D q D 1 andB has an accumulation point inG, then
for every function f 2 Os.X/ the set �O.f / is nowhere dense.

Below we present a more general result (cf. [Ter 1972]) whose proof follows the
same ideas as the original proof by Shimoda.

Theorem 1.4.7. For arbitrary p and q, if B is not analytically thin at a point b0 2
G \ xB , then for every function f 2 Os.X/ the set ˝0 ´ .D �G/ n �O.f / is dense
inD �G. Moreover, ˝0 D U0 �G, where U0 is an open dense subset ofD.

Proof. First observe that if Pp.a; r/�Pq.b; r/ � ˝0 and Pp.a; r/�Pq.b; R/ � D�G,
then Proposition 1.1.10 (a) implies that Pp.a; r/ � Pq.b; R/ � ˝0. Consequently, ˝0

must be of the form ˝0 D U0 �G.
Take an arbitrary polydisc P D P.a; r/ � D and a point b 2 G. Let G0 �� G

be a subdomain of G such that b; b0 2 G0. Define

Ak ´ fz 2 P W 8w2G0 W jf .z; w/j � kg; k 2 N:

Then P D S1
kD1Ak . Moreover, each Ak is closed in P (Exercise – cf. the proof

of Theorem 1.4.4). Now a Baire argument implies that there exists a k0 such that
U ´ intAk0 ¤ ¿. Consequently, by Theorem 1.4.4, f 2 O.U �G0/.



Chapter 2

Prerequisites

Summary. For the reader’s convenience we collect various auxiliary results. Most of them may be found

(with proofs) in [Jar-Pfl 2000]. The reader familiar with basic facts from several complex variables may

continue reading with Chapter 3 and come back to Chapter 2 in the case of need.

2.1 Extension of holomorphic functions

Riemann domains appear in a very natural way while discussing problems related to
holomorphic continuation. Recall that there exists an example of a bounded domain
D � C2 such that every function f 2 O.D/ extends beyondD, but there is no domain
yD � C2 such that D � yD and each function f 2 O.D/ extends holomorphically to
yD (cf. [Sha 1976]).

2.1.1 Riemann regions

See [Jar-Pfl 2000], § 1.1.

Definition 2.1.1. A pair .X; p/ is called a Riemann region over Cn (in brief .X; p/ 2
R.Cn/) if

• X is a topological Hausdorff space,
• p W X ! Cn is locally homeomorphic, i.e. each point a 2 X has an open neigh-

borhoodU such thatp.U / is open in Cn andpjU W U ! p.U / is homeomorphic.

For z 2 p.X/ the set p�1.z/ is called the stalk over z. A subset A � X is said to
be univalent if pjA W A ! p.A/ is homeomorphic.

IfX is connected, then we say that .X; p/ is a Riemann domain over Cn (.X; p/ 2
Rc.Cn/).

If X is � -compact, i.e. X D S1
�D1K� , where each K� is compact, then we say

that .X; p/ is countable at infinity (.X; p/ 2 R1.Cn/).
We say that a Riemann region .X; p/ 2 R.Cn/ is relatively compact (.X; p/ 2

Rb.C
n/) if there exists .X 0; p0/ 2 R.Cn/ such that X is a relatively compact open

set in X 0 and p D p0jX .

Remark 2.1.2. (a) If ˝ � Cn is an open set, then .˝; id/ 2 R1.Cn/. This is the
standard identification of open sets in Cn with Riemann regions.
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(b) If .X; p/ 2 R.Cn/, then p is an open mapping. In particular, the set p.X/ is
open in Cn. For any a 2 p.X/ the stalk p�1.a/ is a discrete subset of X .

(c) If .X; p/ 2 R.Cn/, then the family .U; pjU /U , whereU runs over all univalent
open subsets of X , introduces on X an atlas of an n-dimensional complex manifold.

(d) If .X; p/ 2 R.Cn/, .Y; q/ 2 R.Cm/, then .X � Y; p � q/ 2 R.CnCm/, where
.p � q/.x; y/ ´ .p.x/; q.y//.

(e) Let .X; p/ 2 Rc.Cn/ and let Y be an open univalent subset such that p.Y / D
p.X/. Then Y D X .

(f) Rc.Cn/ � R1.Cn/. Consequently, a Riemann region is countable at infinity
iff it has an at most countable number of connected components.

Definition 2.1.3. Let .X; p/ 2 R.Cn/. For a 2 X and 0 < r � C1, we introduce on
X the notion of a polydisc centered at a of radius r as an open univalent neighborhood
yP.a; r/ D yPX .a; r/ of a such that p.yPX .a; r// D Pn.p.a/; r/. Notice that yPX .a; r/

exists for small r > 0. We define

• the distance to the boundary dX W X ! .0;C1�,

dX .a/ ´ supfr 2 .0;C1� W yPX .a; r/ existsg; a 2 X I
• the maximal polydisc centered at a point a 2 X :yPX .a/ D yPX .a; dX .a//;
• pa ´ pjyPX .a/

;

• dX .A/ ´ inffdX .a/ W a 2 Ag, A � X ;

• A.r/ ´ S
x2A

yPX .x; r/, 0 < r < dX .A/;
• X1 ´ fa 2 X W dX .a/ D C1g.

Remark 2.1.4. (a) The set X1 is the union of all connected components Y � X such
that pjY W Y ! Cn is homeomorphic (cf. Remark 2.1.2 (e). Moreover,

jdX .x/ � dX .a/j � kp.x/ � p.a/k1; a 2 X nX1; x 2 yPX .a/:

In particular, the function dX is continuous.
(b) If K � X is compact, then the set K.r/ is compact for any 0 < r < dX .K/.
(c) If K is compact and univalent, then K.r/ is univalent for small r > 0.

Definition 2.1.5. For z; � 2 Cn and 0 < r � C1 let 

.z; r/ ´ z C D.r/� . For
a point a 2 X , 0 < r � C1, and � 2 Cn, we introduce on X the notion of a disc in
direction � centered at a of radius r as a univalent set y

.a; r/ containing a such that
p. y

.a; r// D 

.p.a/; r/. We define the distance to the boundary in direction �:

ıX;
 W X ! .0;C1�; ıX;
.a/ ´ supfr > 0 W y

.a; r/ existsg; a 2 X:

Observe that y

.a; r/ exists for small r > 0. Note that y
0.a; r/ D fag for every
r > 0.
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Remark 2.1.6. (a) The function

X � Cn 3 .x; �/ 7! ıX;
.x/ 2 .0;C1�

is lower semicontinuous.
(b) The polydisc yPX .a; r/ exists iff the disc y

.a; r/ exists for any � with k�k1 D 1.

Moreover,

yPX .a; r/ D
[


2Cn; k
k1D1

y

.a; r/; dX D inffıX;
 W � 2 Cn; k�k1 D 1g:

Definition 2.1.7. For f W X ! C and a 2 X , we define the formal derivatives of f
at a

@f

@zj
.a/ ´ @.f B p�1

a /

@zj
.p.a//;

@f

@ Nzj .a/ ´ @.f B p�1
a /

@ Nzj .p.a//; j D 1; : : : ; n;

provided that the right-hand sides exist, where @
@zj

and @
@ Nzj on the right-hand side are

taken in the classical sense. If f is of class Ck in an open neighborhood of a and
˛; ˇ 2 ZnC are such that j˛j C jˇj � k, then we may define the derivatives

D˛;ˇf .a/ ´
��

@

@z1

�̨
1

B � � � B
�
@

@zn

�̨
n

B
�
@

@ Nz1

�̌
1

B � � � B
�
@

@ Nzn

�̌
n

f

�
.a/;

D˛f .a/ ´ D˛;0f .a/:

2.1.2 Holomorphic functions on Riemann regions

See [Jar-Pfl 2000], § 1.1.

Definition 2.1.8. Let .X; p/ 2 R.Cn/. A function f W X ! C is said to be holomor-
phic (f 2 O.X/) if for each open univalent subset U � X the function f B .pjU /�1

is holomorphic (in the standard sense) on the open set p.U / � Cn.
For k 2 RC put

O.k/.X/ ´ ff 2 O.X/ W kf kO.k/.X/ ´ sup
x2X

jf .x/jık
X .x/ < C1g;

where ıX ´ minfdX ; .1C kpk2/�1=2g. Functions from O.k/.X/ are called tempered
of order � k (see [Jar-Pfl 2000], Example 1.2.5).

If .Y; q/ 2 R.Cm/, then a continuous mapping F W X ! Y is said to be holomor-
phic (F 2 O.X; Y /) if q B F 2 O.X;Cm/.

For f 2 O.X/ and a 2 X , we define the Taylor series of f at a:

Taf .z/ ´
X

˛2ZnC

D˛f .a/

˛Š
.z � p.a//˛ D Tp.a/.f B p�1

a /.z/; z 2 Cn;
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and its radius of convergence Taf ,

d.Taf / ´ supfr > 0 W Taf .z/ is convergent for z 2 P.p.a/; r/g:

Notice that d.Taf / � dX .a/ and f .x/ D Taf .p.x// for x 2 yPX .a/. Moreover,

1

d.Taf /
D lim sup

k!C1

�
max

˛2ZnC
j˛jDk

1

˛Š
jD˛f .a/j

�1=k

:

Proposition 2.1.9 (Identity principle). Let .X; p/ 2 Rc.Cn/, .Y; q/ 2 R.Cm/, F ,
G 2 O.X; Y /, and assume that intfx 2 X W F.x/ D G.x/g ¤ ¿. Then F 	 G onX .

2.1.3 Lebesgue measure on Riemann regions

Let .X; p/ 2 R1.Cn/. A set A � X is called (Lebesgue) measurable if for any open
univalent set U � X the set p.A\U/ is Lebesgue measurable in Cn (in the classical
sense). Then

• any Borel subset of X is measurable,
• a set A � X is measurable iff any point a 2 X has an open univalent neighbor-

hood U such that p.A \ U/ is Lebesgue measurable in the classical sense.

Since X is countable at infinity we may write X D S1
j D1 Uj , where each Uj is open

and univalent. Put B1 ´ U1, Bj ´ Uj n .U1 [ � � � [ Uj �1/, j 2 N2. For any
measurable set A � X put

LX .A/ ´
1X

j D1

L2n.p.A \ Bj //;

where L2n denotes the standard Lebesgue measure in Cn. One can prove that LX is
a regular measure which is independent of the choice of the sequence .Uj /

1
j D1. It is

called the Lebesgue measure onX . If f W A ! Œ0;C1� is a measurable function, thenZ
A

fdLX D
1X

j D1

Z
p.A\Bj /

f B .pjUj /�1dL2n:

If U � X is univalent, thenZ
U \A

fdLX D
Z

p.U \A/

f B .pjU /�1dL2n:
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For 1 � p < C1, letLp.X/ be the space of all measurable functions f W X ! C
with

R
X

jf jpdLX < C1. Then Lp.X/ endowed with the norm

f 7! kf kLp ´
� Z

X

jf jpdLX

�1=p

is a Banach space. Moreover, L2.X/ endowed with that scalar product

.f; g/ 7!
Z

X

f NgdLX

is a Hilbert space. Put Lp

h
.X/ ´ Lp.X/\ O.X/. Then, Lp

h
.X/ is closed in Lp.X/.

2.1.4 Sheaf of I-germs of holomorphic functions

See [Jar-Pfl 2000], Example 1.6.6.
Let I be an arbitrary non-empty set of indices. For a 2 Cn define

zOI
a ´ f.U;f / W U is an open neighborhood of a; f D .fi /i2I � O.U /g:

For .U;f /, .V;g/ 2 zOI
a we define an equivalence relation

.U;f /
a' .V;g/ W () 9W � neighborhood of a W W � U \ V; fi jW D gi jW ; i 2 I:

Put
OI

a ´ zOI
a=

a' :

The class yfa ´ Œ.U;f /�a' is called the I -germ of f at a. Notice that the value of yfa

at a understood as
yfa.a/ ´ .fi .a//i2I

is well defined.
Let RI

a be the ring of all families .Si /i2I of power series centered at a that are
convergent in a common (independent of i 2 I ) neighborhood of a, which may depend
on the family .Si /i2I (i.e. inffd.Si / W i 2 I g > 0). Then the mapping

OI
a 3 yfa ! .Tafi /i2I 2 RI

a (2.1.1)

is an isomorphism. This gives an equivalent description of OI
a , which also introduces

on OI
a a structure of a commutative ring with the unit element – the ring of I -germs of

holomorphic functions at a. Put

OI ´ W
a2Cn

OI
a D the disjoint union of the family .OI

a /a2Cn

and let �I W OI ! Cn be given by the formula �I . yfa/ ´ a.
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For yfa D Œ.U;f /�a' put

V . yfa; U / ´ fŒ.U;f /� b' W b 2 U g:

One may easily check that the system fV . yfa; U / W yfa 2 OI ; .U;f / 2 yfag is a
neighborhood basis of a Hausdorff topology on OI such that

�I jV . yfa;U /
W V . yfa; U / ! U

is homeomorphic. Thus .OI ; �I / 2 R.Cn/. It is called the sheaf of I -germs of
holomorphic functions in Cn. One can easily prove that

dOI .
yfa/ D inffd.Tafi / W i 2 I g:

For i0 2 I define Fi0 W OI ! C, Fi0.
yfa/ ´ fi0.a/. Then

Fi0 B .�I jV . yfa;U /
/�1 D fi0 on U:

This shows that Fi0 2 O.OI /.

2.1.5 Holomorphic extension of Riemann regions

See [Jar-Pfl 2000], § 1.4.

Definition 2.1.10. Let .X; p/, .Y; q/ 2 R.Cn/. A continuous mapping ' W X ! Y is
said to be a morphism if q B ' D p.

If ' W .X; p/ ! .Y; q/ is a morphism such that ' is bijective and '�1 W Y ! X is
also a morphism, then we say that ' is an isomorphism.

Observe that if˝1,˝2 � Cn are open and ' W .˝1; id/ ! .˝2; id/ is a morphism,
then ˝1 � ˝2 and ' is the inclusion operator.

Remark 2.1.11. Let ' W .X; p/ ! .Y; q/ be a morphism.
(a) If  W .X; p/ ! .Y; q/ is a morphism with '.a/ D  .a/ for some a 2 X , then

' D  on the connected component of X that contains a.
(b) ' is locally biholomorphic. In particular, ' is an open mapping.
(c) ' is an isomorphism iff ' is bijective.
(d) If A � X is univalent, then '.A/ is univalent. In particular:

• '.yPX .a; r// D yPY .'.a/; r/, a 2 X , 0 < r � dX .a/,
• dY B ' � dX ,
• if ' is an isomorphism, then dY B ' D dX .
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(e) If every connected component of Y intersects '.X/ and dY B ' D dX , then
'.X/ D Y .

(f) The mapping

'� W O.Y / ! O.X/; '�.g/ ´ g B ';
is injective iff every connected component of Y intersects '.X/.

(g) T'.a/g D Ta.g B '/, g 2 O.Y /, a 2 X . In particular, d.Taf / � dY .'.a// for
any a 2 X and f 2 '�.O.Y //.

Definition 2.1.12. Let .X; p/ 2 R.Cn/ and let ¿ ¤ F � O.X/. We say that a
morphism' W .X; p/ ! .Y; q/ is an F -extension if'� is injective and F � '�.O.Y //,
i.e. for each f 2 F there exists exactly one g μ f ' 2 O.Y / such that g B ' D f .
Put

F ' ´ ff ' W f 2 F g D fg 2 O.Y / W g B ' 2 F g:
Notice that if X is connected, then Y must be connected.

If F D O.X/, then we say that ' W .X; p/ ! .Y; q/ is a holomorphic extension.

Remark 2.1.13. Let .X; p/ 2 R.Cn/ and let ¿ ¤ F � O.X/. We define a morphism
(cf. § 2.1.4 with I ´ F ):

' D 'F W .X; p/ ! .O.F /; �.F //;

'.x/ ´ Œ.Pn.p.x/; dX .x//; .f B p�1
x /f 2F /�p.x/' ; x 2 X:

After the identification (2.1.1), the mapping ' may be written as

'.x/ ´ .Txf /f 2F ; x 2 X:

Then ' is a morphism and Ff B' D f for any f 2 F . Consequently, if yX denotes the
union of those connected components of O.F / that intersect '.X/ and Op ´ �.F /j yX ,
then

' W .X; p/ ! . yX; Op/
is an F -extension.

The following lemma will be frequently used in the sequel.

Lemma 2.1.14. Let G be a Riemann domain, let D � G be a subdomain, and let
A0 � A � G be such that A0 � D. Assume that A0 is not analytically thin at a point
b0 2 D \ xA0 (cf. Definition 1.4.3). For a family F of functions f W A ! C consider
the following conditions:

(i) 8f 2F 9 Of 2O.D/
W Of D f on A0 ( Of is uniquely determined),

(ii) 8f 2F 8a2Cnf .A/ W 1
f �a

2 F ,

(ii0) 8f 2F 8a2CW jaj>kf kA W 1
f �a

2 F .
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(a) If (i) and (ii) are satisfied, then Of .D/ � f .A/ for every f 2 F (in particular,
k Of kD � kf kA for every f 2 F ).

(b) If (i) and (ii0) are satisfied, then k Of kD � kf kA for every f 2 F .

In particular, if ' W .X; p/ ! .Y; q/ is a holomorphic extension, then f .X/ D
f '.Y / for every f 2 O.X/.

Observe that in the case (b) it may happen that Of .D/ 6� f .A/ (Exercise).

Proof. (a) Suppose that there exists an x0 2 D such that Of .x0/ … f .A/. Then
g ´ 1

f � Of .x0/
2 F . We have yg � . Of � Of .x0// D 1 on A0. Thus yg � . Of � Of .x0// 	 1

on D; a contradiction.
(b) Suppose that there exists an x0 2 D such that j Of .x0/j > kf kA. Then g ´
1

f � Of .x0/
2 F and we continue as above.

Proposition 2.1.15. Let ' W .X; p/ ! .Y; q/ be a holomorphic extension. Then the
extension operator

O.X/ 3 f 7! f ' 2 O.Y /

is continuous in the topologies of locally uniform convergence. Moreover, for every
compact L �� Y there exists a compact K �� X such that

kf 'kL � kf kK ; f 2 O.X/:

2.1.6 Regions of existence

See [Jar-Pfl 2000], § 1.7.

Definition 2.1.16. Let .X; p/ 2 R.Cn/ and let ¿ ¤ F � O.X/. We say that .X; p/
is an F -region of existence if

dX .a/ D inffd.Taf / W f 2 F g; a 2 X I
equivalently, for any r > dX .a/ there exists an f 2 F such that d.Taf / < r .

If F D ff g, then we say that .X; p/ is a region of existence of f .
If F D O.X/, then we say that .X; p/ is a region of existence.
If X is connected, then we say that .X; p/ is an F -domain of existence, domain of

existence of f , and domain of existence, respectively.

Remark 2.1.17. (a) .X; p/ is an F -region of existence if and only if for any F -ex-
tension ' W .X; p/ ! .Y; q/ we have dY B ' 	 dX (i.e. ' is surjective – cf. Re-
mark 2.1.11 (e)).

(b) If .X; p/ D .˝; id/, where˝ is an open set in Cn, then .˝; id/ is an F -region
of existence iff there are no domains ˝0, z̋ � Cn with ¿ ¤ ˝0 � ˝ \ z̋ , z̋ 6� ˝,
such that for each f 2 F there exists an Qf 2 O. z̋/ with Qf D f on ˝0.

(c) .X; p/ is an F -region of existence iff there exists a dense subset A � X such
that dX .a/ D inffd.Taf / W f 2 F g, a 2 A.
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2.1.7 Maximal holomorphic extensions

See [Jar-Pfl 2000], § 1.8.

Definition 2.1.18. An F -extension ' W .X; p/ ! . yX; Op/ is called maximal if for
any F -extension  W .X; p/ ! .Y; q/ there exists a morphism � W .Y; q/ ! . yX; Op/
such that � B  D '. The maximal F -extension is uniquely determined up to an
isomorphism. In the above situation we say that' W .X; p/ ! . yX; Op/ is the F -envelope
of holomorphy of .X; p/. If F D O.X/, then we simply say that ' W .X; p/ ! . yX; Op/
is the envelope of holomorphy of .X; p/.

We say that .X; p/ is an F -region of holomorphy if for every F -extension

' W .X; p/ ! .Y; q/

the mapping ' is an isomorphism.
If .X; p/ is an O.X/-region of holomorphy, then we say that .X; p/ is a region of

holomorphy. IfX is connected, then we say that .X; p/ is an F -domain of holomorphy
and domain of holomorphy, respectively.

Remark 2.1.19. If ' W .X; p/ ! . yX; Op/ is the maximal F -extension, then . yX; Op/ is
an F '-region of holomorphy.

Theorem 2.1.20 (Thullen theorem). Let .X; p/ be a Riemann region over Cn and let
¿ ¤ F � O.X/. Then .X; p/ has an F -envelope of holomorphy.

Proof. It suffices to prove that the F -extension

'F W .X; p/ ! . yX; Op/;
constructed in Remark 2.1.13, is maximal. Let  W .X; p/ ! .Y; q/ be another F -
extension. By the same method as in Remark 2.1.13 we construct a morphism

'F  W .Y; q/ ! .O.F  /; �.F  //:

Observe that .O.F  /; �.F  // ' .O.F /; �.F //. Moreover, 'F  B  D 'F . Conse-
quently, 'F  .Y / � yX (up to an isomorphism).

Definition 2.1.21. We say that F separates points in X if for any x1; x2 2 X with
x1 ¤ x2 there exists f 2 F such that f .x1/ ¤ f .x2/.

We say that F weakly separates points in X if for any x1; x2 2 X with x1 ¤ x2

and p.x1/ D p.x2/ there exist f 2 F and ˛ 2 ZnC such that D˛f .x1/ ¤ D˛f .x2/,
i.e. there exists an f 2 F such that Tx1f ¤ Tx2f .

We say that F is d -stable if: f 2 F H) D˛f 2 F , ˛ 2 ZnC.

Observe that if F is d -stable and p 2 F n, then F separates points in X iff F

weakly separates points in X .
If .X; p/ is univalent, then every family F weakly separates points in X .
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Remark 2.1.22. The morphism 'F is injective iff F weakly separates points in X .
Recall that d yX .'F .x// D inffd.Txf / W f 2 F g, x 2 X .

Proposition 2.1.23. Let ' W .X; p/ ! .Y; q/ be an F -extension such that .Y; q/ is an
F '-domain of holomorphy. Then the extension is maximal.

Remark 2.1.24. Let .X; p/ be an F -region of holomorphy and let U � X be a
univalent domain for which there exists a domain V � p.U / such that for every
f 2 F there exists a function Ff 2 O.V / with Ff D f B .pjU /�1 on p.U /. Then
there exists a univalent domain W � U with p.W / D V .

Indeed, by Thullen’s theorem (Theorem 2.1.20) we may assume that .X; p/ coin-
cides with . yX; Op/ constructed in Remark 2.1.13.

Proposition 2.1.25. Let .X; p/ 2 R.Cn/, ¿ ¤ F � O.X/. Then the following
conditions are equivalent:

(i) .X; p/ is an F -region of holomorphy;

(ii) F weakly separates points in X and .X; p/ is an F -region of existence;

(iii) there exists a dense subset A � X with A D p�1.p.A// such that

• for any x0, x00 2 A with x0 ¤ x00 and p.x0/ D p.x00/ there exists an f 2 F

such that Tx0f ¤ Tx00f ,

• dX .x/ D inffd.Txf / W f 2 F g, x 2 A.

Proposition 2.1.26. If .X; p/ 2 R1.Cn/ is an F -region of holomorphy, then there
exists a finite or countable subfamily F0 � F such that .X; p/ is an F0-region of
holomorphy.

Proof. We may assume that X is connected. The case where .X; p/ ' .Cn; id/ is
trivial. Thus assume that dX .x/ < C1, x 2 X . Let A � X be a countable dense
subset such thatA D p�1.p.A//. By Proposition 2.1.25, for any x 2 A and r > dX .x/

there exists an fx;r 2 F such that d.Txfx;r/ < r , and for x0; x00 2 A, with x0 ¤ x00
and p.x0/ D p.x00/, there exists an fx0;x00 2 F such that Tx0fx0;x00 ¤ Tx00fx0;x00 . Now
we may take

F0 ´ ffx;r W x 2 A; Q 3 r > dX .x/g
[ ffx0;x00 W x0; x00 2 A; x0 ¤ x00; p.x0/ D p.x00/g:

Proposition 2.1.27. Let .X; p/ 2 R1.Cn/. Then the following conditions are equiv-
alent:

(i) .X; p/ is a region of holomorphy;

(ii) N.O.X// ´ ff 2 O.X/ W .X; p/ is an ff g-domain of existenceg ¤ ¿;

(iii) N.O.X// is of the second Baire category in O.X/.

Remark 2.1.28. The above result remains true if we substitute O.X/ by a natural
Fréchet space F , i.e. a vector space F � O.X/ endowed with a structure of a Fréchet
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space such that if fk ! f in F , then fk ! f locally uniformly in X . For example:
F D L1

h
.X/ ´ the space of all bounded holomorphic functions on X with the

topology of uniform convergence.
‹ Recall (cf. [Jar-Pfl 2008], Remark 1.10.6(b)) that it is an open problem whether

there exist Fréchet spaces F � O.X/ that are not natural ‹

2.2 Holomorphic convexity

See [Jar-Pfl 2000], § 1.10.

Definition 2.2.1. Let .X; p/ 2 R.Cn/. For a compact set K �� X put

yKO.X/ ´ fx 2 X W 8f 2O.X/ W jf .x/j � kf kKg:

We say that K is holomorphically convex if K D yKO.X/. We say that .X; p/ is
holomorphically convex if yKO.X/ is compact for every compact K �� X .

Proposition 2.2.2. Let .X; p/ 2 R1.Cn/. Then X is holomorphically convex iff
there exists a sequence .Kj /

1
j D1 of holomorphically convex compact sets such that

Kj � intKj C1, j 2 N, and X D S1
j D1Kj .

Theorem 2.2.3 (Cartan–Thullen theorem). Let .X; p/ 2 R1.Cn/. Then the following
conditions are equivalent:

(i) .X; p/ is a region of holomorphy;

(ii) O.X/ separates points inX and dX . yKO.X// D dX .K/ for every compactK ��
X ;

(iii) O.X/ separates points in X and dX . yKO.X// > 0 for every compact K �� X ;

(iv) O.X/ separates points inX and for any set A � X with dX .A/ D 0 there exists
an f 2 O.X/ such that supA jf j D C1;

(v) O.X/ separates points in X and X is holomorphically convex;

(vi) O.X/ separates points in X and for any infinite set A � X with no limit points
in X there exists an f 2 F such that supA jf j D C1.

Notice that in fact, if X is holomorphically convex, then O.X/ separates points in
X – cf. Theorem 2.5.9.

Definition 2.2.4. Any .X; p/ 2 R1.Cn/ satisfying (vi) is called a Riemann–Stein
region over Cn.



2.3 Plurisubharmonic functions 39

2.3 Plurisubharmonic functions

See [Jar-Pfl 2000], § 2.1.
Let .X; p/ 2 R1.Cn/ (notice that in fact the majority of results remains true for

arbitrary .X; p/ 2 R.Cn/).

Definition 2.3.1. For u W X ! R�1 ´ Œ�1;C1/; a 2 X , and � 2 Cn, we put

�
ua;�7! .u B p�1

a /.p.a/C ��/:

A function u W X ! R�1 is called plurisubharmonic (psh) in X (u 2 P�H .X/) if

• u is upper semicontinuous on X ,
• for every a 2 X and � 2 Cn the function ua;
 is subharmonic in a neighborhood

of zero (as a function of one complex variable).

Notice that the above definition has a local character. Consequently, whenever we are
interested in local properties of psh functions, we may assume that .X; p/ D .D; id/,
where D is a domain in Cn.

We say that a function u W X ! RC is logarithmically plurisubharmonic (log-psh)
if logu 2 P�H .X/.

For I � R�1 we put P�H .X; I / ´ fu 2 P�H .X/ W u.X/ � I g:
Remark 2.3.2. (a) For an upper semicontinuous function u W X ! R�1 the following
conditions are equivalent:

(i) u 2 P�H .X/;
(ii) 8a2X 8
2CnWk
k1D1 90<R�dX .a/:

u.a/ D ua;
.0/ � 1

2�

Z 2�

0

ua;
.re
i� /d�; 0 < r < RI

(iii) 8a2X 8
2CnWk
k1D1 90<R�dX .a/:

u.a/ � 1

�r2

Z
D.r/

ua;
.�/dL2.�/; 0 < r < RI

(iv) 8a2X 8
2CnWk
k1D1 90<R�dX .a/ 80<r<R 8f 2P .C/: if ua;
 � Re f on @D.r/,
then u.a/ � Re f .0/ (where P .C/ stands for the space of all complex polyno-
mials of one complex variable);

(v) 8a2X 8
2CnWk
k1D1 90<R�dX .a/ 80<r<R 8h2H.D.r//\C.xD.r//: if ua;
 � h on
@D.r/, then u.a/ � h.0/;

(vi) for any a 2 X and � 2 Cn the function

D.ıX;
.a// 3 � 7! .u B .pj y�.a;
/
/�1/.p.a/C ��/

is subharmonic;
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(vii) u B .pjU /�1 2 P�H .p.U // for any univalent open set U � X .

(b) P�H .X/C P�H .X/ D P�H .X/, R>0 � P�H .X/ D P�H .X/.
(c) jf j is log-psh on X for any f 2 O.X/.
(d) If .u�/

1
�D1 � P�H .X/ and u� & u pointwise on X , then u 2 P�H .X/.

In particular, if .u�/
1
�D1 � P�H .X; Œ�1; 0�/, then

P1
�D1 u� 2 P�H .X/.

(e) If .u�/
1
�D1 � P�H .X/ andu� ! u locally uniformly inX , thenu 2 P�H .X/.

(f) If u1; : : : ; uN 2 P�H .X/, then maxfu1; : : : ; uN g 2 P�H .X/ (cf. Proposi-
tion 2.3.11).

(g) (Liouville type theorem) Ifu 2 P�H .Cn/ and supCn u < C1, thenu 	 const.
(h) Let I � R be an open interval and let ' W I ! R be convex and increasing.

Then ' B u 2 P�H .X/ for every u 2 P�H .X; I /. Consequently:
If u 2 P�H .X/, then eu 2 P�H .X/ (in particular, any log-psh function is psh).
If u 2 P�H .X;RC/, then up 2 P�H .X/ for every p � 1.
(i) If u1, u2 are log-psh, then u1 C u2 is log-psh.
(j) (Maximum principle) If X is connected, u 2 P�H .X/, and u � u.a/ for some

a 2 X , then u 	 u.a/. Consequently, if Y �� X is a domain, u 2 P�H .Y /, and
u 6	 const, then

u.x/ < supflim sup
Y 3y!�

u.y/ W � 2 @Y g; x 2 Y:

Let ˝ � Cn be open and let u 2 C2.˝;R/. We define the Levi form of u at a:

Lu.aI �/ ´
X

j;kD1

@2u

@zj @ Nzk

.a/�j N�k; a 2 ˝; � D .�1; : : : ; �n/ 2 Cn:

Observe that

Lu.aI �/ D @2ua;


@�@ N� .0/:

If u 2 C2.X;R/, then we put

Lu.aI �/ ´ L.u B p�1
a /.p.a/I �/; a 2 X; � 2 Cn:

Consequently, we have the following

Proposition 2.3.3. Let u 2 C2.X;R/. Then

u 2 P�H .X/ () 8a2X; 
2Cn W Lu.aI �/ � 0:

Remark 2.3.4. Let .Y; q/ 2 R.Cm/; F 2 O.Y;X/; u 2 C2.X;R/. Then

L.u B F /.bI �/ D Lu.F.b/I .p B F /0.b/.�//; b 2 Y; � 2 Cm:

Consequently, if u 2 P�H .X/ \ C2.X;R/, then u B F 2 P�H .Y / – cf. Proposi-
tion 2.3.16.
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Definition 2.3.5. We say that a function u 2 C2.X;R/ is strictly plurisubharmonic if

8a2X; 
2.Cn/� W Lu.aI �/ > 0:
Proposition 2.3.6. Let Y � X be open, v 2 P�H .Y /, u 2 P�H .X/. Assume that

lim sup
Y 3y!�

v.y/ � u.�/; � 2 @Y:

Put

Qu.x/ ´
´

max¹v.x/; u.x/º; x 2 Y;
u.x/; x 2 X n Y:

Then Qu 2 P�H .X/.

To simplify notation we will use the following abbreviations:

ez ´ .ez1 ; : : : ; ezn/; z � w ´ .z1w1; : : : ; znwn/;

z D .z1; : : : ; zn/; w D .w1; : : : ; wn/ 2 Cn:

Let a D .a1; : : : ; an/ 2 Cn, r D .r1; : : : ; rn/ 2 Rn
>0. If

@0P.a; r/
u! R�1

is bounded from above and measurable, i.e. the function

Œ0; 2�/n 3 � 7! u.aC r � ei� /

is Lebesgue measurable, then we define

P.uI a; rI z/ ´ 1

.2�/n

Z
Œ0;2�	n

� nY
j D1

r2
j � jzj � aj j2

jrj ei�j � .zj � aj /j2
�
u.aC r � ei� /dLn.�/;

z D .z1; : : : ; zn/ 2 P.a; r/;

J .uI a; r/ ´ P.uI aI rI a/ D 1

.2�/n

Z
Œ0;2�	n

u.aC r � ei� /dLn.�/:

If u W P.a; r/ ! R�1 is bounded from above and measurable, then we define

A.uI a; r/ ´ 1

.�r2
1 / : : : .�r

2
n/

Z
P.a;r/

u dL2n D 1

L2n.P.a; r//

Z
P.a;r/

u dL2n:

Proposition 2.3.7. Let ˝ � Cn be open, u 2 P�H .˝/, a 2 ˝. Then

J .uI a; r/ & u.a/; A.uI a; r/ & u.a/ when r & 0:
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Proposition 2.3.8. Let u1; u2 2 P�H .X/. If u1 � u2 almost everywhere in X , then
u1 � u2 everywhere.

Proposition 2.3.9. Let ˝ � Cn be open, u 2 P�H .˝/, P.a; r/ �� ˝, r 2 Rn
>0.

Then

u.z/ � P.uI a; rI z/; z 2 P.a; r/;

u.a/ � J .uI a; r/;
u.a/ � A.uI a; r/:

Proposition 2.3.10. If X is connected, u 2 P�H .X/, and u 6	 �1, then u is locally
integrable; in particular, the set u�1.�1/ is of zero measure.

Proposition 2.3.11. If a family .ui /i2I � P�H .X/ is locally bounded from above,
then the function u ´ .supi2I ui /

� is psh in X .

Here v� denotes the upper regularization of v, v�.x/ ´ lim supy!x v.y/, x 2 X .

Proposition 2.3.12. If a sequence .u�/
1
�D1 � P�H .X/ is locally bounded from above,

then the function u ´ .lim sup�!1 u�/
� is psh on X .

Proposition 2.3.13 (Hartogs’ lemma for plurisubharmonic functions). Assume that a
sequence .uk/

1
kD1

� P�H .X/ is locally bounded from above and, for some m 2 R,
we have lim supk!C1 uk � m: Then for every compact subset K � X and for every
" > 0, there exists a k0 such that

max
K
uk � mC "; k � k0:

Definition 2.3.14 (Regularization). Let

˚.z1; : : : ; zn/ ´ �.z1/ � � � � � �.zn/; z D .z1; : : : ; zn/ 2 Cn;

where � 2 C1
0 .C;RC/ is such that:

supp� D xD; �.z/ D �.jzj/; z 2 C;

Z
�dL2 D 1:

Put

˚".z/ ´ 1

"2n
˚.
z

"
/; z 2 Cn; X" ´ fx 2 X W dX .x/ > "g; " > 0:

For every function u 2 L1.X; loc/, define

u".x/ ´
Z

yPX .x/

u.y/˚".p.x/ � p.y//dLX .y/

D
Z

Dn
.u B p�1

x /.p.x/C "w/˚.w/dL2n.w/; x 2 X":

The function u" is called the "-regularization of u.
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Proposition 2.3.15. If u 2 P�H .X/, u 6	 �1, then u" 2 P�H .X"/ \ C1.X"/ and
u" & u pointwise in X when " & 0.

Proposition 2.3.16. Let .Y; q/ 2 R.Cm/, F 2 O.Y;X/. Then u B F 2 P�H .Y / for
any u 2 P�H .X/.

Corollary 2.3.17. Let u W X ! R�1 be upper semicontinuous. Then u is psh on X
iff for any analytic disc ' W D ! X the function u B ' is subharmonic in D.

Proposition 2.3.18. (a) Let Q W Cn ! RC be an arbitrary complex seminorm. Then
logQ 2 P�H .Cn/.

(b) Let h W Cn ! RC be an upper semicontinuous function with

h.�z/ D j�jh.z/; � 2 C; z 2 Cn:

Then h 2 P�H .Cn/ iff log h 2 P�H .Cn/.

Definition 2.3.19. A set M � X is called (locally) pluripolar (M 2 PLP ) if any
point a 2 M has a connected neighborhood Ua and a function va 2 P�H .Ua/ with
va 6	 �1, M \ Ua � v�1

a .�1/.
If n D 1, then pluripolar sets are called polar. For A � X put

PLP .A/ ´ fP 2 PLP .X/ W P � Ag:
By Proposition 2.3.10, if M is pluripolar, then LX .M/ D 0.

Definition 2.3.20. A set M � X is thin in X if for any a 2 X there exist a connected
neighborhood U � X of a and a holomorphic function ' 2 O.U /, ' 6	 0, such that
P \U � '�1.0/, i.e.M is analytically thin at each point a 2 xM (cf. Definition 1.4.3).

Note that every thin set is pluripolar.

Proposition 2.3.21 ([Arm-Gar 2001], Theorem 7.3.9 (cf. Remark 3.6.2 (e))). IfM � D
is polar, then there exists an r 2 .0; 1/ such thatM \ @D.r/ D ¿.

Proposition 2.3.22. (a) Let .ui /i2I � P�H .X/ be locally bounded from above. Put
u ´ supi2I ui . Then the set fx 2 X W u.x/ < u�.x/g is of zero measure.

(b) Let .u�/�2N � P�H .X/ be a sequence locally bounded from above. Put
u ´ lim sup�!C1 u� . Then the set fx 2 X W u.x/ < u�.x/g is of zero measure.

Notice that in fact the set fx 2 X W u.x/ < u�.x/g is pluripolar – cf. Theo-
rem 2.3.33.

Theorem 2.3.23 (Josefson’s theorem; cf. [Jos 1978]). If M � Cn is pluripolar, then
there exists a v 2 P�H .Cn/, v 6	 �1, such thatM � v�1.�1/.

Proposition 2.3.24. Let Mj � Cn be pluripolar, j 2 N. Then M ´ S1
j D1Mj is

pluripolar.
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Theorem 2.3.25. Let M � X be pluripolar. Then there exists a v 2 P�H .X/,
v 6	 �1, such thatM � v�1.�1/.

Proof. We may assume that X is connected. Let X D S1
kD1 Uk be an open covering

by univalent sets (cf. Remark 2.1.2 (f). Then each set Ak ´ p.M \Uk/ is pluripolar,
and consequently, by Proposition 2.3.24, the set A ´ S1

kD1Ak is pluripolar. Hence,
by the Josefson theorem (Theorem 2.3.23), there exists a u 2 P�H .Cn/, u 6	 �1,
such that u D �1 on A. By Proposition 2.3.10, ujp.X/ 6	 �1. Now we only need
to put v ´ u B p. Then v 2 P�H .X/ (Proposition 2.3.16), v 6	 �1, and v D �1
on M .

Exercise 2.3.26. Let X be a countable at infinity complex manifold on which global
holomorphic functions give local coordinates. Using the method of the above proof,
show that every locally pluripolar set M � X is globally pluripolar.

Remark 2.3.27. Theorems 2.3.23 and 2.3.25 may be strengthened by requiring that
the plurisubharmonic function v has restricted growth – cf. [El 1980], [Sic 1983].

Proposition 2.3.28. Let Mj � X be pluripolar, j 2 N. Then M ´ S1
j D1Mj is

pluripolar.

Proposition 2.3.29 (Removable singularities of psh functions). Let M be a closed
pluripolar subset of X .

(a) Let u 2 P�H .X n M/ be locally bounded from above in X , i.e. every point
a 2 X has a neighborhood Va such that u is bounded from above in Va nM . Define

Qu.z/ ´ lim sup
XnM3w!z

u.w/; z 2 X

(notice that Qu is well defined). Then Qu 2 P�H .X/.
(b) For every function u 2 P�H .X/ we have

u.z/ D lim sup
XnM3w!z

u.w/; z 2 X:

(c) The set X nM is connected.

Corollary 2.3.30. Let M be a closed pluripolar subset of X . Let f 2 O.X nM/ be
locally bounded in X . Then f extends holomorphically to X .

Proposition 2.3.31. Let .Y; q/ 2 R1.Cm/.
(a) If A � X � Y is pluripolar, then

P ´ fz 2 X W A.z;�/ … PLP .Y /g 2 PLP .X/;

where
A.z;�/ ´ fw 2 Y W .z; w/ 2 Ag:
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(b) If A � X � Y is thin, then

P ´ fz 2 X W A.z;�/ is not thin in Y g 2 PLP .X/:

(c) Let Q � X � Y be such that Q.a;�/ 2 PLP .Y /, a 2 X . Let C � X � Y be
such that

fz 2 X W C.z;�/ … PLP .Y /g … PLP .X/

(e.g. C D C 0 � C 00 � X � Y , where C 0 … PLP .X/, C 00 … PLP .Y /). Then
C nQ … PLP .X � Y /.
Proof. We may assume that X D D and Y D G are domains in Cn and Cm, respec-
tively.

(a) Let v 2 P�H .D�G/, v 6	 �1, be such thatA � v�1.�1/ (Theorem 2.3.23).
Fix a compact K �� G with intK ¤ ¿. Define

u.z/ ´ supfv.z; w/ W w 2 Kg; z 2 D:
Then u 2 P�H .D/ and u 6	 �1. If z 2 P , then A.z;�/ … PLP . Hence, v.z; �/ 	
�1, and consequently, u.z/ D �1. Thus A � u�1.�1/.

(b) Using the definition of a thin set, we get

A �
1[

kD1

f.z; w/ 2 Uk � Vk W 'k.z; w/ D 0g;

where Uk � Vk � D �G is connected, 'k 2 O.Uk � Vk/, and 'k 6	 0. Observe that
for any k the set

Pk ´ fz 2 Uk W 'k.z; �/ 	 0g D
\

w2Vk

fz 2 Uk W 'k.z; w/ D 0g

is analytic in Uk . Hence the set P0 ´ S1
kD1 Pk is pluripolar. If a … P0, then

A.a;�/ �
[

k2NW a2Uk

fw 2 Vk W 'k.a; w/ D 0g;

and consequently, the set A.a;�/ is thin.
(c) Suppose that C n Q is pluripolar. Then, by (a), there exists a pluripolar set

P � D such that the fiber .C n Q/.a;�/ is pluripolar, a 2 D n P . Consequently, the
fiber C.a;�/ is pluripolar, a 2 D n P ; a contradiction.

Exercise 2.3.32. The setP in Proposition 2.3.31 (b) need not be thin. Complete details
of the following example. Let X D Y ´ D,

A ´ .f0g � fjwj D 1=4g/ [
[

k2N2

f1=kg � fjwj D 1 � 1=kg:

Then P D f0g [ f1=k W k 2 N; k � 2g.
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Theorem 2.3.33 (Bedford–Taylor theorem; cf. [Kli 1991], Theorem 4.7.6). (a) Assume
that a family .ui /i2I � P�H .X/ is locally bounded from above. Put u ´ supi2I ui .
Then the set fx 2 X W u.x/ < u�.x/g is pluripolar.

(b) Assume that a sequence .u�/
1
�D1 � P�H .X/ is locally bounded from above.

Put u ´ lim sup�!C1 u� . Then the set fx 2 X W u.x/ < u�.x/g is pluripolar.

2.4 Singular sets

See [Jar-Pfl 2000], § 3.4.
Let .X; p/ 2 R.Cn/, let M be a closed subset of X satisfying the condition

for any domain D � X the set D nM is connected and dense in D,

and let ¿ ¤ F � O.X nM/.
Notice that

• intM D ¿;
• every pluripolar set (cf. Definition 2.3.19) satisfies (2.4);
• consequently, every thin set (cf. Definition 2.3.20) satisfies (2.4);
• in particular, every analytic set of dimension � n � 1 satisfies (2.4).

Definition 2.4.1. We say that a point a 2 M is non-singular with respect to F (a 2
Mns;F ) if there exists an open neighborhood U of a such that for each f 2 F there
exists a function Qf 2 O.U / with Qf D f on U nM .

If a 2 Ms;F ´ M nMns;F , then we say that a is singular with respect to F . If
Mns;F D ¿, i.e. Ms;F D M , then we say that M is singular with respect to F . If
F D O.X nM/, then we simply say that M is singular and we skip the index F .

Remark2.4.2. Notice the difference between the notion of “the singular analytic subset
M ofX” and “the singular points Sing.M/ of an analytic subsetM ofX”. Recall that
ifM is an analytic subset ofX , then a point a 2 M is called regular (a 2 Reg.M/) if
there exists an open neighborhood U of a such that M \ U is a complex manifold. If
a 2 Sing.M/ ´ M n Reg.M/, then we say that a is singular – cf. [Chi 1989], § 2.3.

Remark 2.4.3. (a) The set Ms;F is closed in M and satisfies (2.4).
(b) Each function f 2 F has a holomorphic extension Qf 2 O.X nMs;F /.
(c) Ms;F D .Ms;F /s; zF , where zF ´ f Qf W f 2 F g, i.e. Ms;F is singular with

respect to zF .
(d) Ms;F \ U D .M \ U/s;F jUnM

for every open set U � X .
(e) If M is an analytic subset of X , then fa 2 M W dima M � n � 2g � Mns

(cf. [Chi 1989], Appendix I). In other words, if M ¤ ¿ is singular, then M is of pure
codimension 1.
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Proposition 2.4.4. LetM � X be an analytic subset of pure dimension .n�1/, and let
M D S

i2I Mi be the decomposition ofM into irreducible components (cf. [Chi 1989],
Section 5.4). Then

Ms;F D
[

i WMi�Ms;F

Mi D
[

i WMi\Reg.M/\Ms;F ¤¿
Mi :

In particular:

• the setMs;F is also analytic,

• if all functions from F extend holomorphically through one point a0 2 Mi0 , then
they extend through every point fromMi0 .

Proposition 2.4.5. Let X and M be as in Proposition 2.4.4. If, in addition, X is a
domain of holomorphy and J � I , then X n S

i2J Mi is a domain of holomorphy.

Proposition 2.4.6. If M is a closed thin set (cf. Definition 2.3.20), then Ms;F is
analytic.

Proof. Take an a 2 M and a connected neighborhoodU � X of a such thatM \U �
'�1.0/ μ S for a ' 2 O.U /, ' 6	 0. By Remark 2.4.3 (e) and Proposition 2.4.4, the
set Ss;F jUnS

is analytic in U . By Remark 2.4.3 (d), Ms;F \ U D .M \ U/s;F jUnM
.

It remains to observe that .M \ U/s;F jUnM
D Ss;F jUnS

.

2.5 Pseudoconvexity

See [Jar-Pfl 2000], § 2.2.

Definition 2.5.1. Let � � P�H .X/. For a compact set K � X we put

zK� ´ fx 2 X W 8u2� W u.x/ � sup
K

ug:

We say that a Riemann region .X; p/ 2 R1.Cn/ ispseudoconvex if for any compact
set K � X the set zKP�H.X/ is relatively compact.

We say that .X; p/ is hyperconvex if there exists a function u 2 P�H .X;R�/ such
that

fx 2 X W u.x/ < tg �� X; t < 0:

Remark 2.5.2. (a) zKP�H.X/ � yKO.X/. Consequently, if .X; p/ 2 R1.Cn/ is
holomorphically convex, then .X; p/ is pseudoconvex.

(b) If .X; p/ is hyperconvex, then .X; p/ is pseudoconvex.
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2.5.1 Smooth regions

Let .X; p/ 2 R1.Cn/, let ˝ �� X be open, and let k 2 N [ f1g [ f!g.

Definition 2.5.3. We say that @˝ is smooth of class Ck (or Ck-smooth) at a point
a 2 @˝ if there exist an open neighborhood U of a and a function u 2 Ck.U;R/ such
that

˝ \ U D fx 2 U W u.x/ < 0g; U n x̋ D fx 2 U W u.x/ > 0g;
grad u.x/ ¤ 0; x 2 U \ @˝;

where

grad u.x/ ´
�
@u

@ Nz1

.x/; : : : ;
@u

@ Nzn

.x/

�
:

The functionu is called a local defining function for˝ ata. We say that˝ is Ck-smooth
if @˝ is Ck-smooth at any point a 2 @˝. Put

T C
x .@˝/ ´ ˚

� 2 Cn W Pn
j D1

@u
@zj
.x/�j D 0

�
; x 2 U \ @˝:

The space T C
x .@˝/ is called the complex tangent space to @˝ at x. The definition of

T C
x .@˝/ is independent of u. If n D 1, then T C

x .@˝/ D f0g.
We say that @˝ is strongly pseudoconvex at a point a 2 @˝ if there exist an open

neighborhood U of a and a local defining function u 2 C2.U;R/ such that

Lu.xI �/ > 0; x 2 U \ @˝; � 2 T C
x .@˝/ n f0g:

The definition is independent of u. We say that ˝ is strongly pseudoconvex if @˝ is
strongly pseudoconvex at any point a 2 @˝. If n D 1, then any C2-smooth open set
˝ �� X is strongly pseudoconvex.

2.5.2 Pseudoconvexity in terms of the boundary distance

Theorem 2.5.4. Let .X; p/ 2 R1.Cn/. Then the following conditions are equivalent:

(i) for any compact K � X the set zKP�H.X/\C1.X/ is compact;

(ii) .X; p/ is pseudoconvex;

(iii) for any � 2 Cn the function � log ıX;
 is psh on X ;

(iv) � log dX 2 P�H .X/;

(v) there exists an exhaustion function u 2 P�H .X/ \ C.X/, i.e. for any t 2 R
the set fx 2 X W u.x/ < tg is relatively compact;

(vi) there exists an exhaustion function u 2 P�H .X/;

(vii) there exists a strictly psh exhaustion function u 2 C!.X/ (cf. Definition 2.3.5).
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2.5.3 Basic properties of pseudoconvex domains

Theorem 2.5.5. Let .X; p/ 2 R1.Cn/, .Y; q/ 2 R1.Cm/.
(a) If X0 D S

�2NX� , where X� is a pseudoconvex open subset of X with X� �
X�C1, 	 2 N, then X0 is pseudoconvex.

(b) If X0 D int
T

�2NX� , where X� is a pseudoconvex open subset of X , 	 2 N,
then X0 is pseudoconvex.

(c) If .Xj ; pj / 2 R1.Cnj / is pseudoconvex, j D 1; : : : ; N , then X1 � � � � � XN

is pseudoconvex.
(d) Any Riemann region over C is pseudoconvex.
(e) If X is pseudoconvex and u 2 P�H .X/, then fx 2 X W u.x/ < 0g is pseudo-

convex.
(f) IfX is pseudoconvex andX0 � X is an open set such that for any point a 2 @X0

there exists an open neighborhood Ua such that X0 \ Ua is pseudoconvex, then X0 is
pseudoconvex.

(g) If X is pseudoconvex andM is an analytic subset of X of pure codimension 1,
then X nM is pseudoconvex.

(h) IfX is pseudoconvex andH � Cn is a complex `-dimensional affine subspace,
then .p�1.H/; T Bp/ is a pseudoconvex Riemann region over C`, where T W H ! C`

is an arbitrary affine isomorphism identifyingH with C`.
(i) If Z � X � Y is pseudoconvex, then for any y0 2 Y the fiber Zy0 ´ fx 2 X W

.x; y0/ 2 Zg is a pseudoconvex open subset of X .
(j) If X is pseudoconvex, f W X ! Y be holomorphic, and Z � Y is open pseu-

doconvex, then f �1.Z/ is pseudoconvex.

2.5.4 Smooth pseudoconvex domains

So far, pseudoconvex domains were characterized by the plurisubharmonicity of the
function � log dX . In the case of smooth open subsets ˝ �� X we can say more,
namely:

Theorem 2.5.6. Let .X; p/ 2 R1.Cn/ and let ˝ �� X be a C2-smooth open set.
Then .˝; pj˝/ is pseudoconvex iff any local defining function u 2 C2.U;R/ satisfies
the Levi condition

Lu.xI �/ � 0; x 2 U \ @˝; � 2 TC
x .@˝/:

Theorem 2.5.7. Let ˝ �� X be strongly pseudoconvex.
(a) If˝ is Ck-smooth (k � 2), then there exist an open neighborhood U of x̋ and

a strictly psh defining function u 2 Ck.U;R/.
In particular, any strongly pseudoconvex open set is hyperconvex.
(b) For any open neighborhood U of x̋ there exists a strongly pseudoconvex C1-

smooth open set ˝ 0 such that x̋ � ˝ 0 � U . Consequently, every function f 2
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O.˝/ may be approximated locally uniformly in ˝ by functions holomorphic in a
neighborhood of x̋ (cf. [Jar-Pfl 2000], Proposition 2.7.7).

Theorem 2.5.8. Let .X; p/ be pseudoconvex and let u W X ! R be a real analytic
exhaustion function (cf. Theorem 2.5.4 (vii)). Then there exists a sequence tk % C1
such that tk … u.fx 2 X W grad u.x/ D 0g/, k 2 N. In particular, the sets ˝k ´
fx 2 X W u.x/ < tkg, k 2 N, give an exhaustion of X by strongly pseudoconvex open
sets with real analytic boundaries.

2.5.5 Levi problem

See [Jar-Pfl 2000], §§ 2.5, 2.7.
In view of Remark 2.5.2 (a) it is natural to ask whether any pseudoconvex Riemann

region is a region of holomorphy. This is the famous Levi Problem. The problem,
formulated by E. E. Levi in 1910, was solved by Oka only in 1942 for n D 2 and in
1954 by Oka, Norguet, and Bremermann for n > 2.

Theorem 2.5.9 (Solution of the Levi problem). Let .X; p/ 2 R1.Cn/. Then the
following conditions are equivalent:

(i) .X; p/ is a region of holomorphy;

(ii) O.X/ separates points in X and .X; p/ is holomorphically convex;

(iii) .X; p/ is holomorphically convex;

(iv) .X; p/ is pseudoconvex.

Moreover, if .X; p/ is pseudoconvex, then for every compact setK �� X we have

yKO.X/ D zKP�H.X/ D zKP�H.X/\C1.X/:

Theorem 2.5.10. Let .X; p/ 2 Rc.Cn/ be a pseudoconvex Riemann domain. ThenX
is a O.k/.X/-domain of holomorphy for any k > 6n.

This means that already the tempered holomorphic functions determine the envelope
of holomorphy.

Proposition 2.5.11. If .X; p/ 2 Rc.Cn/ is pseudoconvex, then every u 2 P�H .X/ is
a Hartogs plurisubharmonic function, i.e. there exists a sequence .fk/

1
kD1

� O.X/

such that

• the sequence .jfkj1=k/1
kD1

is locally bounded in X ,

• u D v�, where v ´ lim supk!C1.1=k/ log jfkj.
Proof. The Hartogs domain

Y ´ f.z; w/ 2 X � C W jwj < e�u.z/g
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is pseudoconvex (cf. Theorem 2.5.5 (e)). Let f 2 O.Y / be non-continuable beyond Y .
Write f in form of the Hartogs series

f .z; w/ D
1X

kD0

fk.z/w
k; .z; w/ 2 Y;

where fk 2 O.X/, k 2 N. Obviously v ´ lim supk!C1.1=k/ log jfkj � u. In
particular, v� � u and, by the Hartogs lemma (Proposition 2.3.13), the sequence
.jfkj1=k/1

kD1
is locally bounded in X . Suppose that v�.a/ < u.a/. Then v.z/ �

v�.z/ < � logR < u.a/, z 2 yPX .a; r/ �� X . Thus f .z; �/ extends holomorphically
to D.R/ for every z 2 yPX .a; r/. Consequently, by Lemma 1.1.6, the functionf extends
holomorphically to yPX .a; r/ � D.R/. Since f is non-continuable, we conclude that
R � e�u.a/; a contradiction.

2.6 The Grauert boundary of a Riemann domain

See [Jar-Pfl 2000], § 1.5.
Let .X; p/, .Y; q/ 2 Rc.Cn/ and let ' W X ! Y be a morphism. Our aim is

to define an abstract boundary
D'

@X of X with respect to the morphism '. The idea
of such an abstract boundary is due to H. Grauert (cf. [Gra 1956], [Gra-Rem 1956],
[Gra-Rem 1957], [Doc-Gra 1960]).

In the case where .X; p/ D .G; id/ (G is a domain in Cn), .Y; q/ D .Cn; id/,

' D id, the abstract boundary
Did
@ G coincides with the set of, so-called, prime ends

of G.
For a 2 X let Bc.a/ denote the family of all open connected neighborhoods U

of a.
Recall that a non-empty family F of subsets of a topological space X is a filter if

• A 2 F; A � B H) B 2 F,
• A1; A2 2 F H) A1 \ A2 2 F,
• ¿ … F.

A non-empty family P of non-empty subsets of X is said to be a filter basis if

• 8A1;A22P 9A2P W A � A1 \ A2.

It is clear that for each filter basis P the family FP ´ fA � X W 9B2P W B � Ag
is a filter.

We say that a filter F is convergent to a point a 2 X if each neighborhood of a
belongs to F. We write in brief a 2 lim F.

We say that a filter basis P is convergent to a if a 2 lim FP (equivalently, each
neighborhood of a contains an element of P); we put lim P ´ lim FP.
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We say that a is an accumulation point of a filter F (resp. filter basis P) if a 2 xA
for any A 2 F (resp. A 2 P).

Let us recall a few elementary properties of filters:

• If F � F0 are filters and if a is an accumulation point of F0, then a is an
accumulation point of F.

• If a 2 lim F, then a 2 lim F0 for any filter F0 � F.
• If a is an accumulation point of F, then there exists a filter F0 � F such that
a 2 lim F0.

• a 2 xA iff there exists a filter basis P consisting of subsets of A such that a 2
lim P.

• Let Y be another topological space and let ' W X ! Y . Then ' is continuous iff
for any filter basis P in X the filter basis '.P/ ´ f'.A/ W A 2 Pg satisfies the
relation: '.lim P/ � lim '.P/.

• X is Hausdorff iff any filter in X converges to at most one point. If X is a
Hausdorff space and lim F D fag, then we write lim F D a.

Definition 2.6.1. We say that a filter basis a of subdomains ofX is a '-boundary point
of X if

• a has no accumulation points in X ,
• there exists a point y0 2 Y such that lim '.a/ D y0,
• for anyV 2 Bc.y0/ there exists exactly one connected componentU μ C.a; V /

of '�1.V / such that U 2 a,
• for any U 2 a there exists a V 2 Bc.y0/ such that U D C.a; V /.

Let
D'

@X denote the set of all '-boundary points of X . We put

D'

X ´ X [
D'

@X

and we extend ' to
D
' W

D'

X ! Y by putting
D
'.a/ ´ y0 if a and y0 are as above.

Moreover, we put
D'
p ´ q B D

'. We endow
D'

X with a Hausdorff topology which
coincides with the initial topology on X and is such that the mapping

D
' is continuous:

by an open neighborhood of a point a 2
D'

@X we mean any set of the form

yUa ´ U [ fb 2
D'

@X W U belongs to the filter generated by bg;
where U 2 a.

Proposition 2.6.2. For any a 2
D'

@X and for any neighborhood yUa �
D'

X there exists
a neighborhood yWa � yUa such that dX D dU on W . In particular,

lim
X3y!a

dX .y/ D 0:
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Let K.A/ denote the family of all relatively closed pluripolar subsets of A.

Proposition 2.6.3. (a) Assume that a 2
D'

@X is such that there exists a neighborhood

U �
D'

X of a with the properties

• V ´ D
'.U / is open in Y ,

• P ´ D
'.U \

D'

@X/ 2 K.V /,

• ' W U n
D'

@X ! V n P is biholomorphic.

Then the mapping
D
'jU W U ! V is homeomorphic.

(b) Let† denote the set of all points a 2
D'

@X which satisfies the above conditions.
Put

�'

X ´ X [†:
Then

• .
�'

X ;
D'
p j�'

X
/ is a Riemann domain over Cn,

•
D
'j�'

X
W .

�'

X ;
D'
p j�'

X
/ ! .Y; q/ is a morphism,

• † 2 K.
�'

X /.

The following proposition shows that
�'

X is in some sense maximal.

Proposition 2.6.4. Suppose that W � X is an open subset such that

• '.W / D V n P , where V is an open subset of Y and P 2 K.V /,

• ' W W ! V n P is biholomorphic.

Then there exists an open set U �
�'

X such thatW � U and
D
' W U ! V is biholomor-

phic.

2.7 The Docquier–Grauert criteria

See [Jar-Pfl 2000], § 2.9.
The aim of this section is to localize the description of pseudoconvexity. The main

local criteria for pseudoconvexity are contained in the following theorem.

Theorem 2.7.1. Let .X; p/ 2 Rc.Cn/. Then the following conditions are equivalent:

(i) .X; p/ is a Riemann–Stein domain;
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(ii) for any continuous mappings f W Œ0; 1� � xD ! D
X ´ D

X
p

(cf. § 2.6) with .
D
p B

f /.t; �/ 2 O.D/ for any t 2 Œ0; 1/, the following implication is true:
if f ..Œ0; 1/ � xD/ [ .f1g � @D// � X , then f .Œ0; 1� � D/ � X ;

(iii) for any continuous mapping f W Œ0; 1� � D ! D
X for which the mapping

D
p B

f extends to a holomorphic mapping g W D � D ! Cn, where D � C is a
neighborhood of Œ0; 1�, the following implication is true:

if f .Œ0; 1/ � D/ � X , then f .f1g � D/ �
D
@X or f .f1g � D/ � X ;

(iv) for any domain T D Tr;� D .Pn�1.r/ � D/ [ .Dn�1 � A.�; 1//, 0 < r; � < 1,
any biholomorphic mapping f W T ! f .T / � X extends to a holomorphic
mapping Of W Dn ! X ;

(v) there exist aRiemann–Stein domain .Y; q/overCn andamorphism' W .X; p/ !
.Y; q/ such that for any domainT D Tr;� and a biholomorphicmappingf W T !
f .T / � X such that ' B f extends to a biholomorphic mapping yg W Dn !
yg.Dn/ � Y , there exists a holomorphic mapping Of W Dn ! X such that Of D f

on T ;

(vi) there exist a Riemann–Stein domain .Y; q/ over Cn and a morphism

' W .X; p/ ! .Y; q/

such that there exists a neighborhood U of
D'

@X with � log dX 2 P�H .U \X/.

2.8 Meromorphic functions

See [Jar-Pfl 2000], § 3.6.
Let .X; p/ 2 Rc.Cn/.

Definition 2.8.1. A function f W X n S ! C, where S D S.f / is a closed subset of
X with (2.4), is said to be meromorphic on X (f 2 M.X/) if

(a) f 2 O.X n S/ and S is singular for f in the sense of § 2.4,
(b) for any point a 2 S there exist an open connected neighborhood U of a and

functions '; 2 O.U /,  6	 0, such that  f D ' on U n S .

We say that .';  / is a local representation of f at a. Note that in view of (a) we
must have  .a/ D 0. Consequently, either S D ¿ or S is an .n � 1/-dimensional
analytic set of pure codimension 1.

The set R.f / ´ X n S.f / is called the set of regular points of f .
We say that a point a 2 S is a pole of f (a 2 P .f /) if there exists a local

representation .';  / of f at a such that '.a/ ¤ 0.
We say that a point a 2 S is a point of indeterminacy of f (a 2 �.f /) if for every

local representation .';  / of f at a we have '.a/ D 0.
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Obviously, S.f / D P .f / [ �.f / and P .f / \ �.f / D ¿. Moreover, �.f / is
an analytic set of dimension � n � 2. In particular, if n D 1, then �.f / D ¿.

Theorem2.8.2. LetX be as above and letM � X be ananalytic subset of codimension
� 2. Then any f 2 M.X nM/ extends to an Qf 2 M.X/.

Based on the former result we obtain an interpretation of tempered functions outside
of an analytic subset.

Proposition 2.8.3. Let M � X be an analytic subset of pure codimension 1 and let
f 2 O.k/.X n M/ be a tempered function (see Definition 2.1.8). Then there is an
Qf 2 M.X/ such that S. Qf / � M and f D Qf on X nM .

That means that every tempered function onX nM may be thought as a meromor-
phic function on the whole of X .

Proof. Fix a regular point a ofM . Then there exist an open neighborhood U D U.a/

and a g 2 O.U /, g0.x/ ¤ 0 for all x 2 U , such that U \M D fx 2 U W g.x/ D 0g.
We may assume that U D PX .a; "/. Let s ´ .pjU /�1, V ´ s.P.p.a/; "=4//. Then,
for each x 2 V nM , there is a b 2 p.U \M/ such that

dist.p.x/; p.M \ U// D kp.x/ � bk1 D dXnM .x/;

kg.x/ � g B s.b/k1 � Ckp.x/ � bk1

(the constant C may be chosen to be independent on x). Hence we have

j.fgk/.x/j � kf kO.k/.XnM/

dk
XnM

.x/
jg.x/jk � Ckf kO.k/.XnM /:

Consequently, fgk extends to a holomorphic function h on V . Thus f may be thought
of as a meromorphic function Of on X n Sing.M/. What remains is to recall that
Sing.M/ is of codimension � 2 and therefore, due to Theorem 2.8.2, Of extends to a
meromorphic function Qf on X .

The theory of extension of holomorphic mappings developed in § 2.1 may be re-
peated word for word for meromorphic functions and leads to the following Thullen
theorem (cf. Theorem 2.1.20).

Theorem 2.8.4 (Thullen theorem). Let ¿ ¤ F � M.X/. Then .X; p/ has an F -
envelope of meromorphy ˛ W .X; p/ ! . zX; Qp/ such that . zX; Qp/ is a Riemann–Stein
domain. In particular, the envelope ofmeromorphy of .X; p/ coincideswith its envelope
of holomorphy.

Theorem 2.8.5. Let f 2 M.X/. Then there exist '; 2 O.X/,  6	 0, such that
f D '= .
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2.9 Reinhardt domains

See [Jar-Pfl 2008], §§ 1.11, 1.12, 1.14.

Definition 2.9.1. LetA � Cn. We say thatA is a Reinhardt (n-circled) set if for every
.a1, …, an/ 2 A we have

f.z1; : : : ; zn/ 2 Cn W jzj j D jaj j; j D 1; : : : ; ng � A:

Put

Vj ´ f.z1; : : : ; zn/ 2 Cn W zj D 0g;
V0 ´ V1 [ � � � [ Vn D f.z1; : : : ; zn/ 2 Cn W z1 � � � zn D 0g;

logA ´ f.log jz1j; : : : ; log jznj/ W .z1; : : : ; zn/ 2 A n V0g; A � Cn;

expS ´ f.z1; : : : ; zn/ 2 Cn� W .log jz1j; : : : ; log jznj/ 2 Sg; S � Rn;

A� ´ int.exp.logA//; A � Cn:

We say that a set A � Cn is logarithmically convex (log-convex) if logA is convex.

Theorem 2.9.2. Let D � Cn be a Reinhardt domain. Then the following conditions
are equivalent:

(i) D is a domain of holomorphy;

(ii) D is log-convex andD D D� n S
j 2f1;:::;ng
D\VjD¿

Vj .

Theorem 2.9.3. For every Reinhardt domain D � Cn its envelope of holomorphy yD
is a Reinhardt domain.

Corollary 2.9.4. Let D � Cn be a Reinhardt domain and let yD be its envelope of
holomorphy. Then:

(a) Vj \ yD D ¿ iff Vj \D D ¿,

(b) log yD D conv.logD/.

Consequently, by Theorem 2.9.3,

yD D int.exp.conv.logD/// n S
j 2f1;:::;ng
D\VjD¿

Vj μ zD:

Proof. (a) If Vj \ D D ¿, then the function D 3 zj 7! 1=zj is holomorphic on D.
Thus, it must be holomorphically continuable to yD, which means that Vj \ yD D ¿.

(b) First observe that log zD D conv.logD/. Consequently, zD is a domain of
holomorphy with D � zD. Hence, yD � zD. Finally, logD � log yD � log zD D
conv.logD/.
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Proposition 2.9.5. Let D � .C�/n be a Reinhardt domain and let u W D ! R�1 be
such that

u.z1; : : : ; zn/ D u.jz1j; : : : ; jznj/; .z1; : : : ; zn/ 2 D:
Put Qu.x/ ´ u.ex1 ; : : : ; exn/, x D .x1; : : : ; xn/ 2 logD. Then u 2 P�H .D/ iff Qu is
a convex function on logD.



Chapter 3

Relative extremal functions

Summary. The relative extremal function h�
A;X will play the fundamental role in the sequel. First, to get

an intuition, we present in § 3.1 the convex extremal function, which may be considered as a prototype of

the relative extremal function. The main properties of the relative extremal function are presented in § 3.2.

Special geometric situations of balanced and Reinhardt sets are discussed in §§ 3.3, 3.4, and 3.5. Section 3.6

contains a list of basic properties of so-called plurithin sets, which will be needed only in Chapter 11.

Section 3.7 presents the relative boundary extremal function which will be used only in Chapter 8.

3.1 Convex extremal function

This section is based on [Jar-Pfl 2010a].
Recall that there is a strict connection between envelopes of holomorphy of Rein-

hardt domains and convex hulls of their logarithmic images. In this context, in Propo-
sition 3.1.3 we will consider the following elementary geometric problem:

Given ¿ ¤ Sj � Uj � Rnj , where Uj is a convex domain and int Sj ¤ ¿,
j D 1; : : : ; N , N � 2, describe the convex envelope of the set

N[
j D1

S1 � � � � � Sj �1 � Uj � Sj C1 � � � � � SN :

It has appeared that the convex extremal functions defined below are very useful to
solve this problem.

Definition 3.1.1. Let ¿ ¤ S � U � Rn, where U is a convex domain. Define the
convex extremal function

˚S;U ´ supf' W ' 2 CVX.U /; ' � 1; 'jS � 0g;

where CVX.U / stands for the family of all convex functions ' W U ! R�1.

Observe that ˚S;U 2 CVX.U /, 0 � ˚S;U � 1, and ˚S;U D 0 on S .

Remark 3.1.2. (a) ˚S;U D 0 on conv.S/ and ˚S;U .x/ < 1, x 2 U .
(b) ˚conv.S/;U 	 ˚S;U 	 ˚ NS\U;U .
(c) For 0 < � < 1, let U� ´ fx 2 U W ˚S;U .x/ < �g (observe that U� is a

convex domain with S � U�). Then ˚S;U� D .1=�/˚S;U on U�.
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Indeed, the inequality “�” is obvious. To prove the opposite inequality, let

' ´
´

max¹˚S;U ; �˚S;U�º on U�;

˚S;U on U n U�:

Then ' 2 CVX.U / (Exercise), ' < 1, and ' D 0 on S . Thus ' � ˚S;U and hence
˚S;U� � .1=�/˚S;U in U�.

(d) Let ¿ ¤ Sj � Uj � Rnj , whereUj is a convex domain, j D 1; : : : ; N ,N � 2.
Put

W ´ ˚
.x1; : : : ; xN / 2 U1 � � � � � UN W PN

j D1˚Sj ;Uj .xj / < 1
�

(observe that W is a convex domain with S1 � � � � � SN � W ). Then

˚S1�����SN ;W .x/ D
NX

j D1

˚Sj ;Uj .xj /; x D .x1; : : : ; xN / 2 W:

Indeed, the inequality “�” is obvious. To prove the opposite inequality we use
induction on N � 2.

Let N D 2: To simplify notation write A ´ S1, U ´ U1, B ´ S2, V ´ U2.
Observe that T ´ .A � V / [ .U � B/ � W and directly from the definition we get

˚A�B;W .x; y/ � ˚A;U .x/C ˚B;V .y/; .x; y/ 2 T:
Fix a point .x0; y0/ 2 W n T . Let

� ´ 1 � ˚A;U .x0/ 2 .0; 1�; V� ´ fy 2 V W ˚B;V .y/ < �g;
' ´ 1

�
.˚A�B;W .x0; �/ � ˚A;U .x0//:

Then ' is a well-defined convex function on V�, ' < 1 on V�, and ' � 0 on B . Thus,
by Remark 3.1.2 (c), '.y0/ � ˚B;V�.y0/ D 1

�
˚B;V .y0/, which finishes the proof.

Now assume that the formula is true for N � 1 � 2. Put S 0 ´ S1 � � � � � SN �1,

W 0 ´ ˚
.x1; : : : ; xN �1/ 2 U1 � � � � � UN �1 W PN �1

j D1 ˚Sj ;Uj .xj / < 1
�
:

Then, by the inductive hypothesis, we have

˚S 0;W 0.x0/ D
N �1X
j D1

˚Sj ;Uj .xj /; x0 D .x1; : : : ; xN �1/ 2 W 0:

Consequently,

W D f.x0; xN / 2 W 0 � UN W ˚S 0;W 0.x0/C ˚SN ;UN .xN / < 1g:
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Hence, using the case N D 2 (for S 0 � W 0 and SN � UN ), we get

˚S1�����SN ;W .x/ D ˚S 0;W 0.x0/C ˚SN ;UN .xN / D
NX

j D1

˚Sj ;Uj .xj /;

x D .x0; xN / D .x1; : : : ; xN / 2 W:
(e) If ¿ ¤ Sk � Uk � Rn, Uk a convex domain, k 2 N, Sk % S , and Uk % U ,

then ˚Sk ;Uk & ˚S;U .
Indeed, it is clear that ˚Sk ;Uk � ˚SkC1;UkC1

� ˚S;U on Uk . Define ' ´
limk!C1˚Sk ;Uk . Then ' 2 CVX.U /, ' < 1, and ' D 0 on S . Thus ' � ˚S;U .

Proposition 3.1.3. Let ¿ ¤ Sj � Uj � Rnj , where Uj is a convex domain and
int Sj ¤ ¿, j D 1; : : : ; N , N � 2, and define the cross

T ´
N[

j D1

S1 � � � � � Sj �1 � Uj � Sj C1 � � � � � SN :

Then

conv.T / D ˚
.x1; : : : ; xN / 2 U1 � � � � � UN W PN

j D1˚Sj ;Uj .xj / < 1
� μ W:

Proof. We may assume that Sj is convex, j D 1; : : : ; N (cf. Remark 3.1.2 (b)). The
inclusion “�” is obvious. Let

Tj ´ S1 � � � � � Sj �1 � Uj � Sj C1 � � � � � SN ; j D 1; : : : ; N;

T 0 ´
N �1[
j D1

S1 � � � � � Sj �1 � Uj � Sj C1 � � � � � SN �1; S 0 ´ S1 � � � � � SN �1:

Recall (cf. [Roc 1972], Theorem 3.3) that

conv.T / D
[

t1;:::;tN�0
t1C���CtND1

t1T1 C � � � C tNTN

D conv..conv.T 0/ � SN / [ .S 0 � UN //:

(�)

We use induction on N .
N D 2: To simplify notation write A ´ S1, U ´ U1, p ´ n1, B ´ S2,

V ´ U2, q ´ n2. Using Remark 3.1.2 (e), we may assume that U , V are bounded.
Since conv.T / is open (Exercise) and conv.T / � W , we only need to show that

for every .x0; y0/ 2 @.conv.T //\.U �V /we have˚A;U .x0/C˚B;V .y0/ D 1. Since
U , V are bounded, we have conv.T / D conv. xT / (cf. [Roc 1972], Theorem 17.2) and
therefore, .x0; y0/ D t .x1; y1/C .1 � t /.x2; y2/, where t 2 Œ0; 1�, .x1; y1/ 2 xA � xV ,
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.x2; y2/ 2 xU � xB . Notice that in general conv.T / ¡ conv. xT /, e.g. p D q D 1,
A D B ´ .0; 1/, U ´ .0; 2/, V ´ R.

First observe that t 2 .0; 1/.
Indeed, suppose for instance that .x0; y0/ 2 U � . xB \ V /. Take an arbitrary

x� 2 intA and let r > 0, " > 0 be such that BR
pCq..x�; y0/; r/ � A � V and

x�� ´ x� C ".x0 � x�/ 2 U , where BR
k
.a; r/ stands for the Euclidean ball in Rk .

Then

.x0; y0/ 2 int.conv.BpCq..x�; y0/; r/ [ f.x��; y0/g// � int.conv. xT //
D int.conv.T // D conv.T /I

a contradiction.
Let L W Rp � Rq ! R be a linear form such that L.x0; y0/ D 1 and L � 1

on T . Since 1 D L.x0; y0/ D tL.x1; y1/ C .1 � t /L.x2; y2/, we conclude that
L.x1; y1/ D L.x2; y2/ D 1. Write L.x; y/ D P.x/ C Q.y/, where P W Rp ! R,
Q W Rq ! R are linear forms.

Put PC ´ supC P , C � Rp , QD ´ supD Q, D � Rq . Since L � 1 on T and
L.x1; y1/ D L.x2; y2/ D 1, we conclude that

PA CQV D 1;

PU CQB D 1:

In particular, PA D PU iff QB D QV . Consider the following two cases:

• PA < PU and QB < QV : Then

P � PA

PU � PA

� ˚A;U ;
Q �QB

QV �QB

� ˚B;V :

Hence

˚A;U .x0/C ˚B;V .y0/ � P.x0/ � PA

1 �QB � PA

C Q.y0/ �QB

1 � PA �QB

D 1:

• PA D PU and QB D QV : Then PU CQV D 1, which implies that .x0; y0/ 2
U � V � fL < 1g; a contradiction.

Now assume that the result is true for N � 1 � 2. In particular,

conv.T 0/ D ˚
.x1; : : : ; xN �1/ 2 U1 � � � � � UN �1 W PN �1

j D1 ˚Sj ;Uj .xj / < 1
� μ W 0:

Using (�), the case N D 2, and Remark 3.1.2 (d), we get

conv.T / D conv..W 0 � SN / [ ..S 0 � UN //

D f.x0; xN / 2 W 0 � UN W ˚S 0;W 0.x0/C ˚SN ;UN .xN / < 1g D W:
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3.2 Relative extremal function

> § 2.3.

Let .X; p/ 2 R1.Cn/, A � X .

Definition 3.2.1. The relative extremal function of A with respect to X is defined as
the upper semicontinuous regularization h�

A;X of the function

hA;X ´ supfu W u 2 P�H .X/; u � 1; ujA � 0g:
For an open set Y � X we put hA;Y ´ hA\Y;Y , h�

A;Y ´ h�
A\Y;Y .

Obviously

• hA;X D supfu W u 2 P�H .X/; u � 1; supA u < 0g,
• 0 � hA;X � h�

A;X � 1,
• hA;X D 0 on A,
• if A is open, then hA;X D h�

A;X D 0 on A,
• h¿;X 	 1.

Proposition 3.2.2. (a) If Y is a connected component of X , then hA;X D hA;Y and
h�

A;X D h�
A;Y on Y .

(b) h�
A;X 2 P�H .X/. In particular, for every connected component Y ofX , either

h�
A;X 	 1 onY or h�

A;X .z/ < 1, z 2 Y . Moreover, either h�
A;X 	 0 or supX h�

A;X D 1.
(c) If Y1 � Y2 � X are open, A1 � Y1, and A1 � A2 � Y2, then hA2;Y2 � hA1;Y1

and h�
A2;Y2

� h�
A1;Y1

on Y1.
(d) The set P ´ fz 2 A W hA;X .z/ < h�

A;X .z/g is pluripolar.

Proof. (a) and (c) follow directly from the definition.
(b) By Proposition 2.3.11, h�

A;X 2 P�H .X/. Let C ´ supX h�
A;X . Suppose that

0 < C < 1. Let u 2 P�H .X/, u � 1, ujA � 0. Then u � h�
A;X � C . Hence

.1=C /u � hA;X . Thus .1=C /h�
A;X � h�

A;X ; a contradiction.
(d) follows from Theorem 2.3.33 (a).

Proposition 3.2.3. If A � Cn, A … PLP , then h�
A;Cn 	 0.

Proof. Let u ´ h�
A;Cn . Then u 2 P�H .Cn/ and u � 1. Thus u 	 const (cf. Re-

mark 2.3.2 (g)). Since A … PLP , Proposition 3.2.2 (d) implies that there exists an
a 2 A such that u.a/ D 0.

Proposition 3.2.4 (Two constants theorem). Let A � X be such that A is not analyti-
cally thin at a point b0 2 xA. Then for every f 2 O.X/ we have

jf .z/j � kf k1�h�
A;X

.z/

A kf kh�
A;X

.z/

X ; z 2 X:
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Proof. Put m ´ kf kA, M ´ kf kX . We may assume that 0 < m < M < C1.
Define

u ´ log jf j
m

log M
m

:

Then u 2 P�H .X/, u � 1, and u � 0 on A. Consequently, u � h�
A;D , which is

equivalent to the required inequality.

Proposition 3.2.4 gives the following extension of Lemma 2.1.14.

Lemma 3.2.5. Let .G;D;A0; A;F / be as in Lemma 2.1.14. Assume that the condi-
tions (i) and (ii0) from Lemma 2.1.14 are satisfied. Then

j Of .z/j � kf k1�h�
A0;D

.z/

A0
kf kh�

A0;D
.z/

A ; z 2 D; f 2 F :

Notice that the above inequality is in fact equivalent to the inequality k Of kD �
kf kA, f 2 F .

Proof. By Lemma 2.1.14 we have k Of kD � kf kA. Now, by Proposition 3.2.4 with
.X;A/ D .D;A0/, we get

j Of .z/j � k Of k1�h�
A0;D

.z/

A0
k Of kh�

A0;D
.z/

D

� kf k1�h�
A0;D

.z/

A0
kf kh�

A0;D
.z/

A ; z 2 D; f 2 F :

Example 3.2.6. Let ' W .X; p/ ! . yX; Op/ be the maximal holomorphic extension
(cf. § 2.1.7) and let u 2 P�H . yX/, u � C on '.X/. Then u � C on yX . In particular,
h�

'.X/; yX 	 0.

Indeed, for every compact L �� yX there exists a compact K �� X such that

L � 1'.K/O. yX/ D A'.K/P�H. yX/

(cf. Proposition 2.1.15, Theorem 2.5.9). Thus, supL u � sup'.K/ u � C .

The following lemma will be useful in Chapter 6.

Lemma 3.2.7. Let T � xD be a relatively open subset. Then

h�
T \D;D.0/ � 1

2�

Z 2�

0

�TnT .e
it /dt;

where �B stands for the characteristic function of B .
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Proof. For r 2 .0; 1/, the mean value inequality for subharmonic functions implies

h�
T \D;D.0/ � 1

2�

Z 2�

0

h�
T \D;D.re

it /dt � 1

2�

� Z
Q1

dt C
Z

Q2

h�
T \D;D.re

it /dt

�
;

where Q1 ´ ft 2 Œ0; 2�� W eit … T g and Q2 ´ Œ0; 2�� n Q1. Observe now that
h�

T \D;D.re
it / !

r!1
0, whenever t 2 Q2. It remains to apply the Lebesgue Theorem.

Definition 3.2.8. We say that a setA � X is pluriregular at a point a 2 xA if h�
A;U .a/ D

0 for any open neighborhood U of a. Observe thatA is pluriregular at a iff there exists
a basis U.a/ of neighborhoods of a such that h�

A;U .a/ D 0 for every U 2 U.a/.
Define

A� D A�;X ´ fa 2 xA W A is pluriregular at ag:
We say that A is locally pluriregular if A ¤ ¿ and A is pluriregular at every point
a 2 A, i.e. ¿ ¤ A � A�.

If n D 1, then we say locally regular instead of locally pluriregular.

Remark 3.2.9. (a) If ¿ ¤ Y � X is open, then Y is locally pluriregular.
(b) If ¿ ¤ B � A � X , B � Y , where Y is open, then B�;Y � A�;X \ Y D

.A \ Y /�;Y .
(c) h�

A;X D 0 on A�.
(d) h�

A;X � hA�;X � h�
A�;X .

(e) If A is locally pluriregular, then h�
A;X � hA�;X � hA;X � h�

A;X , h�
A;X �

hA�;X � h�
A�;X � h�

A;X , and therefore, h�
A;X 	 hA;X 	 h�

A�;X 	 hA�;X .

Proposition 3.2.10. A n A� 2 PLP .

Proof. Let .Uk/
1
kD1

be a basis of the topology of X . Put

Pk ´ fz 2 A \ Uk W hA;Uk .z/ < h�
A;Uk

.z/g; P ´
1[

kD1

Pk :

Then P 2 PLP (cf. Proposition 3.2.2 (d)) and h�
A;Uk

.a/ D 0, a 2 .A n P / \ Uk ,
k 2 N. Thus A n A� � P .

Proposition 3.2.11 ([Ale-Hec 2004]). Assume that X is connected. The following
conditions are equivalent:

(i) for any A � X and P 2 PLP .X/ we have h�
A[P;X 	 h�

A;X ;

(ii) for every P 2 PLP .X/ we have h�
P;X 	 1;

(iii) for every P 2 PLP .X/ there exists a v 2 P�H .X/, v 6	 �1, v � 0, such that
P � v�1.�1/;

(iv) for every A � X we have h�
A;X 	 h�

A�;X (cf. Remark 3.2.9).
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Moreover

• by Theorem 2.3.25, condition (iii) (and, consequently, each other condition) is
always satisfied if X 2 Rb.C

n/ (cf. Definition 2.1.1);
• conditions (i), (ii), (iii) are also equivalent for a fixed pluripolar set P � X .

Proof. (i) H) (ii): h�
P;X 	 h�

¿;X 	 1.
(ii) H) (iii): By Proposition 2.3.22 (a) there exists an a 2 X such that hP;X .a/ D

1. Take a sequence .uk/
1
kD1

� P�H .X/ with uk � 1, uk � 0 on P , and uk.a/ �
1 � 1=2k , k 2 N. Define v ´ P1

kD1.uk � 1/. Then v 2 P�H .X/, v � 0,
P � v�1.�1/, and v.a/ � �1.

(iii) H) (i): Let u 2 P�H .X/, u � 1 on X , u � 0 on A. Then, for every " > 0,
we get u C "v � 1 on X and u C "v � 0 on A [ P . Thus u C "v � hA[P;X and
hence u C "v � h�

A[P;X . Thus u � h�
A[P;X on X n v�1.�1/. Consequently, by

Proposition 2.3.8, u � h�
A[P;X and, finally, h�

A;X � h�
A[P;X .

(iv) H) (ii): h�
P;X D h�

P �;X D h�
¿;X 	 1.

(i) H) (iv): The inequality “�” follows from Remark 3.2.9. By Proposition 3.2.10
and (i) we get h�

A;X D h�
A\A�;X � h�

A�;X .

Corollary 3.2.12. Let X 2 Rb.C
n/. Then

• h�
A[P;X 	 h�

A;X for any A � X and P 2 PLP .X/.

• A set P � X is pluripolar iff h�
P;X 	 1.

Corollary 3.2.13. .A n P /� D A� for arbitrary P 2 PLP . In particular

• if P 2 PLP , then P � D ¿;

• if A is locally pluriregular, then A n P is locally pluriregular for arbitrary P 2
PLP ;

• .A \ A�/� D A�;

• A \ A� is locally pluriregular (cf. Proposition 3.2.10).

Proof. We only need to show that A� � .A n P /�. Fix a point a 2 A�. If U is an
open relatively compact neighborhood of a, then we have h�

AnP;U
.a/ D h�

A;U .a/ D 0.

It remains to observe that a 2 A n P – otherwise, a would have a relatively compact
neighborhood U such that U \ .A n P / D ¿, which implies that 1 D hAnP;U .a/ D
h�

A;U .a/ D 0; a contradiction.

Proposition 3.2.14. Let A � X be locally pluriregular and let P 0; P 00 � X be
pluripolar such that A n P 0 � X n P 00. Then h�

AnP 0;XnP 00 D h�
A;X on X n P 00.

Proof. By Proposition 2.3.29 we get h�
AnP 0;XnP 00 D h�

AnP 0;X
on X n P 00. Now, by

Remark 3.2.9 (e) and Corollary 3.2.13, we have h�
AnP 0;X

D h�
.AnP 0/�;X

D h�
A�;X D

h�
A;X .
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Proposition 3.2.15 (cf. [Bło 2000]). Let X 2 Rb.C
n/, A � X . Put


."/ ´ fz 2 X W h�
A;X .z/ < "g; 0 < " < 1:

Then
h�

A;X � "
1 � " � h�

�."/;X � h�
A;X

(cf. Lemma 7.2.9). Consequently, h�
�."/;X

% h�
A;X as " & 0.

‹ We do not know whether the result is true for arbitrary X 2 Rc.Cn/ ‹ Notice
that h�

�."/;X
	 h�."/;X (cf. Remark 3.2.9).

Proof. It is clear that h�."/;X � h�
A;X

�"

1�"
. Put

P ´ fz 2 A W 0 D hA;X .z/ < h�
A;X .z/g 2 PLP

(cf. Proposition 3.2.2 (d)). Since X 2 Rb.C
n/, we get h�

AnP;X
	 h�

A;X (cf. Proposi-
tion 3.2.11). Observe that A n P � 
."/. Thus h�."/;X � h�

AnP;X
	 h�

A;X on 
."/.

Theorem* 3.2.16 (Product property; [NTV-Sic 1991], [Edi-Pol 1997], [Edi 2002],
Theorem 4.1). Let Xj 2 R1.Cnj /, Aj � Xj , j D 1; 2. Assume that A1, A2

are open or A1, A2 are compact. Then

hA1�A2;X1�X2.z1; z2/ D maxfhA1;X1.z1/; hA2;X2.z2/g; .z1; z2/ 2 X1 �X2:

The proof of the above theorem is based on deep results from Poletsky’s theory of
holomorphic discs.

Observe that the inequality “�” is elementary and it holds for arbitrary setsA1,A2.

Theorem 3.2.17 (Product property; [NTV-Sic 1991], [Edi-Pol 1997], [Edi 2002], The-
orem 4.1). IfXj 2 Rb.C

nj /, j D 1; 2, then for arbitrary subsetsA1 � X1,A2 � X2,
we have

h�
A1�A2;X1�X2

.z1; z2/ D maxfh�
A1;X1

.z1/; h�
A2;X2

.z2/g; .z1; z2/ 2 X1 �X2:

We need the following lemma.

Lemma 3.2.18. If Xj 2 R1.Cnj /, j D 1; 2, then for arbitrary subsets A1 � X1,
A2 � X2, we have

hA1�A2;X1�X2.z1; z2/ � 1� .1�hA1;X1.z1//.1�hA2;X2.z2//; .z1; z2/ 2 X1 �X2:
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Proof. Fix .z0
1 ; z

0
2/ 2 X1 � X2. The inequality is trivial if hA1;X1.z

0
1/ D 1 or

hA2;X2.z
0
2/ D 1. Assume that hAj ;Xj .z

0
j / < 1, j D 1; 2. Fix a u 2 P�H .X1 � X2/

with u � 1, ujA1�A2 � 0. For .a1; a2/ 2 X1 � X2 with hAj ;Xj .aj / < 1, j D 1; 2,
define

va1 ´ u.a1; �/ � hA1;X1.a1/

1 � hA1;X1.a1/
; va2 ´ u.�; a2/ � hA2;X2.a2/

1 � hA2;X2.a2/
:

Observe that

hA1�A2;X1�X2.a1; a2/ � 1 � .1 � hA1;X1.a1//.1 � hA2;X2.a2//

() va1.a2/ � hA2;X2.a2/

() va2.a1/ � hA1;X1.a1/:

It is clear that va1 2 P�H .X2/, va1 � 1, va2 2 P�H .X1/, va2 � 1. If a2 2 A2,
then va2 � 0 on A1. Thus, if a2 2 A2, then va2 � hA1;X1 . In particular, vz0

1
.a2/ �

hA2;X2.a2/, a2 2 A2. Hence vz0
1

� 0 onA2, which gives vz0
1
.z0

2/ � hA2;X2.z
0
2/.

Proof of Theorem 3.2.17. The inequality “�” is elementary. Let


j ."/ ´ fzj 2 Xj W h�
Aj ;Xj

.zj / < "g; j D 1; 2;


."/ ´ f.z1; z2/ 2 X1 �X2 W h�
A1�A2;X1�X2

.z1; z2/ � 1 � .1 � "/2g; 0 < " < 1:

By Lemma 3.2.18 we get h�1."/��2."/;X1�X2 < 1 � .1 � "/2 on 
1."/ � 
2."/.
Hence h�

�1."/��2."/;X1�X2
� 1 � .1 � "/2 on 
1."/ � 
2."/, which implies that


1."/ �
2."/ � 
."/. Now, by Theorem 3.2.16, we have

maxfh�1."/;X1.z1/; h�2."/;X2.z2/g D h�1."/��2."/;X1�X2.z1; z2/

D h�
�1."/��2."/;X1�X2

.z1; z2/

� h�
�."/;X1�X2

.z1; z2/:

To finish the proof, it remains to observe that by Proposition 3.2.15 we get h�j ."/;Xj %
h�

Aj ;Xj
, j D 1; 2, and h�

�."/;X1�X2
% h�

A1�A2;X1�X2
when " & 0.

Exercise 3.2.19. Prove that if X 2 R1.Cn/, Y 2 R1.Cm/, A � X , B � Y , then
.A � B/� D A� � B�. In particular, if A and B are locally pluriregular, then so is
A � B .

Example 3.2.20. (a)

h�
.�1;1/;D.z/ D 2

�

ˇ̌̌
Arg

1C z

1 � z
ˇ̌̌
; z 2 D:

Indeed, we only need to observe that the function '˙.z/ D ˙ 2
�

Arg 1Cz
1�z

is the
solution of the Dirichlet problem in D˙ ´ fz 2 D W ˙ Im z > 0g with '˙ D 0 on
.�1; 1/ and '˙ D 1 on fz 2 T W ˙ Im z > 0g.
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(b) Let S ´ fz 2 C W j Im zj < 1g. Then h�
R;S .z/ D j Im zj, z 2 S .

(c) Every non-empty open set U � Rn � Rn C iRn ' Cn is locally pluriregular
(as a subset of Cn).

In fact, we only need to show that for all a 2 Rn and r > 0 we have

h�
Pn.a;r/\Rn;Pn.a;r/.a/ D 0:

Using a suitable transformation of coordinates and the product property (Theo-
rem 3.2.17) one can easily reduce the problem to the equality h�

.�1;1/;D.0/ D 0, which
follows directly from (a).

(d) If L � @D.a; r/ � C is a non-empty open arc, then L is locally pluriregular.
In fact, there exists a homography h such that h.L/ is an open subset of R. Thus

the result follows from (c).

Proposition 3.2.21. Let X 2 R1.Cn/, Y 2 R1.Cm/, P � A � B � X � Y .
Assume that B is locally pluriregular and for any a 2 A the fiber P.a;�/ is pluripolar
(we do not assume that P is pluripolar). Then for any relatively compact open set
V �W �� X � Y we have h�

.A�B/nP; V �W
D h�

A�B; V �W . In particular, if A is also
locally pluriregular, then .A � B/ n P is locally pluriregular.

Proof. Take a u 2 P�H .V �W /, u � 1, with u � 0 on ..A � B/ \ .V �W // n P .
Then for any a 2 A \ V we have u.a; �/ � 0 on .B \W / n P.a;�/. Hence u.a; b/ �
h�

BnP.a;�/;W
.b/ D h�

B;W .b/ D 0, b 2 B \ W . Thus u � hA�B;V �W . Finally,

h�
.A�B/nP;V �W

� h�
A�B;V �W .

Proposition 3.2.22 ([Ale-Hec 2004]). (a) Let G � Cn�k be an arbitrary domain and
let A � Ck �G μ D. Then hA;D.z; w/ D h zA;G.w/, .z; w/ 2 D, where

zA ´ prG.A/ D fw 2 G W 9z2Ck W .z; w/ 2 Ag:
(b) Let G � Cn�1 be an arbitrary bounded domain, let C � C be polar, and let

zA � G, zA … PLP . Put D ´ C � G � Cn, A ´ C � zA. Then h�
A;D.z; w/ <

h�
A�;D.z; w/ D 1, .z; w/ 2 D (cf. Proposition 3.2.11 (iv)).

Proof. (a) It is clear that h zA;G.w/ � hA;D.z; w/. Conversely, if u 2 P�H .D/, u � 1

on D and u � 0 on A, then u.z; w/ D v.w/ with v 2 P�H .G/. Obviously, v � 1 on
G and v � 0 on zA. Hence v � h zA;G .

(b) By (a) we have h�
A;D.z; w/ D h zA;G.w/ < 1, .z; w/ 2 D (cf. Corollary 3.2.12).

On the other hand, A� D C � � . zA/� D ¿ � . zA/� D ¿ (cf. Exercise 3.2.19), which
gives h�

A�;D 	 1.

The following approximation property of relative extremal function will play the
fundamental role in the sequel – see also Propositions 3.2.24 and 3.2.25.

Proposition 3.2.23. LetXk % X �� Y and letAk � Xk ,Ak % A. Then h�
Ak ;Xk

&
h�

A;X .
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Proof. Let uk ´ hAk ;Xk . Obviously, ukC1 � uk . Let v ´ limk!C1 u�
k

. Then v 2
P�H .X/ and h�

A;X � v � 1. Put Pk ´ fz 2 Ak W uk.z/ < u
�
k
.z/g, P ´ S1

kD1 Pk .
Then P 2 PLP . Observe that v D limk!C1 uk � 0 on A n P . Consequently, by
Corollary 3.2.12, v � h�

AnP;X
D h�

A;X .

Proposition 3.2.24 ([Kli 1991], Proposition 4.5.10). If .K�/
1
�D1 is a sequence of

compact subsets of X such that K� & K, then hK� ;X % hK;X . In particular,
hK."/;X % hK;X as " & 0, where K."/ is as in Definition 2.1.3.

Proof. Obviously, hK� ;X � hK�C1;X � hK;X . Let u 2 P�H .X/ be such that u � 1

and u < 0 on K. Then u < 0 on K� for 	 
 1. Hence u � hK� ;X for 	 
 1 and,
consequently, hK;X � lim�!C1 hK� ;X .

Proposition 3.2.25. Let Ak � Xk � X , Xk open, Xk % X , Ak % A. Then
h�

A�
k

;Xk
& h�

A�;X . In particular, if .Xk/
1
kD1

is an exhaustion of X (Definition 1.4.5),

then h�
A;Xk

& h�
A�;X .

Proof. Put vk ´ h�
A�
k

;Xk
, k 2 N. It is clear that h�

A�;X � vkC1 � vk . Let v ´
limk!C1 vk . Then v 2 P�H .X/ and v � h�

A�;X . We know that vk D 0 on Ak nPk ,
where Pk 2 PLP (Propositions 3.2.2 (d) and 3.2.10). Put P ´ S1

kD1 Pk . Then
v D 0 on A n P . Consequently, v � h�

AnP;X
� h�

.AnP /�;X
D h�

A�;X .

Remark 3.2.26. Recall that

(a) hA;X � h�
A�;X (see Remark 3.2.9). In general h�

A;X 6	 h�
A�;X (cf. Proposi-

tion 3.2.22 (b)),
(b) if A is locally pluriregular, then h�

A�;X 	 h�
A;X (Remark 3.2.9),

(c) if X 2 Rb.C
n/, then h�

A�;X 	 h�
A;X (Proposition 3.2.11).

Proposition 3.2.27. Let A � X 2 Rc.Cn/ \ Rb.C
n/, A … PLP , 0 < � < 1, and


.�/ ´ fz 2 X W h�
A;X .z/ < �g:

Then h�
A;�.�/

D .1=�/h�
A;X on
.�/. In particular, h�

A;�.�/
.z/ < 1, z 2 
.�/, which

implies (cf. Corollary 3.2.12) that A \ S … PLP for any connected component S of

.�/.

In the case where A is locally pluriregular, the result remains true for arbitrary
X 2 Rc.Cn/.

Proof. We know that h�
A;X D 0 on A n P , where P 2 PLP . Consequently, A n P �


.�/ and hence h�
A\�.�/;X

D h�
A;X and h�

A;�.�/
D h�

AnP;�.�/
� .1=�/h�

A;X on

.�/.

Let u 2 P�H .
.�//, u � 1, u � 0 on A \
.�/. Define

v ´
´

max¹�u;h�
A;Xº on 
.�/;

h�
A;X on X n
.�/;
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and observe that for every z0 2 @.
.�// we get lim sup�.�/3z!z0
�u.z/ � � �

h�
A;X .z0/. This implies that v 2 P�H .X/ (cf. Proposition 2.3.6) and hence v �

h�
A\�.�/;X

D h�
A;X . In particular, h�

A;�.�/
� .1=�/h�

A;X on 
.�/.
If X is an arbitrary Riemann domain and A is locally pluriregular, then h�

A;X D 0

on A. Thus A � 
.�/ and we may repeat the above proof (with P ´ ¿).

Proposition 3.2.28. Let Dj be a Riemann domain over Cnj and let Aj � Dj be
locally pluriregular, j D 1; : : : ; N . Put

yX ´ ˚
.z1; : : : ; zN / 2 D1 � � � � �DN W PN

j D1 h�
Aj ;Dj

.zj / < 1
�
:

Then

h�
A1�����AN ; yX .z/ D

NX
j D1

h�
Aj ;Dj

.zj /; z D .z1; : : : ; zN / 2 yX :

Proof. The inequality “�” is obvious. To get the opposite inequality we proceed by
induction on N � 2.

Let N D 2 (cf. [Sic 1981a]): Put u ´ h�
A1�A2; yX 2 P�H . yX/ and fix a point

.a1; a2/ 2 yX . If a1 2 A1, then u.a1; �/ 2 P�H .D2/, u.a1; �/ � 1, and u.a1; �/ � 0

on A2. Therefore,

u.a1; �/ � h�
A2;D2

D h�
A1;D1

.a1/C h�
A2;D2

on D2:

In particular, u.a1; a2/ � h�
A1;D1

.a1/ C h�
A2;D2

.a2/. The same argument works if
a2 2 A2. If a1 … A1, then let � ´ 1 � h�

A1;D1
.a1/ 2 .0; 1�. Put

.D2/� ´ fz2 2 D2 W h�
A2;D2

.z2/ < �g:

It is clear that A2 � .D2/� 3 a2. Put

v ´ 1

�

�
u.a1; �/ � h�

A1;D1
.a1/

� 2 P�H ..D2/�/:

Then v � 1 and v � 0 on A2. Therefore, by Proposition 3.2.27,

v � h�
A2;.D2/�

D 1

�
h�

A2;D2
on .D2/�:

Consequently, u.a1; a2/ � h�
A1;D1

.a1/ C h�
A2;D2

.a2/, which finishes the proof for
N D 2.

Now assume that the formula is true for N � 1 � 2. Put

yY ´ ˚
.z1; : : : ; zN �1/ 2 D1 � � � � �DN �1 W PN �1

j D1 h�
Aj ;Dj

.zj / < 1
�
:
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By the inductive hypothesis, we conclude that

h�
A1�����AN�1; yY .z

0/ D
N �1X
j D1

h�
Aj ;Dj

.zj /; z0 D .z1; : : : ; zN �1/ 2 yY :

Now we apply the case N D 2 to the following situation:

yZ ´ f.z0; zN / 2 yY �DN W h�
A1�����AN�1; yY .z

0/C h�
AN ;DN

.zN / < 1g:
So

h�
A1�����AN�1; yY .z

0/C h�
AN ;DN

.zN / D h�
A1�����AN ; yZ .z/; z D .z0; zN / 2 yZ :

It remains to observe that yZ D yX .

Finally, we present (without proof) a few more developed results which will be
important in the sequel.

Theorem* 3.2.29 ([Bed-Tay 1976], [Bed 1981], [Kli 1991]). Let X 2 R1.Cn/.
There exists a Monge–Ampère operator

P�H .X/ \ L1.X; loc/ 3 u 7! .dd cu/n 2 M.X/;

where M.X/ denotes the space of all non-negative Borel measure on X such that

(a) if u 2 P�H .X/ \ C2.X;R/, then .dd cu/n D 4nnŠ det
	

@2u
@zj @ Nzk



j;kD1;:::;n

LX ;

(b) if P�H .X/ \ L1.X; loc/ 3 u� & u 2 P�H .X/ \ L1.X; loc/, then we get
.dd cu�/

n ! .dd cu/n in the weak sense.

Definition 3.2.30. The measure �A;X ´ .dd ch�
A;X /

n is called the equilibrium mea-
sure for A.

Theorem* 3.2.31 ([Bed 1981], [Zer 1986], [Kli 1991], [Ale-Zer 2001]). Let Y 2
R.Cn/, X �� Y be hyperconvex (cf. Definition 2.5.1), and letK �� X be compact.
Then

(a) limz!z0 hK;X .z/ D 1 for every z0 2 @X .

(b) �K;X .X nK/ D 0.

(c) If P � K is such that �K;X .P / D 0, then h�
KnP;X

	 h�
K;X .

(d) If K D S
i2I

yP.ai ; ri /, where 0 < ri < dX .ai /, i 2 I , then hK;X D h�
K;X is

continuous.

Theorem*3.2.32 (Domination principle; [Bed-Tay 1982], [Kli 1991]). LetY2 R.Cn/,
X �� Y be open, and let uC; u� 2 PSH.X/ \ L1.X/ be such that

.dd cuC/n � .dd cu�/n in X and lim inf
X3z!z0

.uC.z/ � u�.z// � 0 for all z0 2 @X:

Then uC � u� on X .
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Corollary 3.2.33. Let Y 2 R.Cn/, X �� Y be hyperconvex, K �� X be compact,
U � X nK be open, and u 2 P�H .U / \ L1.U /, u � 1, be such that

lim inf
U 3z!z0

.h�
K;X .z/ � u.z// � 0 for all z0 2 .@U / \X:

Then u � h�
K;X in U .

Proof. We take uC ´ h�
K;X , u� ´ u. By Theorem 3.2.31 (b) we have .dd cu�/n D

0 on X n K. In particular, .dd cuC/n � .dd cu�/n in U . Moreover, by Theo-
rem 3.2.31 (a), limz!z0 uC.z/ D 1 for every z0 2 @X . Now we may apply Theo-
rem 3.2.32 for U .

3.3 Balanced case

Proposition 3.3.1. Let h W Cn ! RC be a plurisubharmonic function with h.�z/ D
j�jh.z/,� 2 C, z 2 Cn (cf. Proposition2.3.18 (b)), e.g. a complex seminorm (cf. Propo-
sition 2.3.18 (a)). Put

B.r/ ´ fz 2 Cn W h.z/ < rg; BŒr� ´ fz 2 Cn W h.z/ � rg:

Then for arbitrary 0 < r < R we have

h�
B.r/;B.R/ D hB.r/;B.R/ D h�

BŒr	;B.R/ D hBŒr	;B.R/ D max

²
0;

log h
r

log R
r

³
:

Proof. It is clear that

h�
B.r/;B.R/ D hB.r/;B.R/ � h�

BŒr	;B.R/ � hBŒr	;B.R/ � max

²
0;

log h
r

log R
r

³
μ ˚:

Moreover, h�
B.r/;B.R/

D ˚ D 0 on BŒr� – use Oka’s theorem: if h.a/ D r , then
h�

B.r/;B.R/
.a/ D limt!1� h�

B.r/;B.R/
.ta/ D 0 (cf. [Vla 1966], § II.9.16). Take an

a 2 B.R/ n BŒr� and let

A ´ A.r=h.a/; R=h.a// 3 � v7! h�
B.r/;B.R/.�a/ � ˚.�a/:

Observe that v is subharmonic and v � 0. Moreover, lim sup
!@A v.�/ � 0. Thus,
by the maximum principle, v � 0. In particular, v.1/ D h�

B.r/;B.R/
.a/ � ˚.a/ � 0.
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3.4 Reinhardt case

Proposition 3.4.1. Let ¿ ¤ A � D, whereD is a Reinhardt domain andA is a locally
pluriregular Reinhardt set. Then

h�
A;D.z/ D ˚log A;log D.log jz1j; : : : ; log jznj/; z D .z1; : : : ; zn/ 2 D n V0

(cf. Definitions 3.1.1, 3.2.1). In particular, the function h�
A;D is continuous onD n V0.

Notice that in the case where D is log-convex and A �� D is a domain the result
had been proved (using different methods) in [Thor 1989].

‹ We do not know how to characterize h�
A;D in the case whereA is not Reinhardt ‹

Proof. SinceA andD are invariant under rotations, we easily conclude that h�
A;D.z/ D

h�
A;D.jz1j; : : : ; jznj/, z D .z1; : : : ; zn/ 2 D. Thus, by Proposition 2.9.5, h�

A;D.z/ D
'.log jz1j; : : : ; log jznj/, z D .z1; : : : ; zn/ 2 D n V0, where ' 2 CVX.logD/. Since
h�

A;D D 0 on A, we get ' D 0 on logA. Finally, ' � ˚log A;log D .
To prove the opposite inequality, observe that by Proposition 2.9.5, the function

D n V0 3 z u7! ˚log A;log D.log jz1j; : : : ; log jznj/

is plurisubharmonic, u � 1, and u D 0 onAnV0. By Proposition 2.3.29 (a), u extends
to a Qu 2 P�H .D/. Clearly, Qu � 1 (Proposition 2.3.29 (b)). Thus Qu � h�

AnV0;D
D

h�
.AnV0/�;D

D h�
A;D (cf. Remark 3.2.9 and Corollary 3.2.13).

Remark 3.4.2. Let U � Rn be an arbitrary domain, let ' W U ! R, and let V ´
conv.U /. For x 2 V define

 .x/ D infft1'.a1/C � � � C tk'.ak/ W x D t1a1 C � � � C tkak; a1; : : : ; ak 2 U;
t1; : : : ; tk 2 Œ0; 1�; t1 C � � � C tk D 1g:

Observe that  2 CVX.V /,  � ' on U , and supV  � supU '. One can easily
prove (Exercise) that the following conditions are equivalent:

•  D ' on U ,
• ' has an extension to a convex function on V ,
• '.t1a1 C � � � C tkak/ � t1'.a1/ C � � � C tk'.ak/ for any a1; : : : ; ak 2 U and
t1; : : : ; tk 2 Œ0; 1� with t1 C � � � C tk D 1 such that t1a1 C � � � C tkak 2 U .

Corollary 3.4.3. Let ¿ ¤ A � D, whereD is a Reinhardt domain and A is a locally
pluriregular Reinhardt set. Let yD be the envelope of holomorphy of D (cf. Theo-
rem 2.9.3). Then h�

A; yD D h�
A;D on D iff ˚log A;log D extends to a convex function on

log yD.
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3.5 An example

The aim of this section is to get an effective formula for h�
A;D for certain Reinhardt

domainsD � C2 and open Reinhardt sets ¿ ¤ A � D. Obviously in this case we have
h�

A;D 	 hA;D . Let ' 2 CVX.logD/ be such that hA;D.z/ D '.log jz1j; log jz2j/,
z D .z1; z2/ 2 D n V0 (Proposition 3.4.1). Recall that hA;D is continuous on D n V0.
It is clear that hA;D � h

A; yD on D, where yD denotes the envelope of holomorphy of
D. We are interested in

• explicit formulas for hA;D ,
• relations between hA;D and h

A; yD (cf. Corollary 3.4.3).

First, to get an intuition of how the problem may be difficult, let us recall a result
from [Jar-Pfl 1993] (Example 4.2.8) related to the Green function gD defined as

gD.a; z/ ´ sup
n
u W u W D ! Œ0; 1/; logu 2 P�H .D/;

sup
w2Dnfag

u.w/

kw � ak < C1
o
; a; z 2 D:

Given 0 < ˛; ˇ < 1, we define Reinhardt domains:

D� ´ f.z1; z2/ 2 D2 W jz2j � ˇ H) jz1j > ˛g D D2 n .xD.˛/ � xA.ˇ; 1//;
DC ´ f.z1; z2/ 2 D2 W jz1j < ˛ or jz2j < ˇg D D2 n .xA.˛; 1/ � xA.ˇ; 1//I

D˙ is not a domain of holomorphy, yD� D D2,

yDC D f.z1; z2/ 2 D2 W jz1j� log ˇ jz2j� log ˛ < e� log ˛ log ˇ g:

We have the following effective formulas for gD˙
.0; �/:

(a) if ˇ � ˛, then

gD�.0; z/ D maxfjz1j; jz2jg D g yD�
.0; z/; z 2 D�I

(b) if ˇ < ˛, then

gD�.0; z/ D
´

max¹jz1j; ˛
ˇ

jz2jº; if jz2j < ˇ
max¹jz1j; jz2j log˛

logˇ º; if jz1j > ˛

μ
�
6	 g yD�

.0; z/; z 2 D�I

(c)

gDC
.0; z/ D max

°
jz1j; jz2j; �elog ˛ log ˇ jz1j� log ˇ jz2j� log ˛

�� 1
log˛ˇ

±
D g yDC

.0; z/;

z 2 DC:
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The Green function gD may be considered as a “prototype” of the relative extremal
function hA;D . Consider A ´ D."/ � D.ı/, 0 < "; ı < 1. We are going to determine
hA;D with D 2 fD�;DCg and A � D. Define the auxiliary function

Hr.�/ ´ hD.r/;D.�/ D max
²
0; 1 � log j�j

log r

³
; 0 < r < 1; � 2 D:

We consider the following five cases:

(A) (Figure 3.5.1) If log ı
log "

� log ˇ
log ˛

, then

hA;D�.z/ D maxfH".z1/;Hı.z2/g D h
A; yD�

.z/; z 2 D�:

jz1j

jz2j

˛ "

ˇ

ı

yDC

Figure 3.5.1

Proof. The formula for h
A; yD�

follows directly from the product property of the relative
extremal function (Proposition 3.2.17). Namely,

h
A; yD�

.z/ D hA;D2.z/ D hD."/�D.ı/; D�D.z1; z2/

D maxfhD."/;D.z1/;hD.ı/;D.z2/g
D maxfH".z1/;Hı.z2/g; z D .z1; z2/ 2 D2:

Obviously, hA;D�.z1; 0/ � hD."/;D.z1/ D H".z1/, z1 2 D. For r; s 2 N with
s
r

� log ı
log "

, consider the subharmonic function

D 3 � u7! hA;D�.�
r ; �s/:
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Then
u.�/ � hD."1=r /; D.�/ D H"1=r .�/ D H".�

r/; � 2 D:

This implies (using the continuity of hA;D� on D� n V0) that

hA;D�.z/ � H".z1/; jz2j � jz1j logı
log" :

In particular, using the convexity of the function '.log jz1j; �/, we get

'.log jz1j; t / � 1 � t

log ı

for .z1; t / such that
�

maxf˛; "g < jz1j < 1;
log ı
log "

log jz1j � t < 0
�

or (˛ < jz1j �
"; log ı � t < 0 (provided that ˛ < ")). Finally, if ı < ˇ then the maximum principle,
applied to the subharmonic function hA;D�.�; z2/, gives

hA;D�.z1; z2/ � Hı.z2/; jz1j � ˛:

(B) (Figure 3.5.2) If log ı
log "

<
log ˇ
log ˛

(in particular, " < ˛), then

hA;D�.z/ D

8̂̂̂̂
<̂
ˆ̂̂:
H".z1/ if jz2j < ˇ D ı;

max
�
H".z1/; �

log˛="
logˇ=ı log

jz2j
ı

log "

�
if jz2j < ˇ > ı;

max
�
H".z1/; 1 �

log˛
logˇ log jz2j

log "

�
if jz1j > ˛

9>>>>=>>>>;
�
6	 h

A; yD�
.z/; z 2 D�:

Proof. First observe that the function R defined by the right-hand side of the above
formula is well defined, R 2 P�H .D�/, 0 � R � 1, R D 0 on A (Exercise). Thus
hA;D� � R. Using the same methods as in (A), one may easily prove (Exercise) that

hA;D�.z/ �
8<:H".z1/; jz2j � jz1j logˇ

log˛ ;

1 �
log˛
logˇ log jz2j

log "
; ˛ < jz1j < 1; jz2j � jz1j logˇ

log˛ :
(3.5.1)

This finishes the proof in the case where ı D ˇ. If ı < ˇ, then put

 .t/ ´ �
log ˛="
log ˇ=ı

.t2 � log ı/

log "
; t D .t1; t2/ 2 R2:

Then  .t1; log ı/ D 0 and  .log˛; logˇ/ D 1 � log ˛
log "

. Consequently, using the
convexity of ' and (3.5.1), we get

hA;D�.z/ � �
log ˛="
log ˇ=ı

log jz2j
ı

log "
; " � jz1j � ˛; ı � jz2j � ı

� jz1j
"

� logˇ=ı
log˛=�

:
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jz1j

jz2j

˛"

ˇ

ı

yDC

Figure 3.5.2

The maximum principle applied to the subharmonic function hA;D�.�; z2/, implies that

hA;D�.z/ � �
log ˛="
log ˇ=ı

log jz2j
ı

log "
; jz1j � "

� jz2j
ı

� log˛="
logˇ=ı

; ı < jz2j < ˇ:

(C) (Figure 3.5.3) If " � ˛ and ı � ˇ, ."; ı/ ¤ .˛; ˇ/, then

hA;DC
.z/ D max

²
H".z1/; Hı.z2/; 1 �

log jz1j
log ˛

C log jz2j
log ˇ

� 1
log "
log ˛

C log ı
log ˇ

� 1

³
D h

A; yDC
.z/;

z 2 DC:

Proof. We may assume that " < ˛ and ı < ˇ (cf. Proposition 3.2.23). The function
R defined by the right-hand side of the above formula is well defined on yDC, R 2
P�H . yDC/, 0 � R � 1, R D 0 on A (Exercise). Thus hA;D� � h

A; yDC
� R.

Using the function
D 3 � 7! hA;DC

.�r ; ˇ�s/

with r; s 2 N, s
r

� log ı=ˇ
log "

, and arguing as in (A), we get

hA;DC
.z/ � H".z1/; jz2j � ˇjz1j logı=ˇ

log" :
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jz1j

jz2j

˛"

ˇ

ı

yDC

Figure 3.5.3

In the same way one shows (Exercise) that

hA;DC
.z/ � Hı.z2/; jz1j � ˛jz2j log"=˛

logı :

Put

 .t/ ´ 1 �
t1

log ˛
C t2

log ˇ
� 1

log "
log ˛

C log ı
log ˇ

� 1
; t D .t1; t2/ 2 R2:

Observe that

 .t; logˇ C log ı=ˇ

log "
t/ D 1 � t

log "
; log " � t < 0;

 .log˛ C log "=˛

log ı
t; t/ D 1 � t

log ı
; log ı � t < 0:

Hence, using the convexity of ', we conclude (Exercise) that

hA;DC
.z/ � 1 �

log jz1j
log ˛

C log jz2j
log ˇ

� 1
log "
log ˛

C log ı
log ˇ

� 1

for .z1; z2/ 2 DC with jz1j � "; jz2j � ı; jz1j � ˛jz2j log"=˛
logı ; jz2j � ˇjz1j logı=ˇ

log" .
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(D) (Figure 3.5.4) Assume that " > ˛ and ı < ˇ. Define

T1 ´
n
.z1; z2/ W " � jz1j < 1; ı � jz2j � ˇjz1j logı=ˇ

log"

o
;

T2 ´
n
.z1; z2/ W ˛ � jz1j � "; ı � jz2j � ı.jz1j="/ logı=ˇ

log"=˛

o
;

T3 ´
n
.z1; z2/ W ˛ � jz1j < 1; maxfˇjz1j logı=ˇ

log" ; ı.jz1j="/ logı=ˇ
log"=˛ g � jz2j < ˇg

o
;

A ´ � logˇ

log˛ log ı
; B ´ 1C A log "

logˇ=ı
; C ´ 1 � B logˇ:

Then

hA;DC
.z/ D

8<:max
®
H".z1/; Hı.z2/

¯
if jz1j < ˛ or jz2j � ı
or .z1; z2/ 2 T1 [ T2;

A log jz1j C B log jz2j C C if .z1; z2/ 2 T3;

�
6	 h

A; yDC
.z/; z 2 DC:

jz1j

jz2j

˛ "

ˇ

ı
T1T2

T3

yDC

Figure 3.5.4

Proof. The function R defined by the right-hand side of the above formula is well
defined, R 2 P�H .DC/, 0 � R � 1, R D 0 on A (Exercise). Thus hA;DC

� R.
Using the standard methods, one may easily prove (Exercise) that

hA;DC
.z/ � max

˚
H".z1/; Hı.z2/

�
; jz1j < ˛ or jz2j � ı or .z1; z2/ 2 T1:

In T2 [ T3 the formula follows from convexity arguments (Exercise).
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(E) If " � ˛ and ı D ˇ, then

hA;DC
.z/ D max

˚
H".z1/; Hı.z2/

� D hA;D2.z/; z 2 DC:

Proof. Exercise.

Exercise 3.5.1 (Figure 3.5.5). Find a formula for hA;D , where A ´ D."/ � D.ı/,

D ´ D2 n f.z1; z2/ 2 D2 W ˛1 � jz1j � ˛2; ˇ1 � jz2j � ˇ2g;
with 0 < "; ı < 1, 0 � ˛1 < ˛2 � 1, 0 � ˇ1 < ˇ2 � 1, A � D.

jz1j

jz2j

˛1 ˛2"

ˇ1

ˇ2

ı

Figure 3.5.5

3.6 Plurithin sets

> § 3.2.

Let ˝ be a Riemann region over Cn.

Definition 3.6.1. We say that a setA � ˝ is plurithin at a point a 2 ˝ if either a … xA
or a 2 xA and lim supAnfag3z!a u.z/ < u.a/ for some function u plurisubharmonic in
a neighborhood of a.

To avoid a collision with Definition 2.3.20 we will use the notion plurithin also for
n D 1.
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Remark 3.6.2. (a) ([Kli 1991], Corollary 4.8.4) If A;B are plurithin at a, then A[B
is plurithin at a.

(b) ([Arm-Gar 2001], Theorem 7.2.2) Every polar set P � C is plurithin at any
point a 2 C.

(c) If A � C is not plurithin at a point a 2 xA, then for any polar set P � C, the
set A n P is not thin at a ((c) follows directly from (a) and (b)).

(d) If A � ˝ is locally pluriregular at a point a 2 xA, then A is not plurithin at a.
If A � C is not plurithin at a point a 2 xA, then A is locally regular at a.
Indeed, suppose that A � ˝ is locally pluriregular at a and

lim sup
Anfag3z!a

u.z/ < c < u.a/

for some u 2 P�H .V /, where V is an open neighborhood of a. We may assume
that u � 0 on V . Take an open neighborhood U � V of a such that u < c on
.A n fag/ \ U . Put v ´ u

�c
C 1. Then v � 1 on U and v � 0 on .A n fag/ \ U .

Hence v � h�
.Anfag/\U;U

D h�
A\U;U on U . In particular, 0 < v.a/ D u.a/

�c
C 1 � 0; a

contradiction.
Now suppose that A � C is not plurithin at a and h�

A\U;U .a/ > 0 for some
neighborhood U of a. Let P � U be a polar set such that h�

A\U;U D hA\U;U on
U n P . In particular, h�

A\U;U D 0 on A n P . By (c), the set A n P is not plurithin at
a. Hence 0 < h�

A\U;U .a/ D lim supAnP 3z!a h�
A\U;U .z/ D 0; a contradiction.

(e) ([Arm-Gar 2001], Theorem 7.3.9) If A � C is plurithin at a point a 2 xA, then
there is a sequence rk & 0 such that fz 2 A W jz � aj D rkg D ¿, k D 1; 2; : : :

(cf. Proposition 2.3.21).

3.7 Relative boundary extremal function

> § 3.2.

While in Section 3.2 the “thickness” of a subset A of a domainD has been studied
via all bounded psh functions, we turn here to discuss boundary sets A � @D, see
[Pfl-NVA 2004], [NVA 2005], [NVA 2008], [NVA 2009].

Definition 3.7.1. LetD � Cn be a domain andA � @D. A system of approach regions
for .A;D/ is given by a family A D ��

A˛.a/
�

˛2Ia

�
a2A

(Ia a non-empty index set

depending on a) of open subsets A˛.a/ of D with a 2 A˛.a/, a 2 A and ˛ 2 Ia.

Example 3.7.2. (a) Let D;A be as above. Denote by
�
U˛.a/

�
˛2Ia

a neighborhood
basis of a 2 A. Put K˛.a/ ´ D \ U˛.a/. Then

K D KA;D ´ ��
K˛.a/

�
˛2Ia

�
a2A
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is a system of approach regions for .A;D/. It is called a canonical system of approach
regions for .A;D/.

(b) Let D D D and A � T . Fix an a 2 A. Put

�˛.a/ ´
n
z 2 D W

ˇ̌̌
Arg

�a � z
z

�ˇ̌̌
< ˛

o
; 0 < ˛ < �=2:

Then S D SA;D ´ ��
�˛.a/

�
˛2Ia

�
a2A

with Ia D .0; �=2/ is a system of approach
regions for .A;D/. It is called the system of Stolz regions or non-tangential approach
regions.

Let us fix D;A and A as above. If u W D ! xR, then we put

u�;A.a/ ´

8̂<̂
:

lim sup
D3z!a

u.z/ if a 2 xD n A;
sup˛2Ia

lim sup
A˛.a/3z!a

u.z/ if a 2 A; a 2 xD:

Note that u�;AjD is nothing other than the upper semicontinuous regularization u� of u.

Lemma 3.7.3. .u�/�;A D u�;A.

Proof. Obviously, .u�/�;A � u�;A on xD and .u�/�;A D u� D u�;A on D. Suppose
that .u�/�;A.a/ > C > u�;A.a/ for an a 2 @D. Then there exists an ˛ 2 Ia such
that lim supA˛.a/3z!a u

�.z/ > C . Let .zs/
1
sD1 � A˛.a/ be such that zs ! a and

u�.zs/ > C , s 2 N. Consequently, for each s 2 N there exists a z0
s 2 A˛.a/ such that

kz0
s � zsk � 1=s and u.z0

s/ > C . Hence C > u�;A.a/ � lim supA˛.a/3z!a u.z/ �
lim sups!C1 u.z0

s/ � C ; a contradiction.

Define
hA;A;D ´ supfu 2 P�H .D/ W u � 1; u�;AjA � 0g:

With this preparation we have the new relative extremal function, namely:

Definition 3.7.4. Let D;A;A be as above. The relative boundary extremal function
for .A; A;D/ is defined as h�

A;A;D
´ h

�;A
A;A;D

on xD.

Note that h�
A;A;D

jD 2 P�H .D/.

Example 3.7.5. Let A � T be relatively open. Then h�
K;A;D is the solution of the

Dirichlet problem with boundary values given by �TnA. It is continuous on xDn. xAnA/,
harmonic on D, and h�

K;A;D D 1 on T n xA and D 0 on A. h�
K;A;D is the so-called

harmonic measure of T n A. Moreover, one has the following explicit representation
(see [Ran 1995], Theorem 4.3.3):

h�
K;A;D.z/ D 1

2�

Z 2�

0

�TnA.e
it /

1 � jzj2
jeit � zj2dt; z 2 D:
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Lemma 3.7.6. Let A � T be relatively open and let u 2 �H .D/, u � 1, such that,
for each ˛ 2 .0; �=2/,

lim sup
�˛.a/3�!z

u.�/ � 0 for almost all z 2 A:

Then u � h�
K;A;D. In particular, h�

K;A;D D h�
S;A;D.

Proof. Fix a z 2 D. Then for R 2 .jzj; 1/ the mean value inequality gives

u.z/ � 1

2�

Z 2�

0

u.Reit /
R2 � jzj2

jReit � zj2dt:

Applying Fatou’s lemma and the above representation we end up withu.z/� h�
K;A;D.z/.

Similarly as in Section 3.2 we define the notion of local pluriregularity.

Definition 3.7.7. Let D;A;A be as above. A is said to be A-pluriregular at a point
a 2 xA if h�

A\U;A\U;D\U
.a/ D 0 for any open neighborhood U of a.

A is called locally A-pluriregular, if A ¤ ¿ and A is A-pluriregular at each of its
points.

Remark 3.7.8. Let D;A;A be as above and assume that A is locally A-pluriregular.
For a ı 2 .0; 1/ put zAı ´ fz 2 D W h�

A;A;D
.z/ < ıg. Then zAı is a non-empty open

subset of D and so it is locally pluriregular.
(a) Fix a 2 A, ˛ 2 I.a/. Then there exists an open neighborhood U of a such that

A˛.a/ \ U � zAı (Exercise).
(b) Moreover, we have

h�
zAı ;D

� h�
A;A;D � h�

zAı ;D
C ı on D:

Indeed, take a u 2 P�H .D/, u � 1 and uj zAı � 0. Now fix an arbitrary point b
in A. By the A-local pluriregularity we know that h�

A;A;D
.b/ D 0 . Hence, for all

approach regions A˛.b/, we have lim supA˛.b/3z!b hA;A;D.z/ D 0. Thus, there exists

a neighborhoodU of b such that h�
A;A;D

< ı onU \A˛.b/. Hence, U \A˛.b/ � zAı

and so, by assumption, u � 0 on U \ A˛.b/. Then lim supA˛.b/3z!b u.z/ � 0.
Therefore, u � hA;A;D � h�

A;A;D
. Since u was arbitrarily chosen, the left-hand

inequality is proved.
To verify the right-hand inequality one starts with a competitoru 2 P�H .D/ for the

relative boundary extremal function h�
A;A;D

. Then u � h�
A;A;D

< ı on zAı implying

that u � ı � 0 on zAı . Therefore, u � ı � h�
zAı ;D

and so this inequality follows.

The following property of the relative boundary extremal function under exhaus-
tions will be used later.
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Lemma 3.7.9. Let Dk � Cn be domains with Dk % D ´ S1
kD1Dk and let

Ak � @Dk and A � @D be non-empty relatively open subsets with Ak % A. Assume
that for any z 2 A there exist a neighborhood Uz of z and an index kz such that
D \Uz D Dkz \Uz . If h�

K;Ak ;Dk
jAk D 0 (e.g. Ak is locally K-pluriregular), k 2 N,

then h�
K;Ak ;Dk

jDk[Ak & h�
K;A;D

jD[A.

Proof. Note that h�
K;AkC1;DkC1

� h�
K;Ak ;Dk

onDk [Ak . Then h�
K;Ak ;Dk

jDk & u 2
P�H .D/ � h�

K;A;D
jD . Fix a point z 2 A and take Uz and kz as in the lemma. Then

lim supD3�!z u.�/ � lim supDkz3�!z h�
K;Akz ;Dkz

.�/ D 0. Hence, u D h�
K;A;D

on
D. It remains to mention that h�

K;A;D
D 0 on A.

Now we turn to discuss the relative boundary extremal function h�
K;A;D

for special
configurations of .A;D/.

Proposition 3.7.10. Let D � Cn be a domain and ¿ ¤ A � @D relatively open.
Assume that D is locally C1-smooth at each point of A (cf. Definition 2.5.3). Then A
is locally K-pluriregular.

Proof. Fix an a 2 A and a neighborhood U of a. There exists a C1 smooth bounded
domain G � D \ U such that G \ V D D \ V , @G \ V � A for an open neigh-
borhood V � U of a (Exercise). Let V0 �� V1 �� V be domains with a 2 V0.
Let ' 2 C.Cn; Œ0; 1�/ be such that ' D 0 on V0 and ' D 1 on Cn n V1. Then
there exists the solution H 2 H .G/ \ C. xG/ of the Dirichlet problem with H D '

on @G (cf. [Arm-Gar 2001], Theorem 1.3.10). Take an arbitrary u 2 P�H .D \
U/ with 0 � u � 1 and limz!� u.z/ D 0 for all � 2 A \ U . Observe that
lim supG3z!� .u.z/ � H.z// � 0 for all � 2 @G. Hence, by the maximum prin-
ciple for subharmonic functions, u � H in G. Thus h�

K;A\U;D\U
� H on G. In

particular, h�
K;A\U;D\U

.a/ � H.a/ D 0.

Finally we give an example which we will need later.

Example 3.7.11. Let D D D and A ´ fz 2 T W Re z > 0g. Then A is locally
K-pluriregular and we have

h�
K;A;D.z/ D 1

�
arccot

2Re z

1 � jzj2 ; z 2 D:

Use a conformal mapping from the disc to the strip fz 2 C W Im z 2 .0; 1/g such that
A is sent to R (Exercise).
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Classical results II

Summary. In the first section we complete our discussion of the Tuichiev problem from § 1.1.4. In § 4.2 we

present the full solution of the Hukuhara problem from § 1.4. The main results are Terada’s Theorems 4.2.2

and 4.2.5. The proof of Theorem 4.2.2 is based on Proposition 4.2.1, which may be considered as a

generalization of the Hartogs lemma. The result is of independent interest and is applied for instance in the

proof of Proposition 4.3.1.

4.1 Tuichiev theorem

> § 2.3.

Let us come back to the Tuichiev problem (cf. § 1.1.4). We are going to consider
the following more general situation.

We are given a domain D � Cp and an upper semicontinuous function h W Cq !
RC such that h.�w/ D j�jh.w/, � 2 C, w 2 Cq . Put

B.�/ ´ fw 2 Cq W h.w/ < �g:
For 0 < R � C1, let f W D � B.R/ ! C be such that f .z; �/ 2 O.B.R// for every
z 2 D. Write

f .z; w/ D
1X

kD0

fk.z; w/; .z; w/ 2 D � B.R/;

where fk.z; �/ is a homogeneous polynomial of degree k,

fk.z; w/ D 1

2�i

Z
T

f .z; �w/

�kC1
d�; .z; w/ 2 D � B.R/:

Recall that if f 2 O.D � Pq.ı// for certain Pq.ı/ � B.R/, then fk 2 O.D � Cq/

and, by Proposition 1.1.10 (a), f 2 O.D � B.R//.
In the general situation we assume that fk 2 O.D � Cq/, k 2 N. Using Propo-

sition 1.1.10 (a), we easily conclude that �O.f / D S � B.R/. The problem is to
characterize the set S . Observe that the case where q D 1, h.w/ ´ jwj reduces to the
original Tuichiev problem from § 1.1.4.

Theorem 4.1.1. Under the above assumptions, the set S is nowhere dense inD.
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Proof. First observe that the standard formula for the radius of convergence of the
power series D.R=h.w// 3 � 7! f .z; �w/ gives

lim sup
k!C1

jfk.z; w/j1=k � h.w/=R; .z; w/ 2 D � Cq : (4.1.1)

Let U be the set of all a 2 D such that the sequence .jfkj1=k/1
kD1

is locally bounded
in Pp.a; "/ � Cq for some Pp.a; "/ � D. Take a compact set K �� U � B.R/

and let � 2 .0; 1/ be such that sup.z;w/2K h.w/=R < � . By the Hartogs lemma
(Proposition 2.3.13) there exists a k0 such that jfkj1=k � � on K for k � k0. This
means that the series

P1
kD0 fk.z; w/ converges uniformly on K. Thus, the series

converges locally uniformly in U � B.R/ and, therefore f 2 O.U � B.R//.
It remains to show that U is dense inD. Let ¿ ¤ ˝ � D be an arbitrary open set

and let
As ´ fz 2 ˝ W jfk.z; w/j � .skwk/k; w 2 Cq; k 2 Ng:

ThenAs is closed in˝ and (by (4.1.1))˝ D S1
sD1As . Consequently, by the standard

Baire argument, there exists an s0 such that ¿ ¤ intAs0 � ˝ \ U .

Remark 4.1.2. The proof of Theorem 4.1.1 shows that if f is locally bounded in
D � Pq.ı/ (for some Pq.ı/ � B.R/), then �O.f / D ¿, i.e. f 2 O.D � B.R//.

4.2 Terada theorem

> § 3.2.

Recall the Hukuhara problem (§ 1.4):

(S-OH) Given two domains D � Cp , G � Cq , a non-empty set B � G, and a
function f 2 Os.X/, where X ´ .D � G/ [ .D � B/, we ask whether
f 2 O.D �G/.

After Theorems 1.4.4 and 1.4.7, the next important step was the one by T. Terada
([Ter 1967]) who finally was able to answer the question raised by Hukuhara. We are
going to present a proof of Terada’s theorem, based on the relative extremal function –
cf. § 3.2.

We begin with the following auxiliary result, which may be regarded as a general-
ization of Proposition 1.1.10.

Proposition 4.2.1. Let h W Cp ! RC be a plurisubharmonic function satisfying
h.�z/ D j�jh.z/, � 2 C, z 2 Cp . Put B.�/ ´ fz 2 Cp W h.z/ < �g: Let 0 < r < R,
let G � Cq be a domain, and let B � G be locally pluriregular (cf. Definition 3.2.8).
Assume that f 2 O.B.r/�G/ is such that for each b 2 B the function f .�; b/ extends
to a function Qfb 2 O.B.R//. Then f extends holomorphically to the domain

yX ´ ˚
.z; w/ 2 B.R/ �G W h�

B.r/;B.R/.z/C h�
B;G.w/ < 1

�
:
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Moreover, if G is a domain of holomorphy, then yX is a domain of holomorphy and the
maximal domain with the above extension property.

Proof. Let hk ´ maxfh; 1
k

k kg, k 2 N. Then hk satisfies all the assumptions of the
proposition and moreover h�1

k
.0/ D f0g. Observe that

Bk.�/ ´ fz 2 Cp W hk.z/ < �g D B.�/ \ Bp.k�/:

In particular, h�
Bk.r/;Bk.R/

& h�
B.r/;B.R/

(cf. Proposition 3.2.25) and therefore

yXk ´ ˚
.z; w/ 2 Bk.R/ �G W h�

Bk.r/;Bk.R/.z/C h�
B;G.w/ < 1

� % yX :

Thus we may additionally assume that h�1.0/ D f0g. Since B.r/ and B.R/ are
balanced, we may write

f .z; w/ D
1X

kD0

fk.z; w/; .z; w/ 2 B.r/ �G; (†)

Qfw.z/ D
1X

kD0

fk.z; w/; .z; w/ 2 B.R/ � B;

where

• fk 2 O.Cp �G/,
• for eachw 2 G, the function fk.�; w/ is a homogeneous polynomial of degree k.

We have

u.z; w/ ´ lim sup
k!C1

jfk.z; w/j1=k �
´
h.z/=r; .z; w/ 2 Cp �G;
h.z/=R; .z; w/ 2 Cp � B:

Moreover, if Pp.ı/ �K �� B.r/ �G, then using the Cauchy inequalities, we get

jfk.z; w/j � kf kPp.ı/�K

�kzk
ı

�k

; .z; w/ 2 Cp �K; k 2 N;

which implies that the sequence .jfkj1=k/1
kD1

is locally bounded in Cp � G. In
particular, logu� 2 P�H .Cp � G/ – cf. Proposition 2.3.12. We are going to show
that

v.z; w/ ´ log u�.z;w/
h.z/

C log r

logR=r
C 1 � h�

B;G.w/; .z; w/ 2 .Cp/� �G:

It is clear that v � 1. LetP � Cp �G be pluripolar such that u� D u on .Cp �G/nP
(cf. Theorem 2.3.33 (b)). Let Q � Cp be pluripolar such that P.z;�/ is pluripolar for
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all z 2 Cp n Q (cf. Proposition 2.3.31 (a)). Then u�.z; w/ D u.z; w/ � h.z/=R,
z 2 Cp nQ, w 2 B n P.z;�/. Hence

v.z; �/ � h�
BnP.z;�/;G

� h�
.BnP.z;�//

�;G D h�
B�;G D h�

B;G on G

for all z 2 .Cp/� nQ (cf. Remark 3.2.9 (d), Corollary 3.2.13). Equivalently,

logu�.z; w/ � log
h.z/

R
C

�
log

R

r

�
h�

B;G.w/; .z; w/ 2 ..Cp/� nQ/ �G:

Consequently, by Proposition 2.3.9, we get the same inequality for all .z; w/ 2 Cp �G,
which implies that u�.z; w/ < 1, .z; w/ 2 yX . In particular, by the Hartogs lemma
for plurisubharmonic functions (cf. Proposition 2.3.13), for every compact K �� yX
there exist � 2 .0; 1/ and k0 2 N such that jfk.z; w/j1=k � � , .z; w/ 2 K, k � k0.
This implies that the series (†) converges locally uniformly in yX and defines there a
holomorphic extension of f .

If G is a domain of holomorphy, then by Theorem 2.5.5 (e), yX is also a domain of
holomorphy. In particular, by Proposition 2.1.27, there exists a g 2 O. yX/ that is not
holomorphically continuable beyond yX . The function f ´ gjB.r/�G satisfies all the
assumptions of the proposition. Consequently, if G is a domain of holomorphy, then
yX is maximal.

Theorem 4.2.2 (Terada). Under the assumptions of the Hukuhara problem, if B …
PLP , then Os.X/ D O.D �G/.
Proof. We may assume that B is locally pluriregular (cf. Corollary 3.2.13). Fix an
f 2 Os.X/. By Theorem 1.4.7, f 2 O.U0 � G/, where U0 is an open dense subset
of D. To prove that U0 D D we only need to show that if Pp.a; r/ �� U0 and
Pp.a;R/ � D for 0 < r < R, then Pp.a;R/ � U0. Using Proposition 4.2.1 we
conclude that f extends holomorphically to the domain

yX ´ ˚
.z; w/ 2 Pp.a;R/ �G W log kz�ak1

r

log Rr
C h�

B;G.w/ < 1
�
:

Hence, by Proposition 1.1.10, Pp.a;R/ D prCp
yX � U0.

Remark 4.2.3. Some particular cases of the Terada theorem (Theorem 4.2.2) had been
studied by several authors. Let us mention for instance [Fil 1973] forB ´ G\Rq ¤ ¿
(cf. Example 3.2.20).

Exercise 4.2.4. Prove the Hartogs, Hukuhara, Shimoda, and Terada theorems in the
case where D and G are Riemann domains over Cp and Cq , respectively.

The following result shows that Theorem 4.2.2 is almost optimal.

Theorem 4.2.5 (Cf. [Ter 1972]). Let B � Cq be an F� pluripolar set. Then there
exist a point w0 2 Cq and a function f 2 Os.X/ with X ´ .Cp � Cq/[ .Cp �B/
such that lim sup.z;w/!.0;w0/ jf .0;w0/j D C1. In particular, f … O.Cp � Cq/.
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Remark4.2.6. (a) Observe there are pluripolar sets that are not F� , e.g.B ´ f0g� zB �
C2, where zB � C is an arbitrary set not in F� .

(b) ‹ We do not know whether the assumption that B 2 F� is essential ‹

(c) ‹ We do not know any example of a pluripolar set B � Cq such that there

exists a locally bounded function f 2 Os.X/ n O.Cp � Cq/ ‹

Proof of Theorem 4.2.5. We may assume that p D 1. Let

˝k ´ ˚
x C iy 2 D.k/ W x < 1

2k
� 1

2kC2 or x > 1

2k
C 1

2kC2

�
; zk ´ 1

2k
; k 2 N:

Then (Exercise)

(�) C D S1
kD1

T1
sDk ˝s , zk 2 .T1

sDkC1˝s/ n˝k .

Using Runge’s theorem we easily conclude (Exercise) that

(��) 8k2N 8M>0 8">0 9'2P .C/ W j'.zk/j � M; j'j � " on ˝k .

Let u 2 P�H .Cq/, u 6	 �1, be such that B � u�1.�1/ (cf. Josefson’s Theo-
rem 2.3.23). Then u D v�, where

v D lim sup
m!C1

1

m
log jgmj

and .gm/
1
mD1 � O.Cq/ is such that the sequence .jgmj1=m/1mD1 is locally bounded

in Cq (cf. Proposition 2.5.11). Let w0 2 Cq be such that u.w0/ D v.w0/ > �1
(cf. Propositions 2.3.10, 2.3.22). Fix a sequence .Gk/

1
kD1

of subdomains of Cq such
that w0 2 Gk �� GkC1 �� Cq , Cq D S1

kD1Gk and B D S1
kD1 Bk , where Bk is

compact, ¿ ¤ Bk � B \Gk , Bk � BkC1.
Let ck ´ supGkC1

u. Observe that

lim sup
m!C1

1

m
log je�mckgm.w/j D v � ck � u � ck

´
< 0 on GkC1;

D �1 on Bk :

PutQk ´ ck �u.w0/ > 0. Using the Hartogs lemma for plurisubharmonic functions
(cf. Proposition 2.3.13), for every nk > 0, we choose an mk 2 N such that with
 k ´ e�mkckgmk 2 O.Cq/ we have

(1) j kj � 1 on Gk ,
(2) j k.w0/j � e�2mkQk ,
(3) j kj � e�mknkQk on Bk .

Take an arbitrary exhaustion sequence .Dk/
1
kD1

for C. Using (��), we construct
inductively Mk > 0, 'k 2 P .C/, and nk > 0 such that

(4) Mke
�mkQk � k C 1C Pk�1

sD1 j's.zk/ s.w0/j (we choose Mk > 0),
(5) j'k.zk/j � Mk , j'kj � 1=2k on ˝k (we choose 'k),
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(6) j'kje�mknkQk � 1=2k on Dk (we choose nk > 0).

Define

f .z; w/ ´
1X

kD1

'k.z/ k.w/; .z; w/ 2 C � Cq :

Take an arbitrary a 2 C, say a 2 ˝k for k � k0 (cf. (�)). Then we get

j'k.a/ k.w/j
.1/;.5/� 1

2k
; w 2 Gk; k � k0:

Hence f .a; �/ 2 O.Cq/.
Take an arbitrary b 2 B , say b 2 Bk for k � k0. Then we get

j'k.z/ k.b/j
.3/� j'k.z/je�mknkQk

.6/� 1

2k
; z 2 Dk; k � k0:

Thus f .�; b/ 2 O.C/. Consequently, f 2 Os.X/, X ´ .C � Cq/ [ .C � B/.
On the other hand, we have

jf .zk; w0/j � j'k.zk/ k.w0/j �
k�1X
sD1

j's.zk/ s.w0/j �
1X

sDkC1

j's.zk/ s.w0/j

.1/;.2/;.4/;.5/� Mke
�2mkQk � .Mke

�2mkQk � k � 1/ �
1X

sDkC1

1

2s
� k !

k!C1
C1:

4.3 Separately harmonic functions I

Proposition 4.2.1 permits us to find an analogue of Proposition 1.1.10 for harmonic
functions.

Proposition 4.3.1. Let 0 < r < R and let V � Rq be a domain. Let u W BR
p .R/�V !

R, where BR
p .R/ stands for the real Euclidean ball, be such that

• u 2 H .BR
p .r/ � V /,

• for each b 2 V we have u.�; b/ 2 H .BR
p .R//.

Then u 2 H .BR
p .R/ � V /.

Proposition 4.3.1 will be generalized in Proposition 5.7.4.

Definition 4.3.2. We say that a function u W ˝ ! R, where ˝ � Rp � Rq is open,
is separately harmonic on ˝ (u 2 H.p;q/.˝/) if for each .a; b/ 2 ˝ the functions
z 7! u.z; b/, w 7! u.a;w/ are harmonic.



4.4 Miscellanea 91

In the sequel, we will see that H.p;q/.˝/ � H .˝/ (cf. Theorem 5.6.5 (b)). Notice
that in fact the function u in Proposition 4.3.1 will be of the class H .BR

p .R/ � V / \
H.p;q/.B

R
p .R/ � V /.

Proof of Proposition 4.3.1. It suffices to prove that u is real analytic (and then use the
identity principle for real analytic functions to show that u is harmonic).

It is known (cf. [Sic 1974]) that every function v 2 H .BR
k
.�// extends to a function

yv 2 O.Lk.�//, where Lk.�/ stands for the Lie ball

Lk.�/ ´ fz 2 Ck W Lk.z/ < �g; Lk.z/ ´ .kzk2 C .kzk4 � jhz; Nzij2/1=2/1=2:

Let yub 2 O.Lp.R// be the extension of u.�; b/, b 2 V . Moreover, there exists a
domain ˝ � Cp � Cq such that BR

p .r/ � V � ˝ and u extends to a yu 2 O.˝/.
Fix a y0 2 V and let � 2 .0; r/ be such that Lp.�/� Bq.y0; �/ � ˝. In particular,

yu 2 O.Lp.�/�Bq.y0; �//. Observe that for every b 2 BR
q .y0; �/we have yub D yu.�; b/

on Lp.�/. Using Proposition 4.2.1 (with G ´ Bq.y0; �/, B ´ BR
q .y0; �/, h ´ Lp),

we conclude that yu extends to a QQu 2 O. yX/, where

yX ´ ˚
.z; w/ 2 Lp.R/ � Bq.y0; �/ W h�

Lp.�/;Lp.R/.z/C h�
BR
q .y0;�/;Bq.y0;�/

.w/ < 1
�
:

It remains to observe that:

• BR
p .R/ � BR

q .y0; �/ D yX \ RpCq ,

• QQu D u on BR
p .R/ � BR

q .y0; �/.

4.4 Miscellanea

4.4.1 Hartogs’ problem for “non-linear” fibers

A possible generalization of the problem of separate holomorphy is to consider “non-
linear” fibers. Let us illustrate the main idea by the following particular case.

(S-OF) Let D � Cp , G � Cq , ˝ � D � Cq be domains and let

D �G 3 .z; w/ 7! .z; '.z; w// 2 ˝
be a homeomorphic mapping such that '.�; w/ is holomorphic for every
w 2 G. Suppose that f W ˝ ! C is such that

• f .a; �/ is holomorphic on the fiber domain '.fag�G/ for every a 2 D,
• f .�; '.�; b// 2 O.D/ for every b 2 G.

We ask whether f 2 O.˝/. The problem is discussed e.g. in [Chi 2006].
Note that the classical Hartogs theorem is just the case where '.z; w/ ´ w

and ˝ ´ D �G.
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4.4.2 Boundary analogues of the Hartogs theorem

Let B D B2. Observe that the function f W @B ! C, z 7! jz1j2, satisfies the following
conditions:

• f .a; �/ is identically constant on .@B/.a;�/,
• f .�; b/ is identically constant on .@B/.�;b/;

in particular, the functions f .a; �/ and f .�; b/ have a holomorphic extension to B.a;�/
and B.�;b/, respectively. But f itself cannot be extended to a holomorphic function
in B.

So one may study the following question:

(S-OL) Let D � Cn be a bounded domain and let LD be a family of complex lines
intersecting D. Under which condition on LD the following result is true:
If f 2 C.@D/ such that f jL\@D extends to an QfL 2 C.L\@D/\O.L\D/,
L 2 LD , then there exists an Of 2 C. xD/ \ O.D/ with Of j@D D f .

There exists a series of positive results for different families of complex lines, e.g.

(a) D � Cn has C 2-smooth boundary and LD is the set of all complex lines inter-
secting D (cf. [Sto 1977]).

(b) D is as in (a), ¿ ¤ V � D open, and LD is the set of all complex lines passing
to a point from V (cf. [Agr-Sem 1991]).

(c) D D Bn, a1; : : : ; anC1 2 Bn affinely independent, and LD is the set of all
complex lines containing at least one of the points aj (cf. [Agr 2010]).

(d) In case that the function f is, in addition, C1-smooth on @Bn, then there are
even stronger results – see for example [Glo 2009].

4.4.3 Forelli type results

Finally, let us recall the following result due to F. Forelli (cf. [For 1977]). Let D be a
balanced domain in Cn and let f W D ! C be such that f 2 C1.U / for a certain open
neighborhood of the origin. If for all a 2 @Bn the function � 7! f .�a/ is holomorphic
on f� 2 C W �a 2 Dg, then f 2 O.D/. Note that in this situation the test-lines are
the ones passing through the origin.



Chapter 5

Classical cross theorem

Summary. Section 5.1 contains the formulation of the main extension problem for separately holomorphic

functions defined on N -fold crosses. For N D 2 this is a generalization of the Hukuhara problem to the

case where the holomorphicity is controlled only along some “horizontal” and “vertical” directions (recall

that in the Hukuhara problem all the “vertical” directions were under control). First, to get some intuition

of the problem, we consider the case of Reinhardt domains (§ 5.2) and the case of separately polynomial

functions (§ 5.3). Section 5.4 presents the main cross theorem (Theorems 5.4.1, 5.4.2) and various reduction

procedures which permit us to simplify proofs (Remark 5.4.4). Subsection 5.4.1 discusses a geometric

approach proposed by J. Siciak in the papers [Sic 1969a], [Sic 1969b], which together with [Cam-Sto 1966]

initiated modern theory of separately holomorphic functions on crosses. Although Siciak’s methods require

special additional assumptions, his approach may help the reader to get an intuition how to prove the general

cross theorem. The proof of the main cross theorem is presented in Subsection 5.4.2, which is the central

part of the chapter. Sections 5.6 and 5.7 contain applications of the main cross theorem to the Bochner

tube theorem (Theorem 5.6.1), Browder’s theorem on separately real analytic functions (Theorem 5.6.5 (a)),

Lelong’s theorem on separately harmonic functions (Theorem 5.6.5 (b)), and a cross theorem for separately

harmonic functions (Proposition 5.7.3).

5.1 N -fold crosses

> §§ 2.3, 3.2.

After Terada’s results (cf. Theorems 4.2.2, 4.2.5) it was clear that the next step
should be a solution of the following general problem (cf. Introduction).

(S-OC) We are given two domains D � Cp , G � Cq , two non-empty sets A � D,
B � G. Define the cross

X D X.A;BID;G/ ´ .A �G/ [ .D � B/:

We say that a function f W X ! C is separately holomorphic on X (f 2
Os.X/) if

• f .a; �/ 2 O.G/ for every a 2 A,
• f .�; b/ 2 O.D/ for every b 2 B .

We ask whether there exists an open neighborhood yX � D � G of X such
that every function f 2 Os.X/ extends holomorphically to yX . Observe that
the Hukuhara problem was just the case where A D D and yX D D �G.
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Cp

Cq

„ ƒ‚ …
A

a

„ ƒ‚ …
D

B

8̂̂̂̂
ˆ̂<̂
ˆ̂̂̂̂:
b

G

8̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂̂
<̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂:

yX

Figure 5.1.1. X D .A �G/ [ .D � B/ � yX .

The extension problem (S-OC) may be formulated in a more general context (see
Chapters 6, 7).

Let Dj be a Riemann domain over Cnj and let ¿ ¤ Aj � Dj , j D 1; : : : ; N ,
N � 2. Let

A0
j ´ A1 �� � ��Aj �1; j D 2; : : : ; N; A00

j ´ Aj C1 �� � ��AN ; j D 1; : : : ; N �1:
Similarly, for a D .a1; : : : ; aN / 2 A1 � � � � � AN , we write a0

j ´ .a1; : : : ; aj �1/,
a00

j ´ .aj C1; : : : ; aN /. Moreover, let

Xj ´ A0
j �Dj � A00

j ;

where X1 D A0
1 �D1 �A00

1 ´ D1 �A00
1 and XN D A0

N �DN �A00
N ´ A0

N �DN .

Definition 5.1.1. Define the N -fold cross

X D X.A1; : : : ; AN ID1; : : : ;DN / D X..Aj ;Dj /
N
j D1/ WD

N[
j D1

Xj :

We say that Xj .X/ ´ Xj , j D 1; : : : ; N , are branches of X . The set

c.X/ ´ A1 � � � � � AN :
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is called the center of the cross X .

Remark 5.1.2. (a) X D D1 � � � � � DN () #fj W Aj D Dj g � N � 1. In
particular, if Aj D Dj , j D 1; : : : ; N � 1, then X D D1 � � � � �DN independently
of AN .

(b) If #fj W Aj D Dj g � N � 2, then A1; : : : ; AN are uniquely determined by X .

Cn1

Cn2

Cn3

Figure 5.1.2. X D .D1 � A2 � A3/ [ .A1 �D2 � A3/ [ .A1 � A2 �D3/.

Definition 5.1.3. We say that a function f W X ! C is separately holomorphic on
X (f 2 Os.X/) if for any .a1; : : : ; aN / 2 A1 � � � � � AN and j 2 f1; : : : ; N g, the
function

Dj 3 zj 7! f .a0
j ; zj ; a

00
j / 2 C

is holomorphic in Dj .

Remark 5.1.4. Observe that if X D D1 � � � � �DN , then f W X ! C is separately
holomorphic (in the above sense) iff f W D1 �� � ��DN ! C is separately holomorphic
in the sense of the Hukuhara problem (S-OH) (cf. § 4.2).
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In fact, suppose that Aj D Dj , j D 1; : : : ; N � 1 (cf. Remark 5.1.2 (a)). It is clear
that if f W .D1 � � � � �DN �1/ �DN ! C is separately holomorphic in the sense of
(S-OH) with D ´ D1 � � � � � DN �1, G ´ DN , B ´ AN , then f is separately
holomorphic on X in the sense of Definition 5.1.3.

Conversely, if f W X ! C is separately holomorphic in the sense of Defini-
tion 5.1.3, then clearly f .a; �/ 2 O.DN / for every a 2 D1 � � � � �DN �1. Moreover,
for each b 2 AN the function f .�; b/ is separately holomorphic on D1 � � � � �DN �1

in the sense of Definition 1.1.1. Thus, by Hartogs’ theorem (Theorem 1.1.7), f .�; b/ 2
O.D1 � � � � �Dn�1/ for every b 2 AN .

Discussing examples like in § 5.2, the following definition appears in a natural way.

Definition 5.1.5. Put

yX D yX.A1; : : : ; AN ID1; : : : ;DN / D yX..Aj ;Dj /
N
j D1/

´ ˚
.z1; : : : ; zN / 2 D1 � � � � �DN W PN

j D1 h�
A�
j

;Dj
.zj / < 1

�
:

Remark 5.1.6. (a) If Aj0 is pluripolar for a j0 2 f1; : : : ; N g, then yX D ¿.
(b) If A1; : : : ; AN are not pluripolar, then

yX D D1 � � � � �DN () #fj W h�
A�
j

;Dj
	 0g � N � 1:

Indeed, first recall that if Aj is not pluripolar, then Aj \ A�
j is locally pluriregular

(Corollary 3.2.13). Hence, h�
A�
j

;Dj
D 0 on Aj \A�

j , and so h�
A�
j

;Dj
.zj / < 1, zj 2 Dj .

In particular, we get the implication “(H”. To prove the converse implication, suppose
that e.g. h�

A�
N�1;DN�1

.aN �1/ > 0, h�
A�
N

;DN
6	 0. Then, by Proposition 3.2.2 (b), there

exists an aN 2 DN such that

h�
A�
N

;DN
.aN / > 1 � h�

A�
N�1;DN�1

.aN �1/:

Take arbitrary aj 2 Aj \A�
j , j D 1; : : : ; N�2. Then .a1; : : : ; aN �2; aN �1; aN / … yX ;

a contradiction.
(c) If A1; : : : ; AN are not pluripolar and #fj W h�

A�
j

;Dj
	 0g � N � 2, then

X � yX () h�
A�
j

;Dj
D 0 on Aj ; j D 1; : : : ; N:

Indeed, the implication “(H” is obvious. To prove the converse implication,
suppose that e.g. h�

A�
N�1;DN�1

.aN �1/ > 0 for an aN �1 2 AN �1, and h�
A�
N

;DN
6	 0.

Next, we argue as above.
(d) If Dj 2 Rb.C

nj /, j D 1; : : : ; N , or A1; : : : ; AN are locally pluriregular, then

yX D ˚
.z1; : : : ; zN / 2 D1 � � � � �DN W PN

j D1 h�
Aj ;Dj

.zj / < 1
�

(cf. Remark 3.2.26).
(e) If A1; : : : ; AN are locally pluriregular, then X � yX .
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The main extension problem for separately holomorphic functions defined on an
N -fold cross X is to answer the following question.

(S-ON
C ) When does f 2 Os.X/ extend holomorphically to yX?

Remark 5.1.7. (a) In view of Remark 5.1.6 (a) we must assume that A1; : : : ; AN are
not pluripolar.

(b) If A1; : : : ; AN are not pluripolar and #fj W Aj D Dj g � N � 1, then, by
Remark 5.1.4, our extension problem reduces to the Hukuhara problem and, therefore,
(cf. Theorem 4.2.2) it has the positive solution (with X D yX D D1 � � � � �DN ).

Thus, from now on we assume A1; : : : ; AN are not pluripolar and #fj W Aj D
Dj g � N � 2.
Remark 5.1.8 (Properties ofN -fold crosses). The reader is asked to complete details.

(a) X is arcwise connected.
(b) X1; : : : ;XN are non-pluripolar. In particular, X … PLP . If A1; : : : ; AN are

locally pluriregular, then X1; : : : ;XN are locally pluriregular and, consequently, X is
locally pluriregular (cf. Exercise 3.2.19).

(c) If .Dj;k/
1
kD1

is a sequence of subdomains of Dj and .Aj;k/
1
kD1

is a sequence
of subsets of Aj such that

Dj;k % Dj ; Dj;k � Aj;k % Aj ; j D 1; : : : ; N;

then
X..Aj;k;Dj;k/

N
j D1/ % X and yX..Aj;k;Dj;k/

N
j D1/ % yX

(cf. Proposition 3.2.25).
(d) yX is connected.
Indeed, using (c), we may assume that Dj 2 Rb.C

nj /, j D 1; : : : ; N . Since
X is connected, it suffices to show that every point a D .a1; : : : ; aN / 2 yX may be
connected in yX with a point from c.X/. Put " ´ PN �1

j D1 h�
Aj ;Dj

.aj /. If " D 0, then

f.a1; : : : ; aN �1/g � DN � yX . If " > 0, then by Proposition 3.2.27, the connected
component S of the open set fzN 2 DN W h�

AN ;DN
.zN / < 1 � "g; that contains

aN , intersects AN . Consequently, a may be connected inside of yX with a point
.a1; : : : ; aN �1; bN /, where bN 2 AN . Repeating the above argument, we easily show
that a may be connected inside of yX with a point b 2 c.X/.

(e) IfD1; : : : ;DN are domains of holomorphy, then yX is a domain of holomorphy
(cf. Theorem 2.5.5 (e)).

(f) If Pj 2 PLP .Dj /, j D 1; : : : ; N , then

yX..Aj n Pj ;Dj /
N
j D1/ D yX

(cf. Corollary 3.2.13). In particular,

yX..Aj \ A�
j ;Dj /

N
j D1/ D yX



98 5 Classical cross theorem

(cf. Proposition 3.2.10).
(g) If A1; : : : ; AN are locally pluriregular and

yY ´ yX..Aj ;Dj /
N �1
j D1 / � D1 � � � � �DN �1;

then
yX.A0

N ; AN I yY ;DN / D yX
(cf. Proposition 3.2.28).

(h) Assume that Bj � Aj , Bj … PLP , j D 1; : : : ; N . Let f 2 Os.X/ be such
that f D 0 on B1 � � � � � BN . Then f D 0 on X .

Indeed, it suffices to show that f D 0 on c.X/. Fix a point .a1; : : : ; aN / 2 c.X/.
We know that for any bj 2 Bj , j D 1; : : : ; N � 1, we have f .b1, …, bN �1; �/ D
0 on BN . Since BN … PLP , we conclude that f .b1, : : : , bN �1; �/ D 0 on Dj

and, therefore, f .b1; : : : ; bN �1; aN / D 0. Now we repeat the same procedure with
respect to the .N � 1/-th variable: f .b1; : : : ; bN �2; �; aN / D 0 on BN �1 and hence
f .b1; : : : ; bN �2; aN �1; aN / D 0. Finite induction finishes the proof.

(i) If D1; : : : ;DN are pseudoconvex, A1; : : : ; AN are locally pluriregular, and the
problem (S-ON

C ) has positive solution, then

h�
X ; yX 	 0:

Indeed, first recall that X is connected, yX is a pseudoconvex domain, and X � yX .
Let 0 < " < 1 and let ˝" be the connected component of the open set fz 2 yX W
h�

X ; yX .z/ < "g that contains X . Observe that yX is the envelope of holomorphy of ˝".

For, we only need to show that every function g 2 O.˝"/ has a holomorphic
extension to yX . If g 2 O.˝"/, then gjX 2 Os.X/. In view of our assumptions, there
exists a yg 2 O. yX/ such that yg D g on X . Now, since X is not pluripolar, we conclude
that yg D g on ˝".

Now, using Example 3.2.6, we get h�
X ; yX � " on yX .

‹ We do not know whether h�
X ; yX 	 0 for arbitrary Riemann domains ‹

5.2 Reinhardt case

> §§ 2.9, 3.1.

As a geometric motivation for the cross problem, consider a special situation where
Dj � Cnj is a Reinhardt domain and Aj � Dj is a non-empty Reinhardt open set,
j D 1; : : : ; N , N � 2 (cf. § 2.9). Observe that in this case X is a Reinhardt domain
in Cn with n ´ n1 C � � � C nN . The Hartogs theorem implies that every f 2 Os.X/

is holomorphic on A1 � � � � � AN . Thus, by Proposition 1.1.10, f is holomorphic on
X and consequently, on the envelope of holomorphy of X (cf. § 2.9).
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Theorem 5.2.1. Let ¿ ¤ Aj � Dj � Cnj , where Dj is a Reinhardt domain of
holomorphy and Aj is a Reinhardt open set, j D 1; : : : ; N , N � 2. Then yX is the
envelope of holomorphy of X .

Proof. Let zX be the envelope of holomorphy of X . Since yX is a domain of holomorphy
containing X (cf. Remarks 5.1.6 (e), 5.1.8 (e), (d)), we must have zX � yX .

On the other hand, by Propositions 3.1.3 and 3.4.1, log yX D conv.log X/ D log zX .
Thus, using Theorem 2.9.2 (for yX ) and Corollary 2.9.4 (for zX ), we only need to show
that if Vs \ yX ¤ ¿, then Vs \ X ¤ ¿, s D 1; : : : ; n, n ´ n1 C � � � C nN .

Indeed, let for example a D .a1; : : : ; aN / 2 Vn \ yX ¤ ¿. Take arbitrary bj 2 Aj ,
j D 1; : : : ; N � 1. Then .b1; : : : ; bN �1; aN / 2 Vn \ X .

5.3 Separately polynomial functions

This section is entirely based on [Sic 1995].
Before we discuss the general case (in § 5.4), we consider the case where Dj D

Cnj , j D 1; : : : ; N , and we are interested only in extension of separately polynomial
functions on X ´ X..Aj ;Cnj /Nj D1/ (N � 2), i.e. of those functions f W X ! C for
which

Cnj 3 zj 7! f .a0
j ; zj ; a

00
j / 2 C

is a polynomial mapping for any .a1; : : : ; aN / 2 A1 � � � � � AN and j 2 f1; : : : ; N g.
Observe that yX D Cn with n ´ n1 C� � �CnN (cf. Proposition 3.2.3). We ask whether
there exists a (unique) polynomial Of 2 P .Cn/ such that Of D f on X . Let �P .X/

denote the space of all separately polynomial functions.

Definition 5.3.1. We say that a set A � Cn is a determining set for polynomials if
for every f 2 P .Cn/ if f D 0 on A, then f 	 0. We say that a set A � Cn is
a strongly determining set for polynomials if for every representation A D S1

sD1As

with As � AsC1, s 2 N, there exists an s0 such that As0 is a determining set for
polynomials.

Remark 5.3.2. (a) A set A � Cn is determining for polynomials iff there is no
f 2 P .Cn/, f 6	 0, such that A � f �1.0/.

(b) A set A � Cn is strongly determining for polynomials iff there is no fs 2
P .Cn/, fs 6	 0, s 2 N, such that A � S1

sD1 f
�1

s .0/.
In particular, if A � Cn is non-pluripolar, then A is strongly determining for

polynomials.
A set A � C is strongly determining for polynomials iff A is uncountable. The set

f1=k W k 2 Ng � C is determining, but not strongly determining.
(c) A set B � C � Cp � Cq is determining for polynomials iff B and C are

determining for polynomials.
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(d) A set B � C � Cp � Cq is strongly determining for polynomials iff B and C
are strongly determining for polynomials.

Indeed, it is clear that if B �C is strongly determining, then B and C are strongly
determining. Conversely, suppose thatB�C � S1

sD1 f
�1

s .0/withfs 2 P .Cp�Cq/,
fs 6	 0, s 2 N. Then Vs ´ fz 2 Cp W fs.z; �/ 	 0g is a (proper) algebraic set, s 2 N.
Consequently, there exists a point z0 2 B n S1

sD1 Vs . Since C � S1
sD1fw 2 Cq W

fs.z0; w/ D 0g, we get a contradiction.
(e) A � Cn is determining for polynomials iff for every s 2 N there exist �s;j 2 A

andLs;j 2 Ps.Cn/, j D 1; : : : ; d.s/ ´ �
sCn

n

� D dim Ps.Cn/ such thatLs;j .�s;k/ D
ıj;k , j; k D 1; : : : ; d.s/, and f D Pd.s/

j D1 f .�s;j /Ls;j for every f 2 Ps.Cn/.
Indeed, if f is as above and f D 0 on A, then f 	 0. Thus the above condition

is sufficient for A to be determining.
Now suppose thatA is determining, fix an s, and let ej 2 Ps.Cn/, j D 1; : : : ; d ´

d.s/, be an arbitrary basis of the space Ps.Cn/. Define

Vr.z1; : : : ; zr/ ´ detŒej .zk/�j;kD1;:::;r ; z1; : : : ; zr 2 Cn; r D 1; : : : ; d:

SinceA is determining for polynomials, there exists a �1 2 Awith e1.�1/ D V1.�1/ ¤
0. Suppose that for some t 2 f1; : : : ; d�1g we have already constructed �1; : : : ; �t 2 A
in such a way that Vt .�1; : : : ; �t / ¤ 0. Observe that the function

Cn 3 z f7! VtC1.�1; : : : ; �t ; z/ D Vt .�1; : : : ; �t /etC1.z/C ctet .z/C � � � C c1e1.z/

is a non-zero polynomial. Since A is determining for polynomials, there exists a
�tC1 2 A such that f .�tC1/ ¤ 0.

Finally, we put

Lj .z/ ´ Vd .�1; : : : ; �j �1; z; �j C1; �d /

Vd .�1; : : : ; �d /
; z 2 Cn; j D 1; : : : ; d:

It is clear that Lj .�k/ D ıj;k , j; k D 1; : : : ; d . Take an f 2 Ps.Cn/. Then f

and
Pd

j D1 f .�j /Lj are two polynomials from Ps.Cn/ with the same value at �k for

k D 1; : : : ; d . Thus, in order, to prove that f D Pd
j D1 f .�j /Lj , we only need

to observe that if g D Pd
j D1 �j ej 2 Ps.Cn/ and g.�k/ D 0, k D 1; : : : ; d , then

�j D 0, j D 1; : : : ; d (which follows from Cramer’s formulas because 0 D g.�k/ DPd
j D1 �j ej .�k/, k D 1; : : : ; d ).
(f) If A � Cn is determining, then there exists a g 2 O.Cn/ such that gjA can not

be continued to a polynomial of n-variables.
Indeed, suppose that the result is not true. Let

Fs ´ fg 2 O.Cn/ W gjA can be extended to an fg 2 Ps.C
n/g

(note that fg is uniquely determined). Obviously, Fs is a vector space, Fs � FsC1,
s 2 N, and O.Cn/ D S1

sD1 Fs . Observe that Fs is closed in the Fréchet space
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O.Cn/ (in the topology of locally uniform convergence). For, let .gk/
1
kD1

� Fs ,
gk ! g locally uniformly in Cp . Then, using (e), one can easily conclude that
.fgk /

1
kD1

� Ps.Cn/ is also locally uniformly convergent.
Thus, by Baire’s theorem, there exists an s0 such that Fs0 D O.Cn/. In particular,

for every g 2 P .Cn/ with degg > s0, we have h ´ g � fg 2 P .Cn/, h 6	 0, and
h D 0 on A; a contradiction.

Theorem 5.3.3 ([Sic 1995]). Let Aj � Cnj , j D 1; : : : ; N . Then the following
conditions are equivalent:

(i) there exists a j0 2 f1; : : : ; N g such that A1; : : : ; Aj0�1; Aj0C1; : : : ; AN are
strongly determining and Aj0 is determining for polynomials (e.g. A1; : : : ; AN

are non-pluripolar);

(ii) for every f 2 �P .X/ there exists exactly one Of 2 P .Cn/, n ´ n1 C � � � CnN ,
such that Of D f on X .

Proof. (i) H) (ii): Since A1 � � � � � AN is a determining set (Remark 5.3.2 (c)), the
polynomial Of must be uniquely determined.

We apply induction on N .
First consider the case N D 2. Write p ´ n1, q ´ n2, A ´ A1, B ´ A2.

We may assume that j0 D 2, i.e. A is strongly determining and B is determining for
polynomials. Take an f 2 �P .X/. Let As ´ fz 2 A W deg f .z; �/ � sg, s 2 N.
Then As � AsC1, s 2 N, and A D S1

sD1As . Since A is strongly determining, there
exists an s0 such that As0 is determining. Put d D d.s0/ D �

qCs0
q

�
. Let �j 2 B

and Lj 2 Ps0.C
q/, j D 1; : : : ; d , be such that Lj .�k/ D ıj;k , j; k D 1; : : : ; d , and

g D Pd
j D1 g.�j /Lj for every g 2 Ps0.C

q/ (cf. Remark 5.3.2 (e)). Define

Of .z; w/ ´
dX

j D1

f .z; �j /Lj .w/; .z; w/ 2 Cp � Cq :

Then Of 2 P .Cp � Cq/ and Of D f on As0 � Cq . Since As0 is determining, we
conclude that also Of D f on Cp � B , which finishes the proof in the case N D 2.

Now let N � 3 and suppose that the result is true for N � 1. We may assume that
j0 D N . Define Y ´ X..Aj ;Cnj /N �1

j D1 /. Obviously

X D .Y � AN / [ .A0
N � CnN /

(recall that A0
N ´ A1 � � � � � AN �1). Fix an f 2 �P .X/. Then f .�; aN / 2 �P .Y /

for every aN 2 AN . Consequently, by inductive assumption, for every aN 2 AN ,
there exists a polynomial OfaN 2 P .Cp/ with p ´ n1 C � � � C nN �1 such that
OfaN D f .�; aN / on Y .
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Let q ´ nN , consider the 2-fold cross Z ´ .A0
N � Cq/[ .Cp �AN /, and define

g W Z ! C; g.z0; zN / ´
´
f .z0; zN / for .z0; zN / 2 A0

N � Cq;

fzN .z
0/ for .z0; zN / 2 Cp � AN :

Observe that g is well defined and g 2 �P .Z /. Moreover, by Remark 5.3.2 (d), the
set A0

N is strongly determining for polynomials. Thus, using the case N D 2, we get

an Of 2 P .Cp � Cq/ such that Of D g on Z . In particular, Of D f on X .
(ii) H) (i): First observe that X must be determining for polynomials, because

otherwise the zero function 0 2 �P .X/ would have two different polynomial continu-
ations. Consequently, there exists a j such that Xj D A0

j � Cnj �A00
j is determining.

Hence, by Remark 5.3.2 (c), A1; : : : ; Aj �1; Aj C1; : : : ; AN are determining. We may
assume that j D N . Suppose that AN is not determining and let fN 2 P .CnN /,
fN 6	 0, be such that AN � f �1

N .0/. Since A0
N is determining, there exists a

g 2 O.Cp/ with p ´ n1 C � � � CnN �1 such that gjA0
N

cannot be extended to a global
polynomial of p-variables (cf. Remark 5.3.2(f)). Put f .z0; zN / ´ g.z0/fN .zN /,
.z0; zN / 2 Cp � CnN . Then f jX 2 �P .X/. By (ii), there exists an Of 2 P .Cm/

such that Of D f on X . In particular, if bN 2 CnN is such that fN .bN / ¤ 0, then
the function Cp 3 z0 7! Of .z0; bN /=fN .bN / gives a polynomial extension of g; a
contradiction.

Now suppose that there are indices j < k such that Aj and Ak are not strongly
determining. We may assume that j D N � 1, k D N . Let j 2 fN � 1;N g.
There exists a representation Aj D S1

sD1Aj;s with Aj;s � Aj;sC1 such that each set
Aj;s is not determining. Let fj;s 2 P .Cnj /, fj;s 6	 0, be such that Aj;s � f �1

j;s .0/.
Put gj;s ´ fj;1 � � �fj;s . Observe that gj;s 2 P .Cnj /, gj;s 6	 0, deggj;s � s, and
Aj;t � g�1

j;s .0/ for t � s. Since Aj is determining, for each s 2 N, there exists a
bj;s 2 Aj such that gj;s.bj;s/ ¤ 0. Choose "s > 0 so that the series

Of .zN �1; zN / ´
1X

sD1

"sgN �1;s.zN �1/gN;s.zN /

converges locally uniformly in CnN�1 � CnN . The series defines an entire function
Of 2 O.CnN�1 � CnN / � O.Cn/. Observe that f ´ Of jX 2 �P .X/.

Indeed, let e.g. aN �1 2 AN �1 and put

~.aN �1/ ´ supfs 2 N W gN �1;s.aN �1/ ¤ 0g:
We know that if aN �1 2 AN �1;t , then ~.aN �1/ < t . This shows that

f .aN �1; �/ D
~.aN�1/X

sD1

"sgN �1;s.aN �1/gN;s

is a polynomial and deg f .aN �1; �/ D deggN;~.aN�1/ � ~.aN �1/.
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Note that ~.bN �1;s/ � s. Consequently, f cannot be extended to a global polyno-
mial of n-variables; a contradiction.

Corollary 5.3.4. Let K 2 fR;Cg and let f W Kn1 � � � � � KnN ! C be such that for
any .a1; : : : ; aN / 2 Kn1 � � � � � KnN and j 2 f1; : : : ; N g, the function

Knj 3 xj 7! f .a0
j ; xj ; a

00
j / 2 C

is a polynomial of nj variables (i.e. f is a polynomial with respect to each group of
variables separately). Then f 2 P .Kn1 � � � � � KnN /.

Proof. If K D C, then we may apply directly Theorem 5.3.3 to the cross X D
X..Cnj ;Cnj /Nj D1/ D Cn1 � � � � � CnN . If K D R, then our assumption implies

that f extends to an Qf 2 �P .X/ with X D X..Rnj ;Cnj /Nj D1/ and we may once
again apply Theorem 5.3.3.

Remark 5.3.5. Instead of separately polynomial functions one may also study sepa-
rately rational or algebraic functions.

Let ˝ � Kn be open and let f W ˝ ! K.
We say that f is rational if there exist polynomials P;Q W Kn ! K, Q 6	 0, such

that Qf � P 	 0 on ˝.
The function f is said to be algebraic if there exist k 2 N and polynomials

P0; : : : ; Pk W Kn ! K, Pk 6	 0, such that Pkf
k C Pk�1f

k�1 C � � � C P0 	 0 on ˝.
We say that f is separately rational (resp. algebraic) if for any .a1; : : : ; an/ 2 ˝

and j 2 f1; : : : ; ng, the function xj 7! f .a1; : : : ; aj �1; xj ; aj C1; : : : ; an/ is rational
(resp. algebraic) on the open set fxj 2 K W .a1; : : : ; aj �1; xj ; aj C1; : : : ; an/ 2 ˝g.

One may ask when a separately rational (resp. algebraic) function f W ˝ ! K is
rational (resp. algebraic).

The following results are known (cf. [Kno 1969], [Kno 1971], [Kno 1974]):

• If K D R, then every separately rational and separately locally bounded function
is globally rational.

• If K D R, then every separately algebraic and separately C1 function is globally
algebraic.

• For r 2 ZC, the function f W R2 ! R,

f .x; y/ ´

8̂<̂
:

�
.x � k/.x � .k C 1//.y � k/.y � .k C 1//

�kCrC1

if k < x < k C 1; k < y < k C 1; k 2 ZC;
0 otherwise;

is separately algebraic and globally C r , but not globally algebraic.
• If K D C, then every separately algebraic and separately continuous function is

globally algebraic.
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• The function f W C2 ! C,

f .z; w/ ´
´
.zw/k if k � jzj < k C 1; k � jwj < k C 1; k 2 ZC;
0 otherwise;

is separately algebraic but not globally algebraic.

See also [Sic 1962], [STW 1990].

5.4 Main cross theorem

> §§ 2.1.5, 2.1.7.

The problem of holomorphic continuation of separately holomorphic functions
defined on N -fold crosses has been investigated in several papers, e.g. [Ber 1912],
[Cam-Sto 1966], [Sic 1968], [Sic 1969a], [Sic 1969b], [Akh-Ron 1973], [Zah 1976],
[Sic 1981a], [Shi 1989], [NTV-Sic 1991], [NTV-Zer 1991], [NTV-Zer 1995],
[NTV 1997], [Ale-Zer 2001], [Zer 2002] and has led to the following result.

Theorem 5.4.1 (Main cross theorem). Assume thatDj is a Riemann domain over Cnj

and Aj � Dj is locally pluriregular, j D 1; : : : ; N . Put X ´ X..Aj ;Dj /
N
j D1/. Let

f 2 Os.X/. Then

(�) there exists a uniquely determined Of 2 O. yX/ such that Of D f on X and
Of . yX/ � f .X/; in particular

• k Of k yX D kf kX ,

• j Of .z/j � kf k1�PN
jD1 h�

Aj ;Dj
.zj /

c.X/
kf k

PN
jD1 h�

Aj ;Dj
.zj /

X
, z D .z1; : : : ; zN / 2 yX .

A proof will be presented in § 5.4.2. Notice that the inclusion Of . yX/ � f .X/

follows immediately from Lemma 2.1.14 with

.G;D;A0; A;F / D . yX ; yX ; c.X/;X ;Os.X//:

To get the inequality we use Lemma 3.2.5 and Proposition 3.2.28 (h�
c.X/; yX .z/ DPN

j D1 h�
Aj ;Dj

.zj /, z D .z1; : : : ; zN / 2 yX ).
Sometimes the assumption thatA1; : : : ; AN are locally pluriregular is too restrictive

and it is better to consider the following equivalent form of Theorem 5.4.1.

Theorem 5.4.2 (Main cross theorem). LetDj be as in Theorem 5.4.1 and letAj � Dj

be non-pluripolar, j D 1; : : : ; N . Put

X ´ X..Aj ;Dj /
N
j D1/; Y ´ X..Aj \ A�

j ;Dj /
N
j D1/

(recall that yY D yX – cf. Remark 5.1.8 (f)). Let f 2 Os.X/. Then
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(��) there exists a uniquely determined Of 2 O. yX/ such that Of D f on Y and
Of . yX/ � f .X/; in particular

• k Of k yX � kf kX ,

• j Of .z/j � kf k
1�PN

jD1 h�
A�
j
;Dj

.zj /

c.X/
kf k

PN
jD1 h�

A�
j
;Dj

.zj /

X
, zD .z1; : : : ; zN /2 yX .

As above, the inclusion Of . yX/ � f .X/ follows from Lemma 2.1.14 with

.G;D;A0; A;F / D .D1 � � � � �DN ; yX ; c.Y /;X ;Os.X//:

To get the inequality we use Lemma 3.2.5 and Proposition 3.2.28 (h�
c.Y /; yX .z/ DPN

j D1 h�
Aj\A�

j
;Dj
.zj / D PN

j D1 h�
A�
j

;Dj
.zj /).

It is obvious that Theorem 5.4.2 H) Theorem 5.4.1. Conversely, sinceAj \A�
j is

locally pluriregular (cf. Corollary 3.2.13), j D 1; : : : ; N , Theorem 5.4.1 implies that
there exists an f 2 O. yX/ such that Of D f on Y .

Exercise 5.4.3. Assuming that Theorems 5.4.1, 5.4.2 are true, prove analogous results
for Riemann regions Dj 2 R1.Cnj /, j D 1; : : : ; N .

Remark 5.4.4. Let Dj , Aj , j D 1; : : : ; N , X , and yX be as in Theorem 5.4.2.
We present below some procedures which allow us to reduce the proofs of Theo-

rems 5.4.1 and 5.4.2 to some special configurations.

(P1) (Cf. Proposition 7.2.6.) Let 'j W Dj ! zDj be the envelope of holomorphy
(cf. Definition 2.1.18). Observe that zAj ´ 'j .Aj / � zDj is non-pluripolar
(because 'j is locally biholomorphic; cf. Remark 2.1.11 (b)), j D 1; : : : ; N .
Put

' W D1�� � ��DN ! zD1�� � �� zDN ; '.z1; : : : ; zN / ´ .'1.z1/; : : : ; 'N .zN //:

Let
Y ´ X.. zAj ; zDj /

N
j D1/;

yY ´ yX.. zAj ; zDj /
N
j D1/:

Then

• '.X/ � Y , '. yX/ � yY ,
• for each function f 2 Os.X/ there exists a function Qf 2 Os.Y / such that

Qf B ' 	 f .

Indeed, the inclusion '.X/ � Y is trivial. The inclusion '. yX/ � yY follows
immediately from the fact that h�

'j .Aj /; zDj B 'j � h�
Aj ;Dj

, j D 1; : : : ; N .

Fix an f 2 Os.X/. Take a D .a1; : : : ; aN /; b D .b1; : : : ; bN / 2 A1 � � � � � AN .
First observe that if 'j .aj / D 'j .bj /, j D 1; : : : ; N � 1, then f .a0

N ; �/ 	 f .b0
N ; �/ on

DN . Indeed, since 'j W Dj ! zDj is the envelope of holomorphy, for each gj 2 O.Dj /

there exists a Qgj 2 O. zDj / such that gj 	 Qgj B'j . In particular, if '.zj / D '.wj /, then
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gj .zj / D gj .wj /. Take an arbitrary cN 2 AN . We have: f .a1; : : : ; aN �1; cN / D
f .b1; a2; : : : ; aN �1; cN / D � � � D f .b1; : : : ; bN �1; cN /. Thus f .a0

N ; �/ D f .b0
N ; �/

on AN . It remains to use the identity principle.
Consequently, the formula

QfN .'1.a1/; : : : ; 'N �1.aN �1/; �/ WD .'�
N /

�1.f .a1; : : : ; aN �1; �//
defines a function on zXN ´ zA1 � � � � � zAN �1 � zDN with QfN B ' D f on XN ´
A1 � � � � � AN �1 �DN .

The same construction may be repeated for other groups of variables and leads to
the required function Qf .

Consequently, we may always additionally assume thatD1; : : : ;DN are Riemann
domains of holomorphy.

(P2) Assume thatDj;k % Dj ,Dj;k � Aj;k % Aj , and each setAj;k is non-pluripolar,
j D 1; : : : ; N . Put

Xk ´ X..Aj;k;Dj /
N
j D1/; Yk ´ X..Aj;k \ A�

j;k;Dj /
N
j D1/:

Observe that Yk � Xk % X and yYk D yXk % yX (cf. Remark 5.1.8 (c), (f)).
Suppose that (��) holds for each k, i.e. there exists an Ofk 2 O. yXk/with Ofk D f

on Yk . Then (�) is true.

Indeed, since Yk … PLP , we get OfkC1 D Ofk on yXk . Thus we get a function
Of 2 O. yX/ such that Of D f on each Yk . It remains to use Remark 5.1.8 (h) to show

that Of D f on every Xk and hence Of D f on X .

Consequently, we may always additionally assume that:

• D1; : : : ;DN are strongly pseudoconvex (cf. § 2.5.4),
• Aj �� Dj , j D 1; : : : ; N ,
• the function f 2 Os.X/ is such that for all j 2 f1; : : : ; N g and .a0

j ; a
00
j / 2

A0
j � A00

j , the function f .a0
j ; �; a00

j / is holomorphic in a neighborhood of xDj .

(P3) We may additionally assume that N D 2.

Indeed, we proceed by induction onN � 2. Suppose that .�/ holds forN �1 � 2.
Put Y ´ X..Aj ;Dj /

N �1
j D1 /, Z ´ X.A0

N ; AN I yY ;DN /. Observe that if zN 2 AN ,

then f .�; zN / 2 Os.Y /. By inductive assumption there exists an OfzN 2 O. yY / with
OfzN D f .�; zN / on Y . Define g W Z ! C by

g.z0; zN / ´
´ OfzN .z

0/ if .z0; zN / 2 yY � AN ;

f .z0; zN / if .z0; zN / 2 A0
N �DN :

Obviously, g is well defined and g 2 Os.Z /. It is clear that holomorphic functions on
yY separate points and A0

N is locally pluriregular. Using the case N D 2, we find an
Of 2 O. yZ / with Of D g on Z . It remains to recall that yZ D yX (cf. Remark 5.1.8 (g)).
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The above proof shows that if .�/ is true for N D 2 and all bounded f 2 Os.X/,
then it holds for arbitrary N and all bounded separately holomorphic functions.

In the case where N D 2 we will always write D ´ D1, p ´ n1, G ´ D2,
q ´ n2, A ´ A1, B ´ A2.

(P4) If N D 2, then we may additionally assume that f is bounded.

Indeed, we already know (by (P2)) that we may assume that Dj 2 Rb.C
nj /,

j D 1; 2, and that for arbitrary .a1; a2/ 2 A1 � A2 we have f .a1; �/ 2 O. xD2/,
f .�; a2/ 2 O. xD1/. Define

A1;k ´ fz1 2 A1 W jf .z1; �/j � k on D2g;
A2;k ´ fz2 2 A2 W jf .�; z2/j � k on D1g; k 2 N:

Observe that Aj;k % Aj . Hence Aj;k … PLP , k 
 1, j D 1; 2. Observe that
jf j � k on X.A1;k; A2;kID1;D2/, k 2 N. Now we only need to use (P2).

(P5) If N D 2 and f 2 Os.X/ is bounded, then f is continuous on X . If moreover,
A �� D, B �� G, then f extends to a continuous function Qf 2 Os.Z /, with
Z ´ X. xA; xBID;G/.

Indeed, let X 3 .zs; ws/ ! .z0; w0/ 2 X , f .zs; ws/ ! ˛. The sequence of
holomorphic functions .f .zs; �//1sD1 is bounded. Consequently, by Montel’s theorem,
we may assume that f .zs; �/ ! g locally uniformly inG with g 2 O.G/. In particular,
f .zs; ws/ ! g.w0/ D ˛. On the other hand, f .zs; w/ ! f .z0; w/ for w 2 B .
Hence, g D f .z0; �/ on B . If w0 2 B , then ˛ D g.w0/ D f .z0; w0/ and the proof
is finished. If z0 2 A, then, by the identity principle, g D f .z0; �/ on G, which also
implies that ˛ D g.w0/ D f .z0; w0/.

Now assume additionally that A �� D, B �� G. Let A 3 zk ! z0 2 xA � D.
By Montel’s argument there exists a subsequence .ks/

1
sD1 such that f .zks ; �/ ! g

locally uniformly in G. Observe that g.w/ D f .z0; w/, w 2 B . Consequently, the
function g depends neither on the subsequence .ks/

1
sD1, nor the sequence .zk/

1
kD1

� A

with zk ! z0.
Thus, we get an extension Qf1 W xA�G ! C of f , such that Qf1.a; �/ 2 O.G/, a 2 xA.

In the same way we get an extension Qf2 W D� xB ! C of f , such that Qf2.�; b/ 2 O.D/,
b 2 xB .

It remains to observe that Qf1 D Qf2 on xA � xB . Indeed, let

A � B 3 .zs; ws/ ! .z0; w0/ 2 xA � xB; f .zs; ws/ ! ˛:

We may assume that 's W D f .zs; �/ ! Qf1.z0; �/ locally uniformly on G,  s W D
f .�; ws/ ! Qf2.�; w0/ locally uniformly on D. Hence,

Qf1.z0; w0/ D lim
s!C1's.ws/ D ˛ D lim

s!C1 s.zs/ D Qf2.z0; w0/:
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(P6) Assume that N D 2, D, G are relatively compact, and A �� D, B �� G are
non-pluripolar. Put

Y ´ X.A \ A�; B \ B�ID;G/; Z ´ X. xA; xBID;G/;
W ´ X.. xA/�; . xB/�ID;G/:

Let f 2 Os.X/ be bounded. We know by (P5) that f extends to an Qf 2 Os.Z /.
Suppose that (��) holds for Z , i.e. there exists an Of 2 O. yZ / such that Of D Qf
on W . Observe that X � Y � W � Z and yX D yY � yW D yZ . Thus Of j yX
solves (��) for X .

Summarizing, we get the following result.

Proposition 5.4.5. To prove Theorems 5.4.1, 5.4.2 in their full generality, it suffices to
prove Theorem 5.4.2 under the following additional assumptions:

• N D 2,

• D;G are strongly pseudoconvex domains,

• A, B are compact non-pluripolar,

• f .a; �/ 2 O. xG/, a 2 A, f .�; b/ 2 O. xD/, b 2 B ,

• jf j � 1 on X ,

• f is continuous on X .

5.4.1 Siciak’s approach

In the 60s, R. H. Cameron, D. A. Storvick ([Cam-Sto 1966]) and J. Siciak ([Sic 1969a],
[Sic 1969b]) initiated a theory of separately holomorphic functions on crosses. To be
historically correct, one should mention that already in 1911 Bernstein (cf. [Ber 1912])
discussed the following general 2-fold cross situation: n1 D n2 D 1, D1 D D2 D an
ellipse with foci 1, �1, A1 D A2 D Œ�1; 1�, f 2 Os.X.A1; A2ID1D2// bounded. It
seems that this result had not been recognized for a long time up to a paper by Akhiezer
and Ronkin (cf. [Akh-Ron 1973], see also [Ron 1977]).

The aim of this section is to present some of Siciak’s results from [Sic 1969a] (see
also [Dru 1977]). Notice that, although these results require special additional assump-
tions, their proofs have a geometric interpretation and may help to get an intuition how
to prove the general cross theorem.

Theorem 5.4.6. Let D � Cp be a domain and let G1; : : : ; Gq � C be simply con-
nected domains symmetric with respect to the real axis R. Assume that A � D is
locally pluriregular and Bj D Œaj ; bj � � Gj \ R, aj < bj , j D 1; : : : ; q. Put
X ´ X.A;B1; : : : ; BqID;G1; : : : ; Gq/. Let f 2 Os.X/ be bounded on X . Then

there exists an Of 2 O. yX/ such that Of D f on X and sup yX j Of j D supX jf j. If A is
additionally compact, then the result remains true for locally bounded f 2 Os.X/.
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Remark 5.4.7. (a) Notice that the assumptions that f is bounded or locally bounded
are, in fact, superfluous (cf. Theorem 5.4.1).

(b) Some particular cases of Theorem 5.4.6 have been studied using different meth-
ods by several authors. Let us mention for instance [Cam-Sto 1966], [Gór 1975],
[Non 1977a], [Non 1977b], [Non 1979], where the case

X ´ ..�R1; R1/ � D.R2// [ .D.R1/ � .�R2; R2//

was discussed. Recall (Example 3.2.20 (a)) that h�
.�R;R/;D.R/

may be given by an
effective formula.

(c) Notice that in the case where X ´ X...�1; 1/;D/nj D1/ we have

yX D
n
.z1; : : : ; zn/ 2 Dn W Pn

j D1

ˇ̌̌
Arg 1Czj

1�zj

ˇ̌̌
< �

2

o
I

cf. [Cam-Sto 1966], Theorem 1.

We need some auxiliary results, whose proofs may be found e.g. in [Gol 1983].

Lemma* 5.4.8. Let D � HC ´ fx C iy W x 2 R; y > 0g be a simply connected
domain and let L � R \ @D be an open interval. Assume that g W D ! HC is a
biholomorphic mapping. Then g extends to a continuous injective mapping Qg W D [
L ! xHC with Qg.L/ � R.

Lemma* 5.4.9. For every �1 � c < �1 < 1 < d � C1 there exist 0 < � � C1
and a biholomorphic mapping h W HC ! R with

R D R.�/ ´ fuC iv W u 2 .0; �/; v 2 .0; �/g;
such that Qh.c/ D � C i� , Qh.�1/ D i� , Qh.1/ D 0, Qh.d/ D �, where Qh denotes
the extension of h to a homeomorphic mapping Qh W xHC ! xR (which exists by the
Carathéodory–Osgood theorem).

Corollary 5.4.10. Let D � HC be a simply connected domain such that .c; d/ �
R \ @D with �1 � c < �1 < 1 < d � C1. Then there exist 0 < � � C1 and
a biholomorphic mapping g W HC ! R with R D R.�/ that extends to a continuous
injective mapping Qg W D [ .c; d/ ! xR such that Qg..c;�1�/ D .�C i�; i��, Qg.�1/ D
i� , Qg.Œ�1; 1�/ D Œi�; 0�, Qg.1/ D 0, Qg.Œ1; d// D Œ0; �/.

Lemma 5.4.11. LetD � C be a simply connected domain symmetric with respect to a
lineL. Let Œa; b� � L\D, a ¤ b. Then there exist uniquely determinedR 2 .1;C1�

and
g W D ! E ´ fw 2 C W jw C

p
w2 � 1j < Rg; g biholomorphic;

such that g.Œa; b�/ D Œ�1; 1�, g.a/ D �1, g.b/ D 1, and the branch of
p
w2 � 1 is

chosen so that
p
x2 � 1 > 0 for x 2 .1;C1/.
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Proof. Let

g1.z/ ´ 2

b � a
�
z � aC b

2

�
; z 2 C:

Then g1 maps biholomorphicallyD onto the simply connected domainD1 ´ g1.D/

that is symmetric with respect to the real axis, g1.Œa; b�/ D Œ�1; 1�, g1.a/ D �1,
g1.b/ D 1. If D1 D C, then we put R ´ C1, g ´ g1.

Assume that D1 ¤ C. Let .c; d/ ´ D1 \ R (observe that D1 \ R must be
connected because D1 is symmetric and simply connected – Exercise). Put

DC
1 ´ fz 2 D1 W Im z > 0gI

observe that DC
1 is a simply connected domain. Then there exist � 2 .0;C1� and a

biholomorphic mapping

g2 W DC
1 ! D2 ´ fuC iv W u 2 .0; �/; v 2 .0; �/g

such that Qg2..c;�1�/ D .�Ci�; i��, Qg2.�1/ D i� , Qg2.Œ�1; 1�/ D Œi�; 0�, Qg2.1/ D 0,
Qg2.Œ1; d// D Œ0; �/ (Corollary 5.4.10). The mapping g3 ´ exp maps biholomorphi-
cally D2 onto the domain

D3 ´ fw 2 C W 1 < jwj < R ´ e�; Imw > 0g;
g3.Œ�C i�; i�� D Œ�R;�1�, g3.Œi�; 0�/ D CC ´ f� 2 T W Im � � 0g, g3.Œ0; ��/ D
Œ1; R�.

Next, the Zhukovski mapping g4.z/ ´ 1
2
.z C 1=z/ maps D3 onto the domain

EC ´ fw 2 E W Imw > 0g, g4.Œ�R;�1�/ D Œ�1
2
.R C 1=R/;�1�, g4.C

C/ D
Œ�1; 1�, g4.Œ1; R�/ D Œ1; 1

2
.RC 1=R�.

Let g5 ´ g4 B g3 B g2 W DC
1 ! EC,

g6.w/ ´

8̂<̂
:
g5.w/; w 2 DC

1 ;

g4 B g3 B Qg2.w/; w 2 .c; d/;
g5. xw/; xw 2 DC

1 :

Finally, g ´ g6 B g1 satisfies all the required properties.

It remains to prove that R and g are uniquely determined. Suppose that h W D !
E0 ´ fw 2 C W jw C p

w2 � 1j < R0g is another biholomorphic mapping with the
above properties. Then the biholomorphic mappingf ´ g�1

4 BhBg�1Bg4 W A.1; R/ !
A.1; R0/ with f .˙1/ D ˙1, where

A.r�; rC/ ´ fz 2 C W r� < jzj < rCg:
Consequently, R0 D R and g 	 h.
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Corollary 5.4.12. Assume thatD is a simply connected domain symmetric with respect
to the real line R and Œa; b� � D\R, a < b. LetR and g be as in Lemma 5.4.11. Then
the function ˚.z/ ´ g.z/C p

g2.z/ � 1, z 2 D n Œa; b�, is the unique biholomorphic
mapping ofD n Œa; b� onto A.1; R/ such that ˚.a/ D �1, ˚.b/ D 1. Moreover:

• ˚. Nz/ D ˚.z/, z 2 D n Œa; b�,
• the limits˚.xC i0/ ´ limy!0C˚.xC iy/ and˚.x� i0/ ´ limy!0�˚.xC
iy/ exist for x 2 Œa; b�,

• ˚.x C i0/ D ˚.x � i0/ D 1=˚.x � i0/, x 2 Œa; b�,
• the functions .a; b/ 3 x 7! ˚.x C i0/ and .a; b/ 3 x 7! ˚.x � i0/ are real

analytic,

• the functionm.x/ ´ g0.x/=
p
1 � g2.x/ D i˚ 0.x� i0/=˚.x� i0/, x 2 .a; b/,

is Riemann integrable and
R b

a
m.x/dx D arcsin gjba D � .

Put

˚k.z/ ´ 1

2

´
˚k.z/C ˚�k.z/; z 2 D n Œa; b�;
˚k.x � i0/C ˚�k.x � i0/; z D x 2 Œa; b�; k 2 ZC:

Then

• ˚k 2 O.D/,

• j˚kj � j˚ jk ,

• j˚kj � 1 on Œa; b�.

Corollary 5.4.13. LetD, a, b, R, and ˚ be as in Corollary 5.4.12. Then

h�
Œa;b	;D D log j˚ j

logR
:

Proof. Let u ´ log j˚ j
log R

. It is clear that u 2 H .D n Œa; b�/ and 0 < u < 1 on
D n Œa; b�. Moreover, u is continuous on D and u D 0 on Œa; b�. Hence u 2 �H .D/

and, consequently, hŒa;b	;D � u. Applying the maximum principle to the subharmonic
function h�

Œa;b	;D
� u on D n Œa; b�, gives the converse inequality.

Lemma 5.4.14. Let D, a, b, R, m, ˚ , and .˚k/
1
kD1

be as in Corollary 5.4.12. Let
f 2 O.D/. Then

f .z/ D
1X

kD0

ck˚k.z/; z 2 D; (5.4.1)

where

ck ´ 2sgn k

�

Z b

a

m.x/f .x/˚k.x/dx; k 2 ZC:

Moreover,
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• the series converges locally uniformly inD,

• if jf j � M , then jckj � 2M=Rk , k 2 N.

Proof. Applying the Laurent expansion to the function F ´ f B ˚�1 in the annulus
A.1; R/ gives

F.w/ D a0 C
1X

kD1

.akw
k C a�kw

�k/; 1 < jwj < R;

where

ak D 1

2�i

Z
jwjDr

F.�/

�kC1
d�

D 1

2�i

Z
j˚.z/jDr

f .z/

˚kC1.z/
˚ 0.z/dz; 1 < r < R; k 2 Z:

Since F is continuous for 1 � jwj < R, we have

ak D 1

2�i

Z
T

F.�/

�kC1
d�

D 1

2�i

Z b

a

f .x/

˚kC1.x � i0/˚
0.x � i0/dx � 1

2�i

Z b

a

f .x/

˚kC1.x C i0/
˚ 0.x C i0/dx

D 1

2�

Z b

a

m.x/f .x/
�
˚k.x � i0/C ˚�k.x � i0/�dx

D 1

�

Z b

a

m.x/f .x/˚k.x/dx:

In particular, c0 D a0, ck D 2ak D 2a�k , k 2 N. Consequently, we get (5.4.1)
on D n Œa; b�, the series being locally uniformly convergent in D n Œa; b�. It remains
to observe that series (5.4.1) is uniformly convergent in fz 2 D W j˚.z/j � �Rg for
arbitrary 0 < � < 1. In fact, if j˚.z/j � �R, then

jck˚k.z/j � 2M

Rk
j˚.z/jk � 2M�k; k 2 N:

Proof of Theorem 5.4.6. First note that, using the same procedures as in Remark 5.4.4,
we may reduce the proof to the case whereD is bounded, A �� D, and q D 1. In the
case where A is compact we easily reduce the proof to the case where f is bounded,
jf j � M on X . In particular, f is continuous on X (cf. Remark 5.4.4(P5)).

Write G ´ G1, Œa; b� ´ Œa1; b1�. Let R, g be associated to .G; Œa; b�/ as in
Lemma 5.4.11 and let m, ˚ , .˚k/

1
kD1

be associated by Corollary 5.4.12. Define

ck.z/ ´ 2sgn k

�

Z b

a

m.t/f .z; t/˚k.t/dt; z 2 D; k 2 ZC:
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We have (cf. Lemma 5.4.14, Corollary 5.4.12):

f .z; w/ D
1X

kD0

ck.z/˚k.w/; .z; w/ 2 A �G;

ck 2 O.D/; jckj � 2M; jck.z/j � 2M

Rk
; z 2 A; k 2 ZC:

Hence
jckj � 2MRk.h�

A;D
�1/ on D; k 2 N:

For 0 < � < 1 define

˝� ´
²
.z; w/ 2 D �G W h�

A;D C h�
B;G.w/ D h�

A;D C log j˚.w/j
logR

< 1C log �

logR

³
:

Observe that ˝� % yX when � % 1. For .z; w/ 2 ˝� we get

jck.z/˚k.w/j � 2MRk.h�
A;D

.z/�1/j˚.w/jk � 2M.Rh�
A;D

.z/�1j˚.w/j/k � 2M�k;

k 2 N:

Thus, the series is uniformly convergent on ˝� and its sum Of satisfies the inequality

sup
˝�

j Of j � 2M

1 � � :

Using the same argument for the function f m instead of f we conclude that

sup
˝�

j Of mj � 2Mm

1 � � ;

which gives

sup
˝�

j Of j � M

�
2

1 � �
�1=m

:

Letting m ! C1 leads to the conclusion that j Of j � M on ˝� .

The following theorem is one of the first results on extension of separately holo-
morphic functions on crosses without assuming that the extended function is bounded.

Theorem 5.4.15. LetD1; : : : ;Dn � C be simply connected domains symmetric with
respect to the real axis R and let Aj D Œaj ; bj � � Dj \ R, aj < bj , j D 1; : : : ; n. Put

X ´ X..Aj ;Dj /
n
j D1/. Let f 2 Os.X/. Then there exists an Of 2 O. yX/ such that

Of D f on X and sup yX j Of j � supX jf j.
We need some auxiliary results.
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Proposition 5.4.16 (Leja’s polynomial lemma). Let K1; : : : ; Kn � C be continua,
K ´ K1 � � � � �Kn � Cn, and let F � P .Cn/ be such that

8z2K W sup
p2F

jp.z/j < C1;

i.e. F is pointwise bounded on K. Then

8a2K 8!>1 9MDM.K;a;!;F />0 9�D�.K;a;!/>0 8p2F W sup
z2P.a;�/

jp.z/j � M!deg p;

equivalently,

8!>1 9MDM.K;!;F />0 9˝D˝.K;!/ open
K�˝

8p2F W sup
z2˝

jp.z/j � M!deg p:

Notice that � is independent of F .

Proof. The case n D 1 is covered by Lemma 1.1.8. Assume that the result is true
for .n � 1/ variables and consider the case of n variables. Take a point a0 2 K 0 ´
K1 � � � � � Kn�1 and put Fa0 ´ fp.a0; �/ W p 2 F g. By Lemma 1.1.8 there exists
an open neighborhood˝n ´ S

�2Kn
D.�; �.Kn; �;

p
!// ofKn (˝n does not depend

on a0) and a constant M.a0/ such that

jp.a0; zn/j � M.a0/
p
!

deg p
; zn 2 ˝n; f 2 F :

Now let F 0 ´ fp!� deg p
p.�; zn/ W zn 2 ˝ng. Observe that F 0 is pointwise bounded

onK 0. Thus, by the inductive assumption, there exist an open neighborhood˝ 0 ofK 0
and a constant M such that

p
!

� deg pjp.z0; zn/j � M
p
!

deg p
; z0 2 ˝ 0; zn 2 ˝n; p 2 F :

Proposition 5.4.17. LetK be a compact subset of an open set˝ � Cn. Assume that for
every point a 2 K there exist continuaK1; : : : ; Kn � C such that a 2 K1 �� � ��Kn �
K. Let a sequence .f˛/˛2ZmC

� O.˝/ be locally uniformly bounded in˝ such that

lim sup
j˛j!C1

.jf˛.z/jR˛/1=j˛j � 1; z 2 K;

where R 2 Rn
>0. Then for every ! > 1 there exist a constantM D M.!/ > 0 and an

open neighborhood ˝! of K, ˝! � ˝, such that

jf˛.z/jR˛ � M!j˛j; z 2 ˝! ; ˛ 2 ZmC:

Proof. Take an arbitrary ! > 1 and let z! ´ p
!. It suffices to show that for every

point a 2 K there exist M;� > 0 such that

jf˛.z/jR˛ � M!j˛j; z 2 B.a; �/; ˛ 2 ZmC:
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Fix a point a 2 K and let

B.a; r0/ � ˝; 0 < � < r < r0; �=r � z!=maxfR1; : : : ; Rmg:
Put

M1 ´ sup
˛2ZmC

max
z2xB.a;r/

jf˛.z/j < C1:

Write

f˛.z/ D
1X

kD0

f˛;k.z � a/; z 2 B.a; r0/;

where f˛;k is a homogeneous polynomial of degree k. Put

p˛.z/ ´
j˛jX

kD0

f˛;k.z � a/; F ´ f.R=z!/˛p˛ W ˛ 2 ZmCg:

The Cauchy inequalities imply that

jf˛;kj � M1

rk
:

Consequently, if z 2 xB.a; �/, then

jp˛.z/j � jf˛.z/j C
j˛jC1X
kD0

jf˛;k.z � a/j � M2.z/
z!j˛j

R˛
CM1

1X
kDj˛jC1

�
�

r

�k

� M2.z/
z!j˛j

R˛
CM1

�
�

r

�j˛jC1 1

1 � �
r

� M2.z/
z!j˛j

R˛
CM3

�
�

r

�j˛j

� M4.z/
z!j˛j

R˛
:

Hence, the family F is pointwise bounded on xB.a; �/. By Leja’s polynomial lemma
(Proposition 5.4.16) there exist 0 < � � � and M > 0 such that

.R=z!/˛jp˛.z/j � M z!j˛j; z 2 B.a; �/; ˛ 2 ZmC:

Finally, for z 2 B.a; �/, we get

R˛jf˛.z/j � R˛jp˛.z/j CM3 z!j˛j � M z!2j˛j CM3 z!j˛j � .M CM3/!
j˛j:

Proof of Theorem 5.4.15. We use induction on n. Suppose that the result is true for
n � 1 � 1. Fix an f 2 Os.X/. In view of Theorem 5.4.6 we only need to show
that f is locally bounded on X , i.e. for any subdomains D0

j �� Dj with Aj � D0
j ,
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j D 1; : : : ; n, the function f is bounded on X..Aj ;D
0
j /

n
j D1/. Fix an j0 2 f1; : : : ; ng.

We are going to show that f is bounded on A0
j0

� D0
j0

� A00
j0

. We may assume that
j0 D n. We want to prove that f is bounded on A0

n � D0
n. If n D 2, then put

Y D yY ´ D1, Z ´ X . If n � 3, then

Y ´ X..Aj ;Dj /
n�1
j D1/; Z ´ X.A0

n; AnI yY ;Dn/:

Recall that yZ D yX . In view of the inductive assumption, for every zn 2 An, the
function f .�; zn/ extends to a function Ofzn holomorphic on yY with Ofzn D f .�; zn/ on
Y (if n D 2, then Ofzn ´ f .�; zn/). Define g W Z ! C,

g.z0; zn/ ´
´
f .z0; zn/; .z0; zn/ 2 A0

n �Dn;

Ofzn.z
0/; .z0; zn/ 2 yY � An:

Then g 2 Os.Z /. For 0 < " < 1 put

yY" ´ ˚
.z1; : : : ; zn�1/ 2 yY W Pn�1

j D1 h�
Aj ;Dj

.zj / < 1 � "�:
Using a Baire argument, we show that there exist a constant C > 0 and a non-trivial
interval Œa0

n; b
0
n� � Œan; bn� such that jg.z0; zn/j � C on yY" � Œa0

n; b
0
n� and gj yY"�Œa0

n;b0
n	

is continuous (cf. Remark 5.4.4(P5)). Let R, g, m, ˚ , .˚k/
1
kD1

be associated to
.Dn; Œa

0
n; b

0
n�/. Define

ck.z
0/ ´ 2sgn k

�

Z b0
n

a0
n

m.t/g.z0; t /˚k.t/dt; z0 2 yY"; k 2 ZC:

We have

g.z0; zn/ D
1X

kD0

ck.z
0/˚k.zn/; .z0; zn/ 2 A0

n �Dn;

ck 2 O. yY"/; jckj � 2C; jck.z
0/j � 2maxt2Œa0

n;b0
n	 jg.z0; t /j

Rk
; z0 2 A0

n; k 2 ZC:

Hence, by Proposition 5.4.16,

jckj � C."/

.Re�"/k
on A0

n; k 2 ZC:

Finally, if
Dn;" ´ fzn 2 Dn W j˚.zn/j � Re�2"g;

then

jg.z0; zn/j � C."/

1X
kD0

.Re�2"/k

.Re�"/k
D C."/

1 � e�"
; .z0; zn/ 2 A0

n �Dn;":

In remains to observe that for sufficiently small " we get D0
n � Dn;".
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The above proofs are based on expanding f into a certain “concrete” series and
checking the domain of convergence of this series. In the general case a similar idea,
using an “abstract” series, has been first realized in [Zah 1976], as we will see in the
next subsection.

5.4.2 Proof of the cross theorem

We begin with the following general theorem from functional analysis.

Theorem* 5.4.18 ([Mit 1961]). Let H0;H1 be separable Hilbert spaces, dim H0 D
dim H1 D 1, and let T W H0 ! H1 be a linear injective compact operator such that
T .H0/ is dense in H1. Then there exists an orthogonal basis .bk/k2N � H0 such that

• .T .bk//
1
kD1

is an orthonormal basis in H1,

• kbkkH0 μ 	k % C1 when k % C1.

Moreover, if there exist a locally convex nuclear space V and linear continuous oper-

ators H0

T1! V
T2! H1 such that T D T2 B T1, then the above basis .bk/k2N may be

chosen in such a way that the series
P1

kD1 	
�"
k

is convergent for any " > 0.

A proof may be found in [Jar-Pfl 2000], Lemma 3.5.9.
In the case of the cross theorem the above general result implies the following

fundamental theorem.

Theorem 5.4.19 ([Zah 1976], [Zer 1982], [Zer 1986], [NTV-Zer 1991], [Zer 1991],
[Ale-Zer 2001], [Zer 2002]). LetD �� X be a strongly pseudoconvex subdomain of
a Riemann domain .X; p/ over Cp and let A � D be compact and non-pluripolar.
Put

• H0 ´ L2
h
.D/ (cf. § 2.1.3),

• H1 ´ clL2.A;�/.L
2
h
.D/jA/ D the closure ofL2

h
.D/jA inL2.A; �/, where � ´

�A;D is the equilibrium measure for A (cf. Definition 3.2.30).

Then the linear operators

H0 3 f T17! f 2 O.D/; O.D/ 3 f T27! f jA 2 H1

are well defined, injective, and continuous (notice that O.D/ is a nuclear space).

Moreover, T1 is compact. In particular, the operator H0 3 f T ´T2BT17! f jA 2 H1 is
compact.

Let .bk/
1
kD1

� H0, .	k/
1
kD1

be as in Theorem 5.4.18. Then for any ˛ 2 .0; 1/ and
for any compact

K � fz 2 D W h�
A;D.z/ < ˛g

there exists a constant C D C.˛;K/ > 0 such that

kbkkK � C	˛
k ; k 2 N: (5.4.2)



118 5 Classical cross theorem

Proof. (Cf. e.g. [Jar-Pfl 2000], Lemma 3.5.10.) Step 10: T2 is well defined.
Every function f 2 O.D/ can be approximated uniformly on A by functions from

O. xD/ (cf. Theorem 2.5.7 (b)). Moreover, O. xD/ � H0 and if O. xD/ 3 fs ! f

uniformly on A, then fsjA ! f jA in H1.

Step 20: T2 is injective.
Suppose that an f 2 O.D/ is such that T2.f / D 0 in H1, i.e. �.P / D 0, where

P ´ fz 2 A W f .z/ ¤ 0g. We know that h�
AnP;D

D h�
A;D (cf. Theorem 3.2.31 (c)).

Hence A n P … PLP (cf. Proposition 3.2.11), which implies that f 	 0.

Step 30: T1 is continuous.
It is well known that for any compactL � D there exists a constant c.L/ > 0 such

that

kf kL � c.L/kf kL2.D/; f 2 L2
h.D/; (5.4.3)

which is equivalent to the continuity of T1.

The continuity of T2 is trivial.

Step 40: T1 is compact.
Let .fs/

1
sD1 � H0 be bounded. Then, by (5.4.3), it is locally uniformly bounded

in D. Consequently, by the Montel theorem, there exists a subsequence that is locally
uniformly convergent.

Step 50: Estimate (5.4.2). Let k0 2 N be such that 	k > 1 for k � k0. Put

uk ´ log jbkj
log 	k

; k � k0:

By (5.4.3), for any compact L � D, we get

kbkkL � c.L/	k; k 2 N:

Thus the sequence .uk/
1
kDk0

is locally bounded from above in D. Let

u ´ lim sup
k!C1

uk :

Since 	k ! C1, we get u � 1. Moreover, u� 2 P�H .D/ and P ´ fz 2 D W
u.z/ < u�.z/g 2 PLP (cf. Theorem 2.3.33 (b)).

We will show that there exists a Borel set Q � A with �.Q/ D 0 such that u � 0

on A nQ. Put

Qk;r;s ´ fz 2 A W jbk.z/j � r	
1=s

k
g; k; r; s 2 N

(Qk;r;s is compact). Recall that kbkkH1 D 1. Thus we have

�.Qk;r;s/ � 1

r2	
2=s

k

Z
A

jbkj2d� D 1

r2	
2=s

k

:
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Let Qr;s ´ S1
kD1Qk;r;s , r; s 2 N: Then, by Theorem 5.4.18,

�.Qr;s/ � 1

r2

1X
kD1

	
�2=s

k
D const.s/

r2
:

Consequently, �.Qs/ D 0, where Qs ´ T1
rD1Qr;s , s 2 N: Finally, �.Q/ D 0,

where Q ´ S1
sD1Qs: Observe that if z0 2 A nQ, then z0 … Qs for every s. Thus,

for each s there exists an r.s/ such that z0 … Qr.s/;s . This means that z0 … Qk;r.s/;s

for any k, i.e. jbk.z0/j < r.s/	1=s

k
, k 2 N. Hence,

uk.z0/ � log r.s/

log 	k

C 1

s
; k � k0:

Then u.z0/ � 1=s. Since s was arbitrary, we conclude that u.z0/ � 0.

Thus u� � 0 on A n .P [Q/ and hence u� � h�
An.P [Q/;D

. Moreover,

h�
An.P [Q/;D D h�

AnP;D D h�
A;D

(cf. Theorem 3.2.31 (c)). Thus u� � h�
A;D . In particular, supK u

� < ˛. Hence, by the
Hartogs lemma, uk � ˛ on K for k 
 1, which implies the required result.

Proof of Theorem 5.4.2. We already know (cf. Proposition 5.4.5) that we may assume
that N D 2, D;G are strongly pseudoconvex domains, A �� D, B �� G are
compact and non-pluripolar, f .a; �/ 2 O. xG/, a 2 A, f .�; b/ 2 O. xD/, b 2 B , jf j � 1

on X , and f is continuous on X .
We keep notation from Theorem 5.4.19. For any w 2 B we have f .�; w/ 2 H0

and f .�; w/jA 2 H1. Hence, we get the following “abstract” series expansion of f

f .�; w/ D
1X

kD1

ck.w/bk;

where

ck.w/ D 1

	2
k

Z
D

f .z; w/ Nbk.z/dLD.z/ D
Z

A

f .z; w/ Nbk.z/d�.z/; k 2 NI

cf. Theorem 5.4.18. The series is convergent inL2
h
.D/ (in particular, locally uniformly

in D) and in L2.A; �/. Since f is continuous, the formula

yck.w/ ´
Z

A

f .z; w/ Nbk.z/d�.z/; w 2 G;

defines a holomorphic function on G, k 2 N. We are going to prove that the series

1X
kD1

yck.w/bk.z/
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converges locally uniformly in yX .
Take a compactK �L � yX and let ˛ > maxK h�

A;D , ˇ > maxL h�
B;G be such that

˛ C ˇ < 1. First, we will prove that there exists a constant C 0.L; ˇ/ > 0 such that

kyckkL � C 0.L; ˇ/	ˇ�1

k
; k 2 N: (5.4.4)

Suppose for a moment that (5.4.4) is true. Then, using Theorems 5.4.19 and 5.4.18,
we get

1X
kD1

kyckkLkbkkK �
1X

kD1

C 0.L; ˇ/	ˇ�1

k
C.K; ˛/	˛

k

D C 0.L; ˇ/C.K; ˛/
1X

kD1

	
˛Cˇ�1

k
μ M.K;L/ < C1;

which gives the normal convergence on K � L. Let

Of .z; w/ ´
1X

kD1

yck.w/bk.z/; .z; w/ 2 yX I

obviously Of is holomorphic. Recall that Of D f on D � B . Hence Of D f on
Y ´ X.A�; B�ID;G/ � X \ yX .

We move to the proof of (5.4.4). By the Hölder inequality, we get

jyck.w/j �
p
�.A/; w 2 G; k 2 N

(recall that jf j � 1). On the other hand, if w 2 B , then

jyck.w/j D jck.w/j D
ˇ̌̌̌
1

	2
k

Z
D

f .z; w/ Nbk.z/dLD.z/

ˇ̌̌̌
� 1

	k

q
LD.D/:

For k 2 N such that 	k > 1, let

uk ´ log jyckj
log 	k

:

The sequence .uk/
1
kD1

is bounded from above in G, u ´ lim supk!C1 uk � 0, and
u � �1 onB . LetP ´ fw 2 G W u.w/ < u�.w/g; P 2 PLP . Thus u� 2 P�H .G/,
u� � 0, and u� D u � �1 on B n P . Consequently, 1 C u� � h�

BnP;G
D h�

B;G

(cf. Proposition 3.2.21). Hence 1 C u� < ˇ on L. Now, by the Hartogs lemma,
uk < ˇ � 1 on L for k 
 1, which implies (5.4.4).
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5.5 A mixed cross theorem

In this section we shortly discuss a mixed cross theorem whose proof is very similar
to the proof of Theorem 5.4.2. Let D � Cp and G � Cq be domains and let A � D

and B � @G be non-empty. We define:

• Xm D Xm.A;BID;G/ ´ .A � .G [ B// [ .D � B/ the mixed cross,
• Xo

m D Xo
m.A;BID;D/ ´ .A � G/ [ .D � B/ the associated inner mixed

cross,
• yX�

m ´ f.z; w/ 2 D � .G [ B/ W h�
A;D.z/C h�

K;B;G
.w/ < 1g,

• yXm ´ f.z; w/ 2 D �G W h�
A;D.z/C h�

K;B;G
.w/ < 1g.

Remark 5.5.1. (a) If A is locally pluriregular and B locally K-pluriregular (see Defi-
nition 3.7.7), then yXm is connected.

Indeed, let .zj ; wj / 2 yXm, j D 1; 2, be given. Then choose a positive ı with
maxfh�

A;D.zj /;hK;B;G.wj /g < 1 � 2ı, j D 1; 2. Put

zA ´ fz 2 D W hA;D.z/ < ıg; zB ´ fw 2 G W hK;B;G.w/ < ıg:

Note that A � zA, i.e. zA is a non-empty set. Similarly, zB is non-empty. Hence both
sets are locally pluriregular.

Note that h�
zA;D

� h�
A;D and h�

zB;G
� h�

K;B;G
jG . Thus

.zj ; wj / 2 X. zA; zBID;G/ μ yX ; j D 1; 2:

Using Remark 5.1.8 (e), it follows that both points can be connected along a curve inside
of the classical yX . Now fix a point .z0; w0/ on such a curve. Then (see Remark 3.7.8)
h�

A;D.z
0/C h�

K;B;G
.w0/ � h�

zA;D
.z0/C h�

zB;G
.w0/C 2ı < 1, i.e. .z0; w0/ 2 yXm.

(b) Moreover, if the assumptions of (a) are satisfied, then Xm � yX�
m \ @ yXm.

Then there is the following result ([Pfl-NVA 2004], see also [Imo-Khu 2000],
[Sad-Imo 2006a], [Sad-Imo 2006b]).

Theorem 5.5.2 (Mixed cross theorem). LetD � Cp be a pseudoconvex domain,G �
Cq a domain. Moreover, letA �� D be locally pluriregular such thatA D S1

kD1Ak ,
where Ak is a compact, locally pluriregular set, k 2 N, and B � @G relatively open,
along which @G is locally C1. Put Xm D Xm.A;BID;G/ and

F ´ ff W Xm ! C W f locally bounded; f .z; �/ 2 C.G [ B/ \ O.G/;

z 2 A; f .�; w/ 2 O.D/; w 2 Bg:

Then for an f 2 F there exists a uniquely determined Of 2 C. yX�
m/\ O. yXm/ such that

f D Of on Xm.



122 5 Classical cross theorem

Recall that under the above assumption we know thatB is K-pluriregular (cf. Propo-
sition 3.7.10).

Proof. Fix points a 2 A and b 2 B and neighborhoods U �� D and V of a and b,
respectively, such that V \ G D fw 2 V W �.w/ < 0g, where � is a local defining
function of G, V \ @G � B , and U � .V \ G/ � yXm. Assume that there are two
functions f1 and f2 with the properties of Of , i.e. both functions are continuous on yX�

m ,
holomorphic on yXm, and coincide on Xm. Then f1 � f2 D 0 on Xm; in particular, on
U � .V \ @G/. Put Qf .z; w/ ´ f1 � f2 on U � .V \G/ and Qf D 0 on U � .V nG/.
Using Rado’s theorem it follows that f1 D f2 on U � .V \ G/ and therefore by the
identity theorem, on yXm. Continuity leads to f1 D f2 on yX�

m .
It remains to construct the extension Of .
Step 10: The case where, in addition, D is strongly pseudoconvex, A is compact,

and jf j � 1.
In this situation we proceed similar as in the proof of Theorem 5.4.1. Nevertheless,

for the convenience of the reader, we repeat almost all details. Let (see Theorem 5.4.19)

• H0 ´ L2
h
.D/ (cf. § 2.1.3),

• H1 ´ clL2.A;�/.L
2
h
.D/jA/ D the closure ofL2

h
.D/jA inL2.A; �/, where� ´

�A;D is the equilibrium measure for A,
• .bk/k2N � H0 and .	k/k2N with 	k % C1.

Take an f 2 F . Then f .�; w/ 2 H0 and f .�; w/jA 2 H1, if w 2 B . Hence

f .�; w/ D
1X

kD1

ck.w/bk.z/; w 2 B;

where

ck.w/ D 1

	2
k

Z
D

f .z; w/ Nbk.z/dL2n D
Z

A

f .z; w/ Nbk.w/d�.z/; k 2 N:

Recall that the series converges in L2
h
.D/ and in L2

h
.A; �/. Put

yck.w/ ´
Z

A

f .z; w/ Nbk.w/d�.z/; w 2 G [ B; k 2 N:

Then ck 2 C.G[B/\O.G/. We have to prove that the new series
P1

kD1 yck.w/bk.z/

is locally uniformly convergent on yX�
m .

Fix a compact set K � D and choose ˛ 2 .0; 1/ such that h�
A;D < ˛ on K. Then,

using Theorem 5.4.19, we have kbkkK � C	˛
k

, k 2 N, where C D C.˛;K/.
Now fix a positive " with ˛ C 2" < 1. Put

GK ´ fw 2 G W h�
K;B;G.w/ < 1 � ˛ � 2"g:

Notice that K �GK � yXm.
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Recall that jyck.w/j � p
�.A/ for k 2 N and w 2 G [ B . Therefore,

uk ´ log jyckj
log 	k

2 P�H .G/; k 2 N; and uk � 1 on G for k � k0:

Moreover,

lim
G3�!w

jyck.�/j D jyck.w/j D jck.w/j � 1

	k

p
L2n.D/; k 2 N; w 2 B:

Hence, limG3�!w uk.�/ � 0; w 2 B; k � k1 � k0, which means that uk is a
competitor in the definition of hK;B;G , k � k1. Therefore we have

jyck.w/j � 	�˛�"
k ; w 2 GK ; k � k1:

As in the proof of Theorem 5.4.2 we conclude that the series converges normally on
K �GK ; in particular Of .z; w/ ´ P1

kD1 yck.w/bk.z/ is holomorphic on yXm. Noting
that B � xGK we even get that Of 2 C.X�

m/ and Of D f on D � B .
Finally, fix ana 2 A. Then Of .a; �/ andf .a; �/ are holomorphic onG and continuous

onG[B . Applying Rado’s theorem it follows also that Of .a; �/ D f .a; �/ onG. Hence,
Of D f on yX�

m.
Step 20: The general case.
We may assume thatAk � AkC1 for all k. Choose strongly pseudoconvex domains

Dk �� D with Ak � Dk �� DkC1 and Dk % D. Then h�
Ak ;Dk

& h�
A;D .

Moreover, fix a point b0 2 B and a point b0 on the inner normal at b0 to @G such
that the half open segment S ´ Œb0; b0/ � G. Fix N 3 r � maxfkb0k; kb0kg
and denote by Gk the connected component of G \ Bn.r C k/ which contains S .
Moreover, put zBk ´ B \ @Gk and Bk ´ fw 2 zBk W dist.w; @@G

zBk/ > 1=kg. Then
¿ ¤ Bk � B is relatively open in @Gk with xBk � B , @Gk is C1 along Bk (k � k0)
and

S1
kDk0

Bk D B .
Let now k � k0. Put Xk;m ´ Xm.Ak; BkIDk; Gk/ � Xm. Obviously, Xk;m �

XkC1;m � Xm and Xk;m % Xm. Therefore, yXk;m � yXkC1;m and yX�
k;m

� yX�
kC1;m

.

Finally, recall that h�
K;Bk ;Gk

& h�
K;B;G

(see Lemma 3.7.9). Thus, yX�
k;m

% yX�
m and

yXk;m % yXm.
Now let fk ´ f jXk;m . Note that fk is bounded on Xk;m (Exercise). Hence we

are in the situation of Step 10. Therefore there exist functions Ofk 2 C. yX�
k;m
/\O. yXk;m

such that Ofk D fk on Xk;m. Hence, OfkC1 D Ofk on yXk;m. Using Rado’s theorem we
conclude that both functions coincide on yXk;m and then also on yX�

k;m
. What remains

is to glue all these functions to obtain the desired extension Of .
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5.6 Bochner, edge of the wedge, Browder, and Lelong theorems

The aim of this section is to show how four classical theorems may be proved via the
cross theorem.

Theorem 5.6.1 (Bochner tube theorem; [Boc 1938], [Boc-Mar 1948], [Hou 2009]).
Let T D ! C iRn � Rn C iRn D Cn be a tube domain. Then every f 2 O.T /

extends to an Of 2 O. yT /, where yT ´ conv.!/C iRn (conv.!/ stands for the convex
hull of !).

Proof. Recall that by the Carathéodory theorem we have

conv.!/ D
[

a0;:::;an2!

conv.fa0; : : : ; ang/:

Thus the main problem is to prove the following lemma (cf. [Hör 1973], Theorem
2.5.10).

Lemma 5.6.2. Assume for each j 2 f1; : : : ; ng, the segment Œ0; ej � is contained in !,
where ej ´ .0; : : : ; 0; 1

j -th position
; 0; : : : ; 0/. Then every f 2 O.T / extends holomor-

phically to a neighborhood of K C iRn with

K ´ f.x1; : : : ; xn/ 2 RnC W x1 C � � � C xn � 1g:
Proof. Take an " 2 .0; 1/ and letDj ´ fxC iy 2 C W �" < x < 1C "g, Aj ´ iR �
Dj ; observe thatAj is locally regular, j D 1; : : : ; N . Define X ´ X..Aj ;Dj /

n
j D1/ �

Cn. In view of our assumptions, X � T for 0 < " � 1. Take an f 2 O.T /.
Obviously, f jX 2 Os.X/. Thus, by the main cross theorem (Theorem 5.4.1), there
exists an Of 2 O. yX/ such that Of D f on X . Since X is not pluripolar, we get Of D f

on the connected component of T \ yX that contains X . Now we only need to show
that K C iRn � yX . Observe that

h�
Aj ;Dj

.x C iy/ D max
n x

�" ;
x

1C "

o
; �" < x < 1C " (Exercise)I

in particular, h�
Aj ;Dj

.x C iy/ D x
1C"

for 0 � x < 1C ". Hence

yX D f.z1; : : : ; zn/ 2 D1 � � � � �Dn W h�
A1;D1

.z1/C � � � C h�
An;Dn

.zn/ < 1g
� K C iRn:

Theorem 5.6.3 (Edge of the wedge type theorem; cf. [Sic 1981b]). Let I ´ .�1; 1/ �
R,

G ´ f.x0; : : : ; xn/C i.y0; : : : ; yn/ 2 .I C iI /1Cn W y0 ¤ 0; jyj j < jy0j;
j D 1; : : : ; ng:

Assume that f 2 O.G/ is such that
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(a) there exists an " 2 .0; 1/ such that for each u 2 Rn with kuk1 � ", the function

f� 2 D W Im � ¤ 0g 3 � fu7! f .�; u1�; : : : ; un�/

extends to an Qfu 2 O.D/,

(b) for every ˛ 2 ZnC there exist constantsM˛ > 0, r˛ 2 .0; 1/ such that

jD.0;˛/f .�; 0/j � M˛; � 2 D.r˛/; Im � ¤ 0:

Then f extends holomorphically to a neighborhood of the origin.

Proof. Define

D0 ´ D�; A0 ´ fi t W t 2 R; 1=4 � jt j � 3=4g;
Dj ´ D; Aj ´ Œ�"; "�; j D 1; : : : ; n; X ´ X..Aj ;Dj /

n
j D0/:

Let g W X ! C be given by the formula

g.w/ ´
´ Qf.w1;:::;wn/.w0/ if w 2 X0.X/;

f .w0; w0w1; : : : ; w0wn/ if w 2 Xj .X/; j D 1; : : : ; n;

w D .w0; : : : ; wn/ 2 X . Then g is well defined and separately holomorphic on
X (Exercise). Consequently, by Theorem 5.4.1, g extends holomorphically to a
yg 2 O. yX/. Observe that there exists a ı 2 .0; 1/ such that

V ´ D�.ı/ � .D.ı//n � yX (Exercise):

Define

C ´ f.z0; : : : ; zn/ 2 C1Cn W 0 < jz0j < ı; jzj j < ıjz0j; j D 1; : : : ; ng;
Of .z0; : : : ; zn/ ´ yg

�
z0;

z1

z0

; : : : ;
zn

z0

�
; .z0; : : : ; zn/ 2 C:

Now we only need to show that Of extends holomorphically to D.ı/� .D.ı2//n. Write

Of .�; z/ D
X

˛2ZnC

f˛.�/z
˛; .�; z/ 2 C;

where f˛ 2 O.D�.ı//, ˛ 2 ZnC. Then we have

f˛.�/ D 1

˛Š
D.0;˛/ Of .�; 0/ D 1

˛Š
D.0;˛/f .�; 0/; � 2 D.ı/; Im � ¤ 0:

Consequently, in view of our assumptions, each function f˛ extends holomorphically
to an Qf˛ 2 O.D.ı//. Hence, the series

Qf .�; z/ D
X

˛2ZnC

Qf˛.�/z
˛; .�; z/ 2 D.ı/ � .D.ı2//n

defines the required extension (Exercise).



126 5 Classical cross theorem

Remark 5.6.4. Notice that, using a change of coordinates, one can extend Theo-
rem 5.6.3 to more complicated geometric situations, where G D U C i� , � D
.�C [ ��/\B , �� D ��C, �� \ �C D ¿, �C � R1Cn is an open connected cone,
and B � R1Cn is an open ball centered at the origin.

Theorem 5.6.5 ([Bro 1961], [Lel 1961], [Sic 1969a], [Sic 1969b]). (a) If ˝ � Rn '
Rn C i0 � Cn is open, then

A.˝/ D ff 2 As.˝/ W 8a2˝ 9r>0 8x2Rn\P.a;r/�˝ 8j 2f1;:::;ng W the function

f .x1; : : : ; xj �1; �; xj C1; : : : ; xn/ extends holomorphically to D.aj ; r/g;
where A.˝/ denotes the space of all real analytic functions f W ˝ ! R.

(b) If˝ � Rn1 � � � � � RnN , then H.n1;:::;nN /.˝/ � H .˝/, where H.n1;:::;nN /.˝/

denotes the space of all functions f W ˝ ! R such that for every .a1; : : : ; aN / 2 ˝,
the function xj 7! f .a1; : : : ; aj �1; xj ; aj C1; : : : ; aN / is harmonic in a neighborhood
of aj (as a function of nj variables), j D 1; : : : ; N – see Proposition 5.7.3 for a more
general result.

Notice that the function

f .x; y/ ´
´
xye

� 1

x2Cy2 ; .x; y/ ¤ .0; 0/;

0; .x; y/ D .0; 0/;

is separately real analytic and of class C1.R2/, but not real analytic (near .0; 0/)
(Exercise).

Proof. (a) Let L˝ denote the space on the right-hand side. Fix an f 2 L˝ and an
a D .a1; : : : ; an/ 2 ˝. Let r be as in the definition of L˝ . Take an arbitrary 0 < s < r
and put

X ´ X..Œaj � s; aj C s�;D.aj ; r//
n
j D1/:

Directly from the definition of L˝ it follows that f extends to an Qf 2 Os.X/.
Now Theorem 5.4.15 implies that Qf extends holomorphically to yX , which is a Cn-
neighborhood of a. In particular, f is real analytic in an Rn-neighborhood of a.

(b) It suffices to show that H.n1;:::;nN /.˝/ � L˝ . In fact, we only need to observe
that if f 2 H .B.r/ \ Rn/, then f extends holomorphically to Pn.r=

p
2n/.

Indeed, recall (cf. the proof of Proposition 4.3.1) that f extends holomorphically
to the Lie ball Ln.r/ and Pn.r=

p
2n/ � Ln.r/.

5.7 Separately harmonic functions II

Having the cross theorem we can also substantially extend the result on separately
harmonic functions from Proposition 4.3.1.
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Definition 5.7.1. Let Uj � Rnj be a domain and let ¿ ¤ Aj � Uj , j D 1; : : : ; N .
Define the real cross XR D X..Aj ; Uj /

N
j D1/ � Rn1C���CnN μ Rn (here and in the

sequel we adopt the “complex” notation to the “real” situation). We say that a function
u W XR ! R is separately harmonic (u 2 Hs.X

R/) if for any .a1; : : : ; aN / 2
A1 � � � � � AN and j 2 f1; : : : ; N g the function

Uj 3 xj 7! u.a0
j ; xj ; a

00
j /

is harmonic.

Exercise 5.7.2. Prove that XR is connected (cf. Remark 5.1.8 (a)).

Proposition 5.7.3. Assume that Aj is locally pluripolar (as a subset of Cnj ), j D
1; : : : ; N . Then there exists an open connected neighborhood yU � Rn of XR such that
each function u 2 Hs.X

R/ extends to a unique yu 2 H.n1;:::;nN /. yU/.
See also [NTV 2000] and [Héc 2000] for another approaches to the problem.

Proof. Let zUj � Cnj be a domain such that zUj \ Rnj D Uj and for each ' 2 H .Uj /

there exists a Q' D Ej .'/ 2 O. zUj / with Q' D ' on Uj , j D 1; : : : ; N . Put X ´
X..Aj ; zUj /

N
j D1/,

yU ´ yX \ Rn D ˚
.x1; : : : ; xN / 2 U1 � � � � � UN W PN

j D1 h�
Aj ; zUj .xj / < 1

�
:

Observe that XR � yU .
Fix a u 2 Hs.X

R/ and let f W X ! C be given by the formula

f .a0
j ; zj ; a

00
j / ´ Ej .u.a

0
j ; �; a00

j //.zj /; .a
0
j ; zj ; a

00
j / 2 A0

j � zUj � A00
j ; j D 1; : : : ; N:

Then f 2 Os.X/ and Of jXR D u. Consequently, by Theorem 5.4.1, f extends to an
Of 2 O. yX/. Put


C
zj

´
njX

sD1

@2

@z2
j;s

:

For any .a0
j ; xj ; a

00
j / 2 A0

j � Uj � A00
j we have

.
C
zj

Of /.a0
j ; xj ; a

00
j / D .
u.a0

j ; �; a00
j //.xj / D 0:

Thus, the identity principle for holomorphic functions implies that 
C
zj

Of 	 0 on yX ,

j D 1; : : : ; N . In particular, yu ´ Re Of j yX\Rn 2 H.n1;:::;nN /. yU/.
As a direct corollary we get the following result.

Proposition 5.7.4 (Cf. [NTV 1997]). Let u W .A � V / [ .U � B/ ! R be separately
harmonic, where
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• U � Rp is a domain, A � U , A is locally pluriregular at every point of U (as a
subset of Cp , cf. Definition 3.2.8),

• V � Rq is a domain, B � V , B is locally pluriregular.

Then u extends to a yu 2 H.p;q/.U � V /.
In the case where A D U the proposition generalizes Proposition 4.3.1 (cf. Exam-

ple 3.2.20).

5.8 Miscellanea

5.8.1 p-separately analytic functions

In the context of Theorem 5.6.5 (a) one may ask what is the structure of the singular set
�A.f / D fa 2 ˝ W 8 U �˝

a2U open
W f … A.U /g for an arbitrary separately real analytic

function f W ˝ ! R.

Definition 5.8.1. Let ˝ � Rn1 � � � � � RnN (N � 2) be open, let f W ˝ ! R, and let
1 � p � N � 1. We say that f is p-separately analytic in˝ (f 2 A.n1;:::;nN /;p.˝/),
if for any a D .a1; : : : ; aN / 2 ˝ and 1 � i1 < � � � < ip � N the function

.xi1 ; : : : ; xip / 7! f .a1; : : : ; ai1�1; xi1 ; ai1C1; : : : ; aip�1; xip ; aipC1; : : : ; aN /

is analytic in an open neighborhood of .ai1 ; : : : ; aip /.

Note that

• A.n1;:::;nN /;N .˝/ D A.˝/,
• A.n1;:::;nN /;1.˝/ D A.n1;:::;nN /.˝/ ´ the space of all functions f W ˝ ! R

such that for any .a1; : : : ; aN / 2 ˝ and j 2 f1; : : : ; N g, the function xj 7!
f .a1; : : : ; aj �1; xj ; aj C1; : : : ; aN / is analytic in a neighborhood of aj (as a func-
tion of nj variables),

• A1.˝/ D As.˝/.

Theorem* 5.8.2. Let ˝ � Rn1 � � � � � RnN be open, f W ˝ ! R, 1 � p � N � 1,
and let

�A.f / D fa 2 ˝ W 8 U �˝
a2U open

W f … A.U /g:

(a) If f 2 A.n1;:::;nN /;p.˝/, then for S D �A.f / we have

(�) pr
R
nj1�����R

njN�p
.S/ 2 PLP .Cnj1 � � � � � CnjN�p / for all 1 � j1 < � � � <

jN �p � N .

(b) For every relatively closed set S � ˝ with .�/, there exists a function f 2
A.n1;:::;nN /;p.˝/ such that S D �A.f /.
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In the case where N D 2, n1 D n2 D 1, the result was proved in [StR 1990]. Part
(a) with p � N=2 and part (b) with an arbitrary p were proved in [Sic 1990]. Finally,
part (a) with arbitrary p is due to Z. Błocki ([Bło 1992]).

5.8.2 Separate subharmonicity

Let ˝ � Rn1 � � � � � RnN be open. A function u W ˝ ! R�1 is said to separately
subharmonic (u 2 �H .n1;:::;nN /.˝/) if for every .a1; : : : ; aN / 2 ˝, the function
xj 7! f .a1; : : : ; aj �1; xj ; aj C1; : : : ; aN / is subharmonic in a neighborhood of aj (as
a function of nj variables), j D 1; : : : ; N .

In view of Theorem 5.6.5 (b), one could conjecture that every separately subhar-
monic functions is subharmonic.

In the case where ˝ � Cn is open, one could at least conjecture that a function
u W ˝ ! R�1 is plurisubharmonic iff every a 2 X and � 2 Cn the function ua;
 is
subharmonic in a neighborhood of zero, i.e. iffu is subharmonic on complex affine lines
through ˝. Observe that every such a function is of class �H .2;:::;2/.˝/. The above
conjecture was formulated by P. Lelong, who proved ([Lel 1945]) that the answer is
positive if we additionally assume that u is locally bounded from above in ˝. ‹ The

general answer is still open ‹

It is known that if ˝ � Rn1 � � � � � RnN is open and u 2 �H .n1;:::;nN /.˝/ is
such that for every point a 2 ˝ there exist an open neighborhood U � ˝, a number
0 < r � C1, and a function v 2 Lr.˝/ such that u � v in U , then u 2 �H .˝/

([Rii 1989]). The case r D C1 is due to Avanissian [Ava 1961]. The case r D 1 is
due to Arsove [Ars 1966].

In particular, if˝ � Cn is open and u W ˝ ! R�1 is subharmonic on every com-
plex affine line and such that for every point a 2 ˝ there exist an open neighborhood
U � ˝, a number 0 < r � C1, and a function v 2 Lr.˝/ such that u � v in U ,
then u 2 P�H .˝/.

The examples constructed in [Wie 1988] and [Wie-Zei 1991] show that in general
the answer is negative and we have �H .n1;:::;nN /.˝/ 6� �H .˝/. More precisely, there
exists a function u W C2 ! RC such that for every .z0; w0/ 2 C2 the functions u.z0; �/
and u.�; w0/ are C1 subharmonic, but u … �H .C2/.

Example 5.8.3 ([Wie-Zei 1991]). Let

Quk.z/ ´
´
kk Re.�izk/ if 0 < Arg z < �=k;

0 otherwise,
z 2 C;

uk ´ Quk � ˚1=k3

�
z � 1

k2
exp

�
�i

2k

��
; z 2 C;

u.z; w/ ´
1X

kD1

uk.z/uk.w/; .z; w/ 2 C2;
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where .˚"/">0 are regularization functions as in Definition 2.3.14. Observe that:

• if z D rei' , then Re.�izk/ D rk sin.k'/;
• consequently, Quk is a non-negative continuous function;
• Quk is subharmonic on 
k ´ f0 < Arg z < �=kg and, consequently, on C;
• uk is a non-negative subharmonic function on C (cf. Proposition 2.3.15);
• suppuk � 
k for k 
 1;
• for every z0 2 C we have uk.z0/ D 0 for k 
 1;
• consequently, u.z0; �/ is a well-defined, non-negative C1 subharmonic function

on C;
• u is unbounded in a neighborhood of the origin:r

u

�
2

k
exp

��i
2k

�
;
2

k
exp

��i
2k

��
� uk

�
2

k
exp

��i
2k

��
� Quk

�
2

k
exp

��i
2k

�
� 1

k2
exp

��i
2k

��
D Quk

��
2

k
� 1

k2

�
exp

��i
2k

��
D kk Re

�
� i

�
2

k
� 1

k2

�k�
exp

��i
2k

��k
�

D
�
2 � 1

k

�k

! C1:

Notice that under some mixed “harmonic-subharmonic” assumptions, the answer
is positive.

Proposition* 5.8.4 (Cf. [Koł-Tho 1996], see also [Rii 2007] for generalizations). Let
u W D �G ! R, whereD � Rp , G � Rq are domains, be such that

• u.a; �/ 2 H .G/ for every a 2 D,

• u.�; b/ 2 �H .D/ \ C2.D/ for every b 2 G.

Then u 2 �H .D �G/ \ C.D �G/.



Chapter 6

Discs method

Summary. So far, only crosses in Riemann domains over Cn have been discussed. We now pass to a

cross theorem (see Theorem 6.2.2) which holds for crosses in arbitrary complex manifolds. The study of

such a theorem has been initiated in [NVA 2005] (see also [NVA 2008], [NVA 2009]). Proofs are based

on the former discussions and some new results from pluripotential theory (see Theorem 6.1.3). While in

Section 6.1 the necessary tools will be briefly repeated, the proofs are given in Section 6.2.

6.1 Some prerequisites

> § 2.3.

Let us first repeat some notions. Ann-dimensional complex manifold is a connected
Hausdorff space M such that there are families of open subsets U˛ � M , V˛ � Cn

(˛ 2 A), and topological mappings '˛ W U˛ ! V˛ for which:

•
S

˛2A U˛ D M .
• '˛ B '�1

ˇ
j'ˇ.U˛\Uˇ/ W 'ˇ .U˛ \ Uˇ / ! '˛.U˛ \ Uˇ / is biholomorphic.

.U˛; '˛/ is called a chart ofM and the system .U˛; '˛; V˛/˛2A is an atlas ofM .
Note that any open connected partG ofM is again a complex manifold with the
induced charts U˛ \G.
Using the set of charts one can lift many notions from the classical situation to
n-dimensional manifolds:

• A function f W M ! C, M a complex manifold, is said to be holomorphic, if
f B '�1

˛ 2 O.V˛/ for all ˛’s.
• Let zM be another complex manifold of dimension m equipped with an atlas
. zUˇ ; Q'ˇ ; zVˇ /ˇ2B : A mapping F W M ! zM is called to be holomorphic if it
is continuous and if for all ˛; ˇ the mapping Q'ˇ B f B '�1

˛ j'˛.f �1. zUˇ/\U˛/ is

holomorphic. We write as usual f 2 O.M; zM/.
• A function u W M ! R�1 is called plurisubharmonic (we write u 2 P�H .M/),

if u B '�1
˛ 2 P�H .V˛/, ˛ 2 A.

• A set A � M is called locally pluripolar (A 2 PLP ) if any point a 2 A has
a connected neighborhood Ua and a function va 2 P�H .Ua/ with va 6	 �1,
M \ Ua � v�1

a .�1/.
• If f 2 O.M/, f ¤ 0, then its zero set fz 2 M W f .z/ D 0g is locally pluripolar.
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• Let D � M be open and A � D. Set (see Definition 3.2.1)

hA;D ´ supfu 2 P�H .D/ W u � 1; ujA � 0gI
hA;D is the relative extremal function of A with respect toD. Note that h�

A;D 2
P�H .D/ and if A is open, then hA;D D h�

A;D .

• We say that a setA � M is pluriregular at a point a 2 xA (see Definition 3.2.8) if
h�

A;U .a/ D 0 for any open neighborhood U of a. Observe that A is pluriregular
at a iff there exists a basis U.a/ of neighborhoods of a such that h�

A;U .a/ D 0

for every U 2 U.a/. Define

A� D A�;M ´ fa 2 xA W A is pluriregular at ag:
We say that A is locally pluriregular if A ¤ ¿ and A is pluriregular at every
point a 2 A, i.e. ¿ ¤ A � A�.

• If A � M is locally pluriregular, then it is not locally pluripolar at any of its
points and any f 2 O.M/ with f jA D 0 is automatically the zero function.

For simple properties of the relative extremal functions we refer to Section 3.2. We
only mention the following fact.

Lemma 6.1.1. Let M be an n-dimensional complex manifold, A � M locally pluri-
regular, and " 2 .0; 1/ Put

M" ´ fz 2 M W h�
A;M .z/ < 1 � "g:

LetD be a connected component ofM". Then

(a) A \D ¤ ¿;

(b) h�
A\D;D.z/ D h�

A;M
.z/

1�"
, z 2 D.

Proof. Exercise (see Proposition 3.2.27).

The following theorem is due to Royden (see [Roy 1974]) and it will be used
together with Theorem 6.1.3 later in this paragraph.

Proposition* 6.1.2. Let f W D.r/ ! M be a holomorphic embedding (f is proper,
injective, and regular) to a complex manifold M of dimension n. If r 0 2 .0; r/,
then there exist a neighborhood U D U.f .D.r 0// and a biholomorphic mapping
F W Pn.r

0/ D D.r 0/ � Pn�1.r
0/ ! U with F.�; 0/ D f .�/, � 2 D.r 0/.

The main tool for this general approach to prove the cross theorem is a result on
analytic discs due to J. P. Rosay (see [Ros 2003a], [Ros 2003b], and also [Edi 2003]).

Put

I.v/ ´ 1

2�

Z 2�

0

v.eit /dt:
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Theorem* 6.1.3. Let M be a complex manifold and let u W M ! R�1 be upper
semicontinuous. Then the function

Pu.z/ ´ inf
˚
I.u B '/ W ' 2 O.xD;M/; '.0/ D z

�
; z 2 M;

is plurisubharmonic onM .

Pu is sometimes called the Poisson functional of u; note that Pu � u. Moreover, if
v 2 P�H .M/with v � u, then, for a fixed z 2 M and a ' 2 O.xD;M/with '.0/ D z,
we have v.z/ � I.v B'/ � I.u B'/ (use that v B' 2 �H .xD/); hence, v � Pu, i.e. the
Poisson functional of u is the greatest psh minorant of u.

Remark 6.1.4. Let A � M , A ¤ ¿, be open and u ´ �M nA be the characteristic
function of M n A. Note that Pu < 1 (maximum principle for psh functions). Then,
for a z0 2 M , there exists a holomorphic disc ' 2 O.xD;M/ with '.0/ D z0 such that
'.T / \ A ¤ ¿. Therefore,

Pu.z/ D inf
˚
I.u B '/ W ' 2 O.xD;M/; '.0/ D z; '.T / \ A ¤ ¿

�
:

For the proof of the cross theorem on manifolds the following consequence will be
important.

Proposition 6.1.5. Let M be an n-dimensional complex manifold and A � M open,
A ¤ ¿. Then h�

A;M D P�MnA
.

Proof. Since A is open, the function �MnA is upper semicontinuous on M . Hence,
because of Theorem 6.1.3, v ´ P�MnA

2 P�H .M/. Obviously, v � 1 and vjA � 0.
Therefore, v � hA;M D h�

A;M .
To prove the inverse inequality, let us start with a function u 2 P�H .M/, u � 1,

and ujA � 0. Fix z0 2 M and " 2 .0; 1 � v.z0//. Then, by the definition of v, there
exists a holomorphic disc ' 2 O.xD;M/ with '.0/ D z0 and

I.�MnA B '/ < v.z0/C ":

Note that '�1.A/ \ T ¤ ¿. Then, using Lemma 3.2.7, we get

u.z0/ D u B '.0/ � h'�1.A/\D;D.0/ � I.�Tn'�1.A// � I.�M nA B '/ � v.z0/C ";

or, since z0, u, and " were arbitrary, h�
A;M � v.

Moreover, from Theorem 6.1.3 we get also the following useful information.

Lemma 6.1.6. Let M be an n-dimensional complex manifold and A a non-empty
open subset of M . Then for any z0 2 M and " > 0 with P�MnA

.z0/ C " < 1

there exist an open neighborhood U D U.z0/, an open subset T � C, and a family
.'z/z2U � O.xD;M/ such that
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• ' 2 O.U � D/, where '.z; �/ ´ 'z.�/;

• 'z.0/ D z, z 2 U ;

• 'z.�/ 2 A, � 2 T \ T , z 2 U ;

• I.�T \T / < P�MnA
.z0/C " D h�

A;M .z0/C ".

Note that the last statement implies automatically that T \ T ¤ ¿.

Proof. During the proof we will write u ´ �MnA. Now fix an arbitrary point z0 2 M
and choose a positive " such that Pu.z0/C " < 1. Then according to Theorem 6.1.3,
there exist an r > 1 and a ' 2 O.D.r/;M/ satisfying

'.0/ D z0 and I.u B '/ < Pu.z0/C "I
in particular, '�1.A/ \ T ¤ ¿.

Define f .�/ ´ .�; '.�//, j�j < r , and fix an r 0 2 .1; r/. Then

f W D.r/ ! D.r/ �M
is a holomorphic embedding. So Royden’s extension theorem (see Proposition 6.1.2)
applies. Hence there exist a neighborhood V D V.f .D.r 0// � D.r 0/ � M and a
biholomorphic mapping F W PnC1.r

0/ D D.r 0/ � Pn.r
0/ ! V with F.�; 0/ D f .�/,

� 2 D.r 0/. Take now a � 2 .1; r 0/. Note that .0; z0/ D F.0/. Thus we find an
open neighborhood U 0 D U 0.z0/ � M with f0g � U 0 � V and F �1.f0g � U 0/ �
D.r 0 � �/ � Pn.r

0/; in particular, we have

D.�/ � f0g C F �1.f0g � U 0/ � PnC1.r
0/:

Denote by prM W C � M ! M the projection map onto the second factor. Then the
following mapping

˚ W D.�/ � U 0 ! M; ˚.�; z/ ´ prM B F �
.�; 0/C F �1.0; z/

�
;

is holomorphic. For z 2 U 0, put 'z ´ ˚.�; z/ W D.�/ ! M . Obviously, 'z 2
O.xD;M/ and 'z.0/ D z, z 2 U 0. Moreover, we have 'z0 D ' on D.�/.

It remains to define T and to verify the last two properties in the lemma. Put
T 0 ´ '�1.A/ D '�1

z0
.A/. Now choose an open subset T �� T 0 so large that

I.�TnT / < I.u B 'z0/C "=2:

Recall that ˚ is continuous on xD � xU , where U �� U 0 is a small neighborhood of z0.
Finally applying the continuity of the integral we may shrink U to get the last item in
the lemma.
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6.2 Cross theorem for manifolds

> § 5.4.

Now we can describe the situation (see Section 5.1) we will discuss in this section.

• Let Dj be an nj -dimensional complex manifold and let ¿ ¤ Aj � Dj , j D
1; : : : ; N , N � 2. Let

A0
j ´ A1 � � � � � Aj �1; j D 2; : : : ; N;

A00
j ´ Aj C1 � � � � � AN ; j D 1; : : : ; N � 1:

Similarly, for a D .a1; : : : ; aN / 2 A1�� � ��AN , we write a0
j ´ .a1; : : : ; aj �1/,

a00
j ´ .aj C1; : : : ; aN /. Define the N -fold cross

X D X.A1; : : : ; AN ID1; : : : ;DN / D X..Aj ;Dj /
N
j D1/ WD

N[
j D1

.A0
j �Dj �A00

j /;

where A0
1 �D1 � A00

1 ´ D1 � A00
1 and A0

N �DN � A00
N ´ A0

N �DN .
• We say that a functionf W X ! C is separately holomorphic on X (f 2 Os.X/)

if for any .a1; : : : ; aN / 2 A1 � � � � � AN and j 2 f1; : : : ; N g, the function

Dj 3 zj 7! f .a0
j ; zj ; a

00
j / 2 C

is holomorphic in Dj .
• Assume now in addition that all the sets Aj are locally pluriregular. Then we

define

yX D yX.A1; : : : ; AN ID1; : : : ;DN / D yX..Aj ;Dj /
N
j D1/

´ ˚
.z1; : : : ; zN / 2 D1 � � � � �DN W PN

j D1 h�
Aj ;Dj

.zj / < 1
�
:

Note that X � yX , since h�
Aj ;Dj

jAj D 0.

Lemma 6.2.1. Let Aj � Dj be as before, j D 1; : : : ; N , and let Uk � D1 be a
domain with Uk \ A1 ¤ ¿, k D 1; 2. Put

Xk ´ X.Uk \ A1; A2; : : : ; AN IUk;D2; : : : ;DN /:

If fk 2 O.cXk/, k D 1; 2, such that f1 D f2 on .U1 \ U2/ � A2 � � � � � AN , then
f1 D f2 on cX1 \ cX2.

Proof. Fix a point z0 2 cX1 \ cX2. Then, for any .a3; : : : ; aN / 2 A3 � � � � � AN the
functions fk.z

0
1 ; �; a3; : : : ; aN / are holomorphic on the connected component G2 of˚

z2 2 D2 W h�
A2;D2

.z2/ < 1 � maxfh�
A1\Uk ;Uk

.z0
1/ W k D 1; 2g� 3 z0

2
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that contains z0
2 . By Lemma 6.1.1 (a), G2 contains a non-pluripolar subset of A2.

Hence, by the identity theorem, f1.z
0
1 ; �/ D f2.z

0
1 ; �/ on G2 � A3 � � � � � AN . In

particular, f1.z
0
1 ; z

0
2 ; �/ D f2.z

0
1 ; z

0
2 ; �/ on A3 � � � � � AN . Note that if N D 2, then

f1 D f2 on their common domain of definition.
Then, for arbitrary aj 2 Aj , j D 4; : : : ; N , we have that

f1.z
0
1 ; z

0
2 ; �; a4; : : : ; aN / D f2.z

0
1 ; z

0
2 ; �; a4; : : : ; aN /

on the connected component G3 of˚
z3 2 D3 W h�

A3;D3
.z3/ < 1 � maxfh�

A1\Uk ;Uk
.z0

1/ W k D 1; 2g � h�
A2;D2

.z0
2/

� 3 z0
3

that contains z0
3 . The same argument as above leads to the fact that

f1.z
0
1 ; z

0
2 ; z

0
3 ; �/ D f2.z

0
1 ; z

0
2 ; z

0
3 ; �/ on A4 � � � � � AN :

By a similar reasoning one may complete the proof (Exercise).

The main aim of this section is to prove the following result (compare Theo-
rem 5.4.1) due to Nguyên Viêt-Ahn ([NVA 2005], [NVA 2008], and also [NVA 2009]).

Theorem 6.2.2 (Cross theorem for manifolds). LetDj be a complex manifold and let
Aj � Dj be locally pluriregular, j D 1; : : : ; N . Put X ´ X..Aj ;Dj /

N
j D1/. Then

(�) for every f 2 Os.X/ there exists a unique Of 2 O. yX/ such that Of D f on X

and Of . yX/ � f .X/; in particular

• k Of k yX D kf kX ,

• j Of .z/j � kf k1�PN
jD1 h�

Aj ;Dj
.zj /

c.X/
kf k

PN
jD1 h�

Aj ;Dj
.zj /

X
, z D .z1; : : : ; zN / 2 yX .

Observe that Lemma 2.1.14 remains true also in the case where D is a connected
complex manifold (Exercise). Thus the inclusion Of . yX/ � f .X/ follows from the
generalized version of Lemma 2.1.14.

Note that the only difference from the corresponding result in Section 5.4 is that
here the cross lives in a product of arbitrary complex manifolds.

Proof. First, observe that Proposition 3.2.28 may be generalized (Exercise) to the
case, where Dj is an nj -dimensional complex manifold, j D 1; : : : ; N . This permits
us to repeat (Exercise) the reduction step (P3) from Remark 5.4.4. Thus the situation
reduces to the case whereN D 2. For simplicity, we write p D n1, q D n2,D D D1,
G D D2, and A D A1, B D A2. The proof will be divided into the following two
steps.

Step 10. Assume thatG is a complex manifold andB � G is a locally pluriregular
set such that .�/ holds for .D; GIA;B/ with an arbitrary non-empty open set A � D.
Then .�/ holds for .D;GIA;B/ with arbitrary complex manifold D and non-empty
open set A � D.

Consequently:



6.2 Cross theorem for manifolds 137

(1.1) Using Theorem 5.4.1 and Step 10 we conclude that condition (�) holds for
.D;GIA;B/, where D is a complex manifold, G � Cq is a domain, A � D is
non-empty open, and B � G is locally pluriregular.

(1.2) Since the problem (�) is symmetric, property (1.1) implies that (�) holds for
.D;GIA;B/, where D � Cp is a domain, G is complex manifold, A � D is
locally pluriregular, and B � G is non-empty open.

(1.3) Property (1.2) and Step 10 implies that (�) holds for .D;GIA;B/, where D, G
are complex manifolds and A � D, B � G are non-empty open sets.

(1.4) Observe that in fact we have the following surprising implication:
If (�) holds for .D;DIA;B/, whereA;B � D are arbitrary non-empty open sets,
then (�) is true for .D;GIA;B/, where D, G are arbitrary complex manifolds
(of arbitrary dimensions) andA � D,B � G are arbitrary non-empty open sets.

Step 20. Assume thatG is a complex manifold andB � G is a locally pluriregular
set such that

(2a) .�/ holds for .D0; GIA;B/, where D0 � Cp is a fixed bounded domain and
A � D0 is an arbitrary locally pluriregular set,

(2b) .�/ holds for .D; zGı IA;B \ zGı/, whereD is an arbitrary p-dimensional com-
plex manifold, zGı is a connected component of Gı ´ fw 2 G W h�

B;G.w/ <

1 � ıg, 0 < ı < 1=2, and A � D is an arbitrary non-empty open set.

Then .�/) holds for .D;GIA;B/ with arbitrary p-dimensional complex manifold D
and locally pluriregular set A � D.

Consequently:

(2.1) Using Theorem 5.4.1 (to get (2a)), property (1.1) (to get (2b)), and Step 20

we conclude that (�) holds for .D;GIA;B/, where D is a complex manifold,
G � Cq is a domain, and A � D, B � G are locally pluriregular.

(2.2) By symmetry, (�) holds for .D;GIA;B/, where D � Cp is a domain, G is a
complex manifold, and A � D, B � G are locally pluriregular.

(2.3) Property (2.2) and Step 10 imply that (�) holds for .D;GIA;B/, where D, G
are complex manifolds, and A � D is non-empty open, and B � G is locally
pluriregular.

(2.4) Finally, properties (2.2) (to get (2a)), (2.3) (to get (2b)) and Step 20 imply (�) in
its full generality.

Proof of Step 10. Put

X1 ´ ˚
.z; w/ 2 D �G W 9.
;'/2D�O.xD;D/ W '�1.A/ \ D ¤ ¿;

.�; w/ 2 cX' ; '.�/ D z
�
;

where X' ´ X.'�1.A/ \ D; BI D; G/. Put

f'.�;w/ ´ f .'.�/; w/; .�;w/ 2 X' :
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Then f' 2 Os.X'/. By our assumption there exists a function yf' 2 O.cX'/ such that
yf' D f' on X' . Define Of W X1 ! C:

Of .z; w/ ´ yf'.�;w/; if .�; '/ is a candidate for .z; w/ as in the definition of X1:

First, we have to prove that this definition is independent of the chosen candidate .�; '/.
For, take .z0; w0/ 2 X1 and let .�j ; 'j / be two candidates for .z0; w0/. Let V be the
connected component of˚

w 2 G W h�
B;G.w/ < 1 � maxfh�

'�1
k

.A/\D;D
.�k/ W k D 1; 2g�

that contains w0. Applying Lemma 6.1.1, we know that B \ V is non-pluripolar.
Observe that yf'j .�j ; �/ 2 O.V / and yf'j .�j ; �/ D f .z0; �/ on B \ V , j D 1; 2. So, by

the identity theorem it follows that yf'1.�1; �/ D yf'2.�2; �/ on V . Summarizing, Of is
a well-defined function on X1.

Next we will prove that X1 D yX . Indeed, let .z0; w0/ 2 X1. Then, by definition,
one may find a ' 2 O.xD;D/ and a �0 2 D such that '.�0/ D z0, '�1.A/ \ D ¤ ¿,
and .�0; w0/ 2 yX' . Note that h�

A;D B ' � h�
'�1.A/\D;D

on D. Hence,

h�
A;D.z0/ D h�

A;D B '.�0/ � h�
'�1.A/\D;D

.�0/ < 1 � h�
B;G.w0/;

which implies that .z0; w0/ 2 yX . To prove the converse inclusion we start with
a point .z0; w0/ 2 yX . Fix an " > 0 such that h�

A;D.z0/ C h�
B;G.w0/ C " < 1.

Applying Theorem 6.1.3 and Proposition 6.1.5, we find a' 2 O.xD;D/with'.0/ D z0,
'�1.A/ \ D ¤ ¿, and I.�DnA B '/ < h�

A;D.z0/C ". Then Lemma 3.2.7 leads to

h�
'�1.A/\D;D

.0/C h�
B;G.w0/ � I.�DnA B '/C h�

B;G.w0/ < 1I
thus .z0; w0/ 2 X1.

So far we have constructed a function Of on yX D X1. Let .z0; w0/ 2 A � G.
Take an arbitrary ' 2 O.xD;D/ with '.0/ D z0. Then .0; w0/ 2 X1 and Of .z0; w0/ D
Of'.0; w0/ D f .'.0/; w0/ D f .z0; w0/. Hence, Of D f on A �G.

Now let .z0; w0/ 2 D �B and choose an " > 0 such that " < 1� h�
A;D.z0/. Then

Theorem 6.1.3 and Proposition 6.1.5 implies that there is a ' 2 O.xD;D/ with '.0/ D
z0, '�1.A/ \ D ¤ ¿, and I.�DnA B '/ < h�

A;D.z0/C ". Applying Lemma 3.2.7, it
follows that

h�
'�1.A/\D;D

.0/C h�
B;G.w0/ � I.�DnA B '/ � h�

A;D.z0/C " < 1I

in particular, .0; w0/ 2 cX' . Therefore, Of .z0; w0/ D yf'.0; w0/ D f .'.0/; w0/ D
f .z0; w0/ or Of D f on D � B . So we have, in total, that Of D f on X .

In the remaining step we have to verify that Of 2 O. yX/. Fix a point .z0; w0/ 2 yX
and then choose an " > 0 with h�

A;D.z0/C h�
B;G.w0/ < 1 � 2", h�

B;G.w0/ < 1 � ".
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Let V be the connected component of the set fw 2 G W h�
B;G.w/ < h�

B;G.w0/ C "g
that contains w0. Notice that B \ V is not pluripolar (use Lemma 6.1.1 (a)). By
Lemma 6.1.6 we find a neighborhood U D U.z0/, an open set T � C, and a family
.'z/z2U � O.xD;D/ such that

• ' 2 O.U � D/, where '.z; �/ ´ 'z.�/;
• 'z.0/ D z, z 2 U ;
• 'z.�/ 2 A, � 2 T \ xD, z 2 U ;
• T \ T ¤ ¿;
• I.�T nT / < P�DnA

.z0/ C " D h�
A;D.z0/ C ", where the last equality follows

from Proposition 6.1.5.

Observe that for each .z; w/ 2 U � V the pair .0; 'z/ is a competitor for .z; w/ in
the sense of X1 (because

h�
'�1
z .A/\D;D

.0/ � I.�Tn'�1
z .A// � I.�TnT /

< h�
A;D.z0/C " < 1 � " � h�

B;G.w0/ < 1 � h�
B;G.w//:

Thus Of .z; w/ D yf'z .0; w/, .z; w/ 2 U � V . Consequently, Of .z; �/ 2 O.V / for each
z 2 U . If w 2 B \ V , then Of .z; w/ D yf'z .0; w/ D f .'z.0/; w/ D f .z; w/, z 2 U .
Thus Of .�; w/ 2 O.U / for each w 2 B \ V . Now Terada’s theorem (Theorem 4.2.2)
implies that Of 2 O.U � V / (Exercise).

Proof of Step 20. For any a 2 A choose an open neighborhood Ua � D such that Ua

is biholomorphic to D0. Put fa ´ f jXa , where Xa ´ X.A \ Ua; BIUa; G/. In
view of (2a) we find a unique holomorphic extension yfa 2 O.cXa/ with Ofa D fa D f

on Xa. For ı 2 .0; 1=2/ put

Ua;ı ´ fz 2 Ua W h�
A\Ua;Ua

.z/ < ıg; Gı ´ fw 2 G W h�
B;G.w/ < 1 � ıg:

Note that B � Gı and Ua;ı �Gı � cXa; in particular, yfa 2 O.Ua;ı �Gı/. Applying
Lemma 6.2.1, it follows that yfa1 D yfa2 on bXa1 \ bXa2 whenever a1; a2 2 A andUa1 \
Ua2 ¤ ¿. In particular, yfa1 D yfa2 on .Ua1;ı \ Ua2;ı/ � Gı . Put Aı ´ S

a2A Ua;ı ;

Aı is an open neighborhood of A inD. Gluing the functions . yfajUa;ı�Gı /a2A, gives a

new function Qfı 2 O.Aı �Gı/. Observe that by construction Qfı D f on .A�Gı/[
.Aı � B/. Hence we may put

fı.z; w/ ´
´ Qfı.z; w/ if .z; w/ 2 Aı �Gı ;

f .z; w/ if .z; w/ 2 D � B:

By definition, fı 2 Os.Yı/, where Yı ´ X.Aı ; B \ zGı ID; zGı/ and zGı an arbitrary
connected component of Gı . By (2b) we get a unique extension Ofı 2 O.bYı/ with
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yfı D fı on Yı . Fix a point .z0; w0/ 2 yX and put

ı0 ´ 1

3

�
1 � h�

A;D.z0/ � h�
B;G.w0/

�
:

Then choose an open connected neighborhood U D U.z0/, such that

h�
A;D.z/ < h�

A;D.z0/C ı0; z 2 U:
Moreover, let V be the connected component of

fw 2 G W h�
B;G.w/ < h�

B;G.w0/C ı0g
that containsw0. Note that B \V ¤ ¿ (see Lemma 6.1.1 (a)). We have V � Gı0 and
U � V 2 yX . Now let ı 2 .0; ı0�. Note that V � Gı0 � Gı . Let zGı be the connected
component of Gı that contains V . Thus, for .z; w/ 2 U � V , we have according to
Lemma 6.1.1 (b),

h�
Aı ;D.z/C h�

B\ zGı ; zGı .w/ � h�
A;D.z/C h�

B\ zGı0 ; zGı0
.w/

� h�
A;D.z/C h�

B;G.w/

1 � ı0

� h�
A;D.z0/C ı0 C h�

B;G.w0/C ı0

1 � ı0

< 1:

In particular, U �V � bYı . Hence, yfı is a holomorphic function on U �V . Moreover,
yfı D f D yfı0 on U �B . Using Lemma 6.1.1 (a), it follows that yfı D yfı0 on U �V .

To summarize: for each point x0 D .z0; w0/ 2 yX we have found a neighborhood
W.x0/ � yX of x0 and a positive number ı.x0/ such that for every ı 2 .0; ı.x0/�

one has the following equality yfı D 1fı.x0/ on W.x0/. Hence, on yX we may set
Of ´ limı!0

Ofı as a holomorphic extension of f with Of D f on X .



Chapter 7

Non-classical cross theorems

Summary. The aim of this chapter is to present some less standard results on separately holomorphic

functions. Section 7.1 presents an extension problem for separately holomorphic functions defined on so-

called generalized N -fold crosses. The main result is Theorem 7.1.4, which will be frequently used in the

second part of the book. Section 7.2 is devoted to a new class of N -fold crosses (called .N; k/-crosses) and

an extension theorem for them (Theorem 7.2.7), which may be a starting point for further research. Finally,

Section 7.3 discusses some aspects of continuation problems for separately holomorphic functions defined

on Cartesian products of crosses (Theorem 7.3.2).

7.1 Cross theorem for generalized crosses

> §§ 2.3, 3.2, 5.4.

LetDj 2 Rc.Cnj /, let ¿ ¤ Aj � Dj , and let†j � A0
j �A00

j , j D 1; : : : ; N . Put

Xj ´ f.a0
j ; zj ; a

00
j / 2 A0

j �Dj � A00
j W .a0

j ; a
00
j / … †j g; j D 1; : : : ; N:

Definition 7.1.1. We define a generalized N -fold cross

T ´ T .A1; : : : ; AN ID1; : : : ;DN I†1; : : : ; †N / D T ..Aj ;Dj ; †j /
N
j D1/ WD

N[
j D1

Xj

and its center
c.T / ´ T \ .A1 � � � � � AN /:

Remark 7.1.2. (a) c.T / D .A1 � � � � � AN / n
0, where


0 ´
N\

j D1

˚
.a0

j ; aj ; a
00
j / 2 A0

j � Aj � A00
j W .a0

j ; a
00
j / 2 †j

�
:

(b) If one of the sets †1; : : : ; †N is pluripolar, then 
0 2 PLP .
(c) T ..Aj ;Dj ;¿/Nj D1/ D X..Aj ;Dj /

N
j D1/.

(d) If N D 2, then T .A1; A2ID1;D2I†1; †2/ D X.A1 n†2; A2 n†1ID1;D2/.
Thus, generalized 2-fold crosses are nothing new in comparison with the standard 2-
fold crosses. For N � 3 generalized N -fold crosses are geometrically different than
the standard ones – for instance, this makes the theory of extension with singularities
for N � 3 essentially more difficult – cf. Chapter 10.
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(e) Observe that in general T need not be connected. For example: Let Dj D
Aj D D, bj 2 Dn, b�

j ´ .b0
j ; b

00
j /, †j ´ Dn�1 n fb�

j g, j D 1; : : : ; n, n � 3. Then
Xj D fb0

j g � D � fb00
j g. One can easily find points b1; : : : ; bn such that Xj \ Xk D ¿

for j ¤ k. Since each branch Xj is open in T , we conclude that T is disconnected.
See Corollary 7.1.6 for the case where †1; : : : ; †N are pluripolar.

Definition 7.1.3. We say that a function f W T ! C is separately holomorphic on T

(f 2 Os.T /) if for any j 2 f1; : : : ; N g and .a0
j ; a

00
j / 2 .A0

j � A00
j / n†j , the function

Dj 3 zj 7! f .a0
j ; zj ; a

00
j / 2 C

is holomorphic in Dj .
Let Oc

s .T / denote the space of all f 2 Os.T / such that for any j 2 f1; : : : ; N g
and bj 2 Dj , the function

.A0
j � A00

j / n†j 3 .z0
j ; z

00
j / 7! f .z0

j ; bj ; z
00
j /

is continuous.

Theorem 7.1.4 (Extension theorem for generalized crosses). Assume that Dj is a
Riemann domain over Cnj , Aj � Dj is locally pluriregular, †j � A0

j � A00
j is

pluripolar, j D 1; : : : ; N , X ´ X..Aj ;Dj /
N
j D1/, and T ´ T ..Aj ;Dj ; †j /

N
j D1/.

Then for every f 2 Oc
s .T / there exists an Of 2 O. yX/ such that Of D f on T and

Of . yX/ � f .T /; in particular

• k Of k yX D kf kT ,

• j Of .z/j � kf k1�PN
jD1 h�

Aj ;Dj
.zj /

c.T /
kf k

PN
jD1 h�

Aj ;Dj
.zj /

T
, z D .z1; : : : ; zN / 2 yX .

Observe that the inclusion Of . yX/ � f .T / follows from Lemma 2.1.14 with

.G;D;A0; A;F / D . yX ; yX ; c.T /;T ;Oc
s .T //:

The inequality is a consequence of Lemma 3.2.5 and Proposition 3.2.28:

h�
c.T /; yX .z/ D h�

c.X/n�0; yX .z/ D h�
c.X/; yX .z/ D

NX
j D1

h�
Aj ;Dj

.zj /:

Remark 7.1.5. (a) The case where †1 D � � � D †N D ¿ follows immediately from
Theorem 5.4.1.

(b) If N D 2, then Theorem 7.1.4 holds for arbitrary f 2 Os.T / (cf. Re-
mark 7.1.2 (d) and Theorem 5.4.1).

(c) ‹ We do not know whether Theorem 7.1.4 remains true for all f 2 Os.T / ‹

(d) ‹ It is an open problem to extend Theorem 7.1.4 to the case of arbitrary complex

manifolds (cf. Chapter 6) ‹
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Cn1

Cn2

Cn3

Figure 7.1.1. Generalized 3-fold cross.

Proof of Theorem 7.1.4. We apply induction on N . As we already observed the result
is true for N D 2. Assume that the result is true for N � 1 � 2. Take an f 2 Oc

s .T /.
Let

Q ´ fzN 2 AN W 9j 2f1;:::;N �1g W .†j /.�;zN / … PLP g:
Then, by Proposition 2.3.31, Q 2 PLP . Take a zN 2 AN nQ and define

T .zN / ´ T ..Aj ;Dj ; .†j /.�;zN //
N �1
j D1 /; Y ´ X..Aj ;Dj /

N �1
j D1 /:

Put zA00
j ´ Aj C1 � � � � �AN �1, Qa00

j ´ .aj C1; : : : ; aN �1/, j D 1; : : : ; N � 1. Observe
that

T.�;zN / D T .zN / [ .A0
N n†N /:

Then f .�; zN / 2 Oc
s .T .zN // (Exercise). By the inductive assumption, there exists an

OfzN 2 O. yY / such that OfzN D f .�; zN / on T .zN /. Consider the 2-fold cross

Z ´ X.A0
N n†N ; AN nQI yY ;DN / D ..A0

N n†N / �DN / [ . yY � .AN nQ//:
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Cn1

Cn2

Cn3

Figure 7.1.2. Generalized 3-fold cross.

Note that yZ D yX (cf. Proposition 3.2.28). Let g W Z ! C be given by the formula

g.z0; zN / ´
´
f .z0; zN / if .z0; zN / 2 .A0

N n†N / �DN ;

OfzN .z
0/ if .z0; zN / 2 yY � .AN nQ/:

Observe that g is well defined.
Indeed, let .z0; zN / 2 ..A0

N n†N /�DN /\ . yY � .AN nQ//. If z0 2 T .zN /, then

obviously OfzN .z
0/ D f .z0; zN /. Suppose that z0 … T .zN /. Then z0 2 P.zN /, where

P.zN / ´
N �1\
j D1

˚
.w0

j ; wj ; zw00
j / 2 A0

j � Aj � zA00
j W .w0

j ; zw00
j / 2 .†j /.�;zN /

�
:

In view of the definition of Q, the set P.zN / is pluripolar. Take a sequence

A0
N n .†N [ P.zN // 3 z0� ! z0:

Then z0� 2 T .zN /. Thus OfzN .z
0�/ D f .z0� ; zN / and, using the definition of Oc

s .T /

with j ´ N and bN ´ zN , we get OfzN .z
0/ D f .z0; zN /.
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It is clear that g 2 Os.Z /. By Theorem 5.4.1, we get a holomorphic extension
Of 2 O. yX/ with Of D g on Z . It remains to show that Of D f on T .

Take a point a 2 T . If a 2 .A0
N n †N / �DN � Z , then Of .a/ D g.a/ D f .a/.

In the remaining case we may assume that a D .a1; a
00
1/ 2 D1 � .A00

1 n†1/. Then

T0 ´
[

zN2AN nQ

T .zN / � fzN g � yY � .AN nQ/ � Z :

On the other hand, T0 � S
zN2AN nQ T.�;zN / � fzN g � T . Observe that if b D

.b0; bN / 2 T0, then Of .b/ D g.b/ D OfbN .b
0/ D f .b/. Thus, we only need to show

that there exists a sequence .b�/1�D1 � T0 \ .fa1g � .A00
1 n †1// with b� ! a (and

then use the continuity of f .a1; �/ on A00
1 n†1).

Since Q is pluripolar, we may find a sequence b�
N ! aN with b�

N 2 AN n Q.
Let P ´ S1

�D1.†1/.�;b�
N

/. In view of the definition of Q, the set P is pluripo-
lar. In particular, we may find a sequence .b�

2 ; : : : ; b
�
N �1/ ! .a2; : : : ; aN �1/ with

.b�
2 ; : : : ; b

�
N �1/ 2 .A2 � � � � �AN �1/ nP . Put b� ´ .a1; b

�
2 ; : : : ; b

�
N /. Then b� ! a

and obviously b� 2 T .b�
N / � fb�

N g � T0.

Corollary 7.1.6. Let T be as in Theorem 7.1.4. Then T is connected.

Proof. Suppose that T D U1 [ U2, where U1; U2 are non-empty disjoint relatively
open subsets of T . Define f .z/ ´ j , z 2 Uj , j D 1; 2. Then f is continuous
and separately holomorphic on T . Consequently, by Theorem 7.1.4, f extends to an
Of 2 O. yX/ with Of . yX/ D f1; 2g; a contradiction.

Remark 7.1.7. In the context of Theorem 7.1.4, one may formulate the following
general problem:

Assume thatDj is a Riemann domain of holomorphy over Cnj ,Aj � Dj is locally
pluriregular, ¿ ¤ Bj � A0

j � A00
j , j D 1; : : : ; N ,

W ´
N[

j D1

˚
.a0

j ; aj ; a
00
j / 2 A0

j �Dj � A00
j W .a0

j ; a
00
j / 2 Bj

�
:

We say that a function f W W ! C is separately holomorphic on W (f 2 Os.W /) if
for any j 2 f1; : : : ; N g and .a0

j ; a
00
j / 2 Bj , the function

Dj 3 zj 7! f .a0
j ; zj ; a

00
j / 2 C

is holomorphic in Dj .

‹ Given an f 2 Os.W /, we look for conditions on B1; : : : ; BN , and f , under
which there exists an open neighborhood ˝ of W (independent of f ) such that f
extends holomorphically to ˝ ‹
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7.2 .N; k/-crosses

> §§ 2.1, 2.3, 2.5, 3.2, 4.2, 5.4.

The problem of continuation of a separately holomorphic function f W X ! C
defined on an N -fold cross X describes the situation when we have .N � 1/ “fixed”
groups of variables and only one group “free”, i.e. f .a1; : : : ; aj �1; �; aj C1; : : : ; aN /

is holomorphic on Dj for arbitrarily fixed .a1; : : : ; aN / 2 c.X/ and j 2 f1; : : : ; N g.
Now we start discussing the situation where we have .N � k/ fixed groups and k free
groups. More precisely, assume thatDj is a Riemann domain over Cnj and Aj � Dj

is locally pluriregular, j D 1; : : : ; N , N � 2. For ˛ D .˛1; : : : ; ˛N / 2 f0; 1gN put

X˛ ´ X1;˛1 � � � � � XN;˛N ; Xj; j̨ ´
´
Dj if j̨ D 1;

Aj if j̨ D 0:

Definition 7.2.1. For k 2 f1; : : : ; N g define an .N; k/-cross

XN;k D XN;k..Aj ;Dj /
N
j D1/ ´

[
˛2f0;1gN ; j˛jDk

X˛

In analogy to yX we define

Definition 7.2.2.

yXN;k D yXN;k..Aj ;Dj /
N
j D1/

WD ˚
.z1; : : : ; zN / 2 D1 � � � � �DN W PN

j D1 h�
Aj ;Dj

.zj / < k
�
:

Remark 7.2.3 (Properties of .N; k/-crosses). The reader is asked to complete details
(cf. Remark 5.1.8).

(a) XN;1 D X..Aj ;Dj /
N
j D1/, yXN;1 D yX..Aj ;Dj /

N
j D1/.

(b) XN;N D D1 � � � � �DN D yXN;N .
(c) A1 � � � � � AN � XN;k � yXN;k .
(d) XN;k is arcwise connected.
(e) If .Dj;k/

1
kD1

is a sequence of subdomains ofDj such thatDj;k % Dj ,Dj;k �
Aj;k % Aj , j D 1; : : : ; N , then

XN;k..Aj;k;Dj;k/
N
j D1/ % XN;k; yXN;k..Aj;k;Dj;k/

N
j D1/ % yXN;k

(cf. Proposition 3.2.25).
(f) yXN;k is connected.
By (e) we may assume that Dj 2 Rb.C

nj /, j D 1; : : : ; N . Since XN;k is
connected (cf. (d)), it suffices to show that every point a D .a1; : : : ; aN / 2 yXN;k

may be connected in yXN;k with a point from A1 � � � � � AN � XN;k . Put ˛ ´
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Cn1

Cn2

Cn3

Figure 7.2.1. X3;2 D .A1 �D2 �D3/ [ .D1 � A2 �D3/ [ .A1 �D2 �D3/.

� PN �1
j D1 h�

Aj ;Dj
.aj /

� � k C 1 < 1. Observe that the connected component of the
open set fzN 2 DN W h�

AN ;DN
.zN / < 1 � ˛g that contains aN , intersects AN

(cf. Proposition 3.2.27). Consequently, a may be connected inside of yXN;k with
.a1; : : : ; aN �1; bN /, where bN 2 AN . Repeating the above argument, we easily
show that a may be connected inside of yXN;k with a point b 2 A1 � � � � � AN .

(g) IfD1; : : : ;DN are domains of holomorphy, then yXN;k is a domain of holomor-
phy (cf. Theorem 2.5.5 (e)).

(h) XN;k � XN;kC1, yXN;k � yXN;kC1, k D 1; : : : ; N � 1.
(i) XN;k D .XN �1;k�1 �DN / [ .XN �1;k � AN /, k D 2; : : : ; N � 1, N � 3.

Example 7.2.4. If XN;k ´ XN;k...�1; 1/;D/Nj D1/, then

yXN;k D
n
.z1; : : : ; zN / 2 DN W PN

j D1

ˇ̌̌
Arg 1Czj

1�zj

ˇ̌̌
< k�

2

o
:

Definition 7.2.5. We say that a function f W XN;k ! C is separately holomorphic
(f 2 Os.XN;k/) if for all .a1; : : : ; aN / 2 A1 � � � � � AN and ˛ D .˛1; : : : ; ˛N / 2
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f0; 1gN with j˛j D k, the function f jX˛ is holomorphic with respect to the k groups
of free variables, i.e. the function D˛ 3 z 7! f .ia;˛.z// is holomorphic, where

D˛ ´
Y

j 2f1;:::;N gW j̨D1

Dj ; ia;˛ D .ia;˛;1; : : : ; ia;˛;N / W D˛ ! X˛;

ia;˛;j .z/ ´
´
zj if j̨ D 1;

aj ; if j̨ D 0;
j D 1; : : : ; N:

For instance, if ˛ D .1; : : : ; 1; 0; : : : ; 0/, then this means that the function

D1 � � � � �Dk 3 .z1; : : : ; zk/ 7! f .z1; : : : ; zk; akC1; : : : ; aN /

is holomorphic.

Proposition 7.2.6. Let 'j W Dj ! zDj be the envelope of holomorphy (cf. Defini-
tion 2.1.18). Observe that zAj ´ 'j .Aj / � zDj is locally pluriregular (because 'j is
locally biholomorphic; cf. Remark 2.1.11 (b)), j D 1; : : : ; N . Put

' W D1 � � � � �DN ! zD1 � � � � � zDN ; '.z1; : : : ; zN / ´ .'1.z1/; : : : ; 'N .zN //:

Let
YN;k ´ XN;k.. zAj ; zDj /

N
j D1/;

yYN;k ´ yXN;k.. zAj ; zDj /
N
j D1/:

Then

• '.XN;k/ � YN;k , '. yXN;k/ � yYN;k ,

• for each function f 2 Os.XN;k/ there exists a function Qf 2 Os.YN;k/ such that
Qf B ' 	 f .

Proof. The inclusion '.XN;k/ � YN;k is trivial. The inclusion '. yXN;k/ � yYN;k

follows immediately from the fact that h�
'j .Aj /; zDj B 'j � h�

Aj ;Dj
, j D 1; : : : ; N .

Fix an f 2 Os.XN;k/. Take a D .a1; : : : ; aN /; b D .b1; : : : ; bN / 2 A1 �� � ��AN

and ˛ D .˛1; : : : ; ˛N /; ˇ D .ˇ1; : : : ; ˇN / 2 f0; 1gN with j˛j D jˇj D k. To simplify
notation, suppose that ˛ D .1; : : : ; 1; 0; : : : ; 0/.

First observe that if 'j .aj / D 'j .bj /, j D k C 1; : : : ; N , then

f .�; akC1; : : : ; aN / 	 f .�; bkC1; : : : ; bN / on D1 � � � � �Dk :

Indeed, since 'j W Dj ! zDj is the envelope of holomorphy, for each gj 2 O.Dj /

there exists a Qgj 2 O. zDj / such that gj 	 Qgj B 'j . In particular, if 'j .zj / D 'j .wj /,
then gj .zj / D gj .wj /. Take arbitrary cj 2 Aj , j D 1; : : : ; k. Then

f .c1; : : : ; ck; akC1; : : : ; aN / D f .c1; : : : ; ck; bkC1; akC2; : : : ; aN /

D � � � D f .c1; : : : ; ck; bkC1; : : : ; bN /:
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Thus f .�; akC1; : : : ; aN / D f .�; bkC1; : : : ; bN / on A1 � � � � � Ak . It remains to use
the identity principle.

Recall that

.'1 � � � � � 'k/ W D1 � � � � �Dk ! zD1 � � � � � zDk

is the envelope of holomorphy (cf. [Jar-Pfl 2000], Proposition 1.8.15 (b)). Conse-
quently, the formula

Qf˛.�; 'kC1.akC1/; : : : ; 'N .aN // WD ..'1 � � � � � 'k/
�/�1.f .�; akC1; : : : ; aN //

defines a holomorphic mapping on

zX˛ ´ zD1 � � � � � zDk � zAkC1 � � � � � zAN

with Qf˛ B ' D f on X˛ .
In particular, Qf˛ B ' D f D Qfˇ B ' on A1 � � � � � AN . Hence, by the identity

principle, Qf˛ D Qfˇ on zX˛ \ zXˇ .

The following result is a generalization of the main extension theorem for crosses
(Theorem 5.4.1).

Theorem 7.2.7 (Extension theorem for .N; k/-crosses). For every f 2 Os.XN;k/

there exists an Of 2 O. yXN;k/ such that Of D f on XN;k and Of . yXN;k/ � f .XN;k/ (in
particular, k Of k yXN;k D kf kXN;k ).

See also Theorem 7.2.11.

Proof. The inclusion Of . yX/ � f .X/ follows from Lemma 2.1.14 with

.G;D;A0; A;F / D . yXN;k; yXN;k;XN;k;XN;k;Os.XN;k//:

Using Proposition 7.2.6, we may assume that Dj is a domain of holomorphy;
moreover, by Remark 7.2.3 (e), we may assume that Dj 2 Rb.C

nj / and Aj �� Dj ,
j D 1; : : : ; N .

The case k D N is trivial. The case k D 1 is the cross theorem (Theorem 5.4.1).
In particular, there is nothing to prove for N D 2. We apply induction on N . Suppose
that the result is true for N � 1 � 2.

Now we apply finite induction on k. The case k D 1 is known. Suppose that the
result is true for k � 1 with 2 � k � N � 1.

Fix an f 2 Os.XN;k/. Recall that

XN;k D .XN �1;k�1 �DN / [ .XN �1;k � AN /:

For each zN 2 DN the function f .�; zN / belongs to Os.XN �1;k�1/. By the induc-
tive assumption there exists a gzN 2 O. yXN �1;k�1/ such that gzN D f .�; zN / on
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XN �1;k�1. Analogously, for each zN 2 AN there exists an hzN 2 O. yXN �1;k/ such
that hzN D f .�; zN / on XN �1;k . Recall that yXN �1;k�1 � yXN �1;k and A1 � � � � �
AN �1 � XN �1;k�1 \ XN �1;k . Since the set A1 � � � � � AN �1 is not pluripolar, we
get gzN D hzN on yXN �1;k�1 for zN 2 AN .

Consider the cross

Y ´ X. yXN �1;k�1; AN I yXN �1;k;DN / D . yXN �1;k�1 �DN / [ . yXN �1;k � AN /

and let F W Y ! C,

F.z0; zN / ´
´
gzN .z

0/ if .z0; zN / 2 yXN �1;k�1 �DN ;

hzN .z
0/ if .z0; zN / 2 yXN �1;k � AN :

To see that F 2 Os.Y /, we have to prove that for each z0 2 yXN �1;k�1, the function
DN 3 zN 7! F.z0; zN / is holomorphic, or equivalently (by the Hartogs theorem), that
F 2 O. yXN �1;k�1 �DN /. We know that F.�; zN / is holomorphic for each zN 2 DN .
To prove that F 2 O. yXN �1;k�1 � DN / we are going to apply Terada’s theorem
(Theorem 4.2.2). Let ZN �1;k�1 ´ XN �1;k�1..Aj ;Dj /

N
j D2/. Analogously as above,

for each z1 2 D1 there exists a 'z1 2 O. yZN �1;k�1/ such that 'z1 D f .z1; �/ on
ZN �1;k�1. Thus

F.z1; : : : ; zN / D f .z1; : : : ; zN / D 'z1.z2; : : : ; zN /;

.z1; : : : ; zN / 2 .XN �1;k�1 �DN / \ .D1 � ZN �1;k�1/ � A1 � � � � � AN �1 �DN :

Consequently, F.z0; �/ 2 O.DN / for z0 2 A1 � � � � � AN �1.
Now, by the cross theorem (Theorem 5.4.1), there exists an Of 2 O. yY / such that

Of D F on Y (in particular, Of D f on XN;k). Recall that

yY D f.z0; zN / 2 yXN �1;k �DN W h�
yXN�1;k�1; yXN�1;k

.z0/C h�
AN ;DN

.zN / < 1g:
Thus, it remains to apply the following lemma.

Lemma 7.2.8. For an arbitrary Riemann domain of holomorphy Dj 2 R.Cnj / and
a locally pluriregular set Aj � Dj , j D 1; : : : ; N , we have

LN;k.z/ ´ h�
yXN;k�1; yXN;k .z/ D max

˚
0;

PN
j D1 h�

Aj ;Dj
.zj / � k C 1

� μ RN;k.z/;

z D .z1; : : : ; zN / 2 yXN;k :

Proof. By Proposition 3.2.25, we may assume that Dj 2 Rb.C
nj / and Aj �� Dj ,

j D 1; : : : ; N . We apply induction on N and the following lemma.

Lemma 7.2.9. LetD 2 Rb.C
n/ be a Riemann domain of holomorphy and let A � D

be non-pluripolar. Put


.r/ ´ fz 2 D W h�
A;D.z/ < rg; 
Œr� ´ fz 2 D W h�

A;D.z/ � rg; 0 < r � 1:
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Then for 0 < r < s � 1 we have

L ´ h�
�.r/;�.s/ D max

²
0;

h�
A;D � r
s � r

³
μ R on 
.s/: (‡)

Remark 7.2.10. (a) ‹ We do not know whether Lemmas 7.2.8 and 7.2.9 are true for

an arbitrary Riemann domain D 2 Rb.C
n/ ‹

(b) Observe that

L D h�.r/;�.s/ � h�
�Œr	;�.s/ � h�Œr	;�.s/ � R;

L D R D 0 on 
.r/; R D 0 on 
Œr�:

In particular, if (‡) is true (for given .D;A; r; s/), then

h�
�.r/;�.s/ D h�

�Œr	;�.s/ D h�Œr	;�.s/ D max
²
0;

h�
A;D � r
s � r

³
on 
.s/:

Proof of Lemma 7.2.9. Step 10. Reduction to the case s D 1.
Suppose that 0 < r < s < 1. Observe that
.s/ is a Riemann region of holomorphy

(provided D is a domain of holomorphy). Moreover, by Proposition 3.2.27, A \ S is
not pluripolar for every connected component S of 
.s/. By Proposition 3.2.27, we
have h�

A;�.s/
D .1=s/h�

A;D on 
.s/. Hence,

L D h�.r/;�.s/ D hfh�
A;�.s/

<r=sg;�.s/; R D max
²
0;

h�
A;�.s/

� r=s
1 � r=s

³
:

Thus the problem for .D;A; r; s/ reduces to .S; A\S; r=s; 1/, where S is a connected
component of 
.s/.

From now on we assume that s D 1.

Step 20. Approximation. Let A� % A, D� % D, where A� � D� is non-
pluripolar, 	 2 N. Suppose that (‡) holds for each .D� ; A� ; r/. Then it holds for
.D;A; r/.

Indeed, we know (Proposition 3.2.23) that h�
A� ;D�

& h�
A;D . Hence fh�

A� ;D <

rg % 
.r/. Thus h�
fh�
A�;D

<rg;D
& h�

�.r/;D
.

In particular, wemay always assume thatD is strongly pseudoconvex andA �� D.

Step 30. If (‡) holds for all non-pluripolar compact sets A, then it holds for all
non-pluripolar sets A.

Indeed, first observe that by Step 20, formula (‡) holds for all non-empty open
sets A.

Now let A be an arbitrary non-pluripolar set. Using once again Step 20 we may
assume that A �� D. Since 
."/ is open, we have

h�
fh�
�."/;D

<rg;D
D max

²
0;

h�
�."/;D

� r
1 � r

³
; 0 < " < 1:
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By Proposition 3.2.15, we get

h�
A;D � "
1 � " � h�

�."/;D � h�
A;D;

in particular, h�
�."/;D

% h�
A;D as " & 0. Moreover,²

h�
�."/;D <

r � "
1 � "

³
� 
.r/ � ¹h�

�."/;D < rº; 0 < " < r:

Consequently,

max
²
0;

h�
�."/;D

� r�"
1�"

1 � r�"
1�"

³
D h�

fh�
�."/;D

< r�"
1�" g;D

� h�
�.r/;D

� h�
fh�
�."/;D

<rg;D
D max

²
0;

h�
�."/;D

� r
1 � r

³
; 0 < " < r:

Letting " & 0, we get (‡).
Thus the proof reduces to the case where A is compact.

Step 40. The case whereD is hyperconvex, A is compact, and h�
A;D is continuous.

Let u 2 P�H .D/, u � 1, u � 0 on 
Œr�. Using continuity of h�
A;D and Theo-

rem 3.2.31 (a), we easily conclude that
Œr� is compact. Let U ´ D n
Œr�. Observe
that for z0 2 @U we get

lim inf
U 3z!z0

.h�
A;D.z/ � .1 � r/u.z/ � r/

�

8̂<̂
:
1 � .1 � r/ lim sup

z!z0

u.z/ � r if z0 2 @D
r � .1 � r/ lim sup

z!z0

u.z/ � r if z0 2 
Œr�

9>=>; � 0:

Hence, by Corollary 3.2.33, .1� r/uC r � h�
A;D in U . This shows that h�Œr	;D � R.

Thus, we get h�
�Œr	;D

	 R for all 0 < r < 1. Observe that 
Œr� � % 
.r/ for
0 < r� % r . Consequently, by Proposition 3.2.25, L 	 R.

Step 50. The case where D is hyperconvex and A is compact.
By Theorem 3.2.31 (d) we know that hA."/;D D h�

A."/;D
is continuous. Thus, using

Step 30, we have

hfh
A."/;D

�rg;D D max
²
0;

hA."/;D � r
1 � r

³
; 0 < " � 1:

By Proposition 3.2.24 we have hA."/;D % hA;D as " & 0. In particular,

fhA."/;D � rg & fhA;D � rg as " & 0:
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Hence, once again by Proposition 3.2.24,

hfh
A."/;D

�rg;D % hfhA;D�rg;D as " & 0:

Consequently,

hfhA;D�rg;D D max
²
0;

hA;D � r
1 � r

³
� R:

Thus h�
fhA;D�rg;D

� R. Observe that the set fhA;D � rg n
Œr� is pluripolar. Conse-

quently, h�
�Œr	;D

� R. We finish the proof as in Step 40.

We move to the proof of Lemma 7.2.8. Fix 2 � k � N . Let

hj ´ h�
Aj ;Dj

; j D 1; : : : ; N; h.z1; : : : ; zN / ´ h1.z1/C � � � C hN .zN /:

It is clear that LN;k � RN;k and LN;k D RN;k D 0 on yXN;k�1. Fix an a D
.a1; : : : ; aN / 2 yXN;k n yXN;k�1. We may assume that h1.a1/ � � � � � hN .aN /.
Suppose that h1.a1/ D � � � D hs.as/ D 0 and hsC1.asC1/; : : : ; hN .aN / > 0 for an
s 2 f0; : : : ; N g. Since h.a/ � k � 1, we see that in fact s � N � k � N � 2. In
particular, if N D 2, then s D 0.

Let yYN �s;p D yXN �s;p..Aj ;Dj /
N
j DsC1/, p 2 fk � 1; kg. Observe that

fa1; : : : ; asg � yYN �s;p � yXN;p; p 2 fk � 1; kg:
Consequently,

h�
yXN;k�1; yXN;k .a/ � h�

yYN�s;k�1; yYN�s;k
.asC1; : : : ; aN /:

Thus, if we know that LN �s;k.asC1; : : : ; aN / � RN �s;k.asC1; : : : ; aN /, then

LN;k.a/ � RN �s;k.asC1; : : : ; aN / D RN;k.a/:

This reduces the proof to the case s D 0, i.e. hj .aj / > 0, j D 1; : : : ; N .
Put


j;t ´ fzj 2 Dj W hj .zj / < tg; j D 1; : : : ; N:

Take 0 < rj < sj � 1, j D 1; : : : ; N , such that r1 C � � � C rN D k � 1 and
s1 C � � � C sN D k. Observe that


1;r1 � � � � �
N;rN � yXN;k�1; 
1;s1 � � � � �
N;sN � yXN;k :

Hence, using the product property for the relative extremal function (cf.Theorem 3.2.17)
and Lemma 7.2.9, we get

LN;k.z/ � h�
�1;r1������N;rN ;�1;s1������N;sN

.z/

D maxfh�
�1;r1 ;�1;s1

.z1/; : : : ;h
�
�N;rN ;�N;sN

.zN /g

D max
²
0;
h1.z1/ � r1
s1 � r1 ; : : : ;

hN .zN / � rN
sN � rN

³
;

z D .z1; : : : ; zN / 2 
1;s1 � � � � �
N;sN :
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Observe that there exist numbers s1; : : : ; sN 2 .0; 1� such that s1 C � � � C sN D k and

hj .aj / < sj <
hj .aj /

h.a/ � k C 1
; j D 1; : : : ; N:

Indeed, since the case where h.a/ D k � 1 is trivial, we may assume that h.a/ >
k � 1. Note that hj .aj / <

hj .aj /

h.a/�kC1
, j D 1; : : : ; N . Suppose that

hj .aj /

h.a/ � k C 1
� 1; j D 1; : : : ; �;

hj .aj /

h.a/ � k C 1
> 1; j D � C 1; : : : ; N;

for a � 2 f0; : : : ; N g. Observe that

NX
j D1

hj .aj /

h.a/ � k C 1
D h.a/

h.a/ � k C 1
> k;

so the case � D N is simple. Thus, assume that � � N � 1. We only need do show
that � �X

j D1

hj .aj /

h.a/ � k C 1

�
CN � � > k:

The case where � � N � k is obvious. Thus assume that � � N � kC 1. We have to
show that

�X
j D1

hj .aj / > .h.a/ � k C 1/.k �N C �/

D .k � 1 �N C �/h.a/C
� �X

j D1

hj .aj /
�

C
� NX

j D�C1

hj .aj /
�

C .�k C 1/.k �N C �/;

or equivalently,

.k � 1 �N C �/h.a/C
� NX

j D�C1

hj .aj /
�
< .k � 1/.k �N C �/:

We have

.k � 1 �N C �/h.a/C
� NX

j D�C1

hj .aj /
�

< .k � 1 �N C �/k CN � � � .k � 1/.k �N C �/;
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which gives the required inequality.
Now define

rj ´ hj .aj / � sj .h.a/ � k C 1/

k � h.a/ ; j D 1; : : : ; N:

Then

• rj > 0 because sj <
hj .aj /

h.a/�kC1
,

• rj < sj because hj .a/ < sj ,
• r1 C � � � C rN D k � 1,

• hj .aj /�rj
sj�rj

D h.a/ � k C 1, j D 1; : : : ; N .

Thus

LN;k.a/ � max
²
0;
h1.a1/ � r1
s1 � r1 ; : : : ;

hN .aN / � rN
sN � rN

³
D maxf0; h.a/ � k C 1g D RN;k.a/:

Proposition 7.2.6 permits us to strengthen Theorem 7.2.7.

Theorem 7.2.11. Let 'j W Dj ! zDj be the envelope of holomorphy. Put

' W D1 � � � � �DN ! zD1 � � � � � zDN ; '.z1; : : : ; zN / ´ .'1.z1/; : : : ; 'N .zN //:

Let
YN;k ´ XN;k.. zAj ; zDj /

N
j D1/;

yYN;k ´ yXN;k.. zAj ; zDj /
N
j D1/:

Then for every f 2 Os.XN;k/ there exists an Of 2 O. yYN;k/ such that Of B ' D f on

XN;k and Of . yXN;k/ � f .XN;k/ (in particular, k Of k yXN;k D kf kXN;k ).

Corollary 7.2.12. Under the notation of Proposition 7.2.6, ' W yXN;k ! yYN;k is the
envelope of holomorphy.

Proof. We know (Remark 7.2.3 (g) that yYN;k is a domain of holomorphy. Take an
f 2 O. yXN;k/. Then f jXN;k 2 Os.XN;k/. Consequently, by Theorem 7.2.11, there

exists an Of 2 O. yYN;k/ such that Of B ' D f on XN;k . Thus, by the identity principle
(recall that yXN;k is connected – Remark 7.2.3 (f)), Of B ' D f on yXN;k .

‹ It would be interesting to know whether Theorem 7.2.7 is true in the case of

arbitrary complex manifolds (cf. Chapter 6) ‹
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7.3 Hartogs type theorem for 2-separately holomorphic
functions

Let
Xq D XN.q/;k.q/..Aq;j ;Dq;j /

N.q/
j D1 /; q D 1; : : : ;Q (cf. § 7.2):

Definition 7.3.1. We say that a function f W X1 � � � � � XQ ! C is 2-separately
holomorphic (f 2 Oss.X

1 �� � ��XQ/) if for all q 2 f1; : : : ;Qg and .x1; : : : ; xQ/ 2
X1 � � � � � XQ, the function f .x1; : : : ; xq�1; �; xqC1; : : : ; xQ/ is separately holomor-
phic on Xq .

Theorem 7.3.2 (Hartogs type theorem for 2-separately holomorphic functions). For

every f 2 Oss.X
1 � � � � � XQ/ there exists an Of 2 O.cX1 � � � � � bXQ/ such that

Of D f on X1 �� � ��XQ and Of .cX1 �� � �� bXQ/ � f .X1 �� � ��XQ/ (in particular,
k Of kcX1����� cXQ

D kf kX1�����XQ ).

Proof. As always, the inclusion Of .cX1 �� � �� bXQ/ � f .X1 �� � ��XQ/ follows from
Lemma 2.1.14.

We apply induction on Q. For Q D 1 the result follows from Theorem 7.2.7.
Suppose that the result is true for Q � 1 � 1. Fix an f 2 Oss.X

1 � � � � � XQ/. For
each xQ 2 Xq , the function f .�; xQ/ belongs to Oss.X

1�� � ��XQ�1/. Consequently,

by the inductive assumption, there exists an OfxQ 2 O.cX1 � � � � � 1XQ�1/ such that
OfxQ D f .�; xQ/ on X1 � � � � � XQ�1. Define

g W cX1 � � � � � 1

XQ�1 � XQ ! C; g.x1; : : : ; xQ/ ´ OfxQ.x
1; : : : ; xQ�1/:

Then g.x1; : : : ; xQ�1; �/ 2 Os.X
Q/ for arbitrary .x1; : : : ; xQ�1/ 2 cX1 �� � �� 1XQ�1.

Indeed, take a branch XQ;˛ of XQ. To simplify notation, suppose that

XQ;˛ D DQ;1 � � � � �DQ;k.Q/ � AQ;k.Q/C1 � � � � � AQ;N.Q/:

We have to prove that for arbitrary

.aQ;k.Q/C1; : : : ; aQ;N.Q// 2 AQ;k.Q/C1 � � � � � AQ;N.Q/;

the function g.x1; : : : ; xQ�1; �; aQ;k.Q/C1; : : : ; aQ;N.Q// is holomorphic on DQ;1 �
� � � �DQ;k.Q/. Define h W .cX1 � � � � � 1XQ�1/ � .DQ;1 � � � � �DQ;k.Q// ! C by

h.x1; : : : ; xQ�1; xQ;1; : : : ; xQ;k.Q//

D g.x1; : : : ; xQ�1; xQ;1; : : : ; xQ;k.Q/; aQ;k.Q/C1; : : : ; aQ;N.Q//:

Observe that h.�; xQ;1; : : : ; xX;k.Q// is holomorphic on cX1 � � � � � 1XQ�1 for arbitrary
.xQ;1; : : : ; xX;k.Q// 2 DQ;1 � � � � �DQ;k.Q/. Moreover, h.x1; : : : ; xQ�1; �/ is holo-
morphic on DQ;1 � � � � �DQ;k.Q/ for arbitrary .x1; : : : ; xQ�1/ 2 X1 � � � � � XQ�1.
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Now we use Terada’s theorem ((Theorem 4.2.2) and we conclude that h 2 O.cX1 �
� � � � 1XQ�1 �DQ;1 � � � � �DQ;k.Q//.

Thus, for arbitrary .x1; : : : ; xQ�1/ 2 cX1 � � � � � 1XQ�1, the function

g.x1; : : : ; xQ�1; �/

extends holomorphically to an Of.x1;:::;xQ�1/ 2 O.bXQ/. Finally, Proposition 1.1.10
implies that the function

Of W cX1 � � � � � b

XQ ! C; Of .x1; : : : ; xQ/ ´ Of.x1;:::;xQ�1/.x
Q/;

is a holomorphic extension of f to cX1 � � � � � bXQ.

Exercise 7.3.3. Formulate and prove a Hartogs type theorem for k-separately holo-
morphic functions with k � 3.



Chapter 8

Boundary cross theorems

Summary. We discuss the so-called boundary crosses and the extension of a separately holomorphic function

for such crosses. We mainly study here the classical results due to [Zern 1961], [Dru 1980], [Gon 1985],

[Gon 2000].

8.1 Boundary crosses

> § 3.7.

Recall that so farN -fold crosses were built from domainsDj and subsetsAj � Dj ,
j D 1; : : : ; N . Now we deal with sets Aj � @Dj . We define:

Definition 8.1.1. Let Dj � Cnj be a domain and ¿ ¤ Aj � @Dj , j D 1; : : : ; N ,
N � 2. The associated N -fold boundary cross is given by

Xb D Xb.A1; : : : ; AN ID1; : : : ;DN / D Xb..Aj ;Dj /
N
j D1/

D
N[

j D1

.A0
j � .Dj [ Aj / � A00

j /;

where we have used the abbreviations from Section 5.1. Moreover, we set

Xo
b D

N[
j D1

.A0
j �Dj � A00

j /:

Xo
b

is called the associated inner boundary cross.
Let Aj D ��

Aj; j̨ .aj /
�
j̨2Ij;aj

�
aj2Aj

be a system of approach regions for .Aj ;Dj /

(see Definition 3.7.1), j D 1; : : : ; N . Put

yX�
A;b D ˚

z 2 .D1 [ A1/ � � � � � .DN [ AN / W PN
j D1 h�

Aj ;Aj ;Dj
.zj / < 1

�
;

yXA;b D ˚
z 2 D1 � � � � �DN W PN

j D1 h�
Aj ;Aj ;Dj

.zj / < 1
�
;

where A ´ .A1; : : : ;AN /. In case we are dealing with the canonical system of
approach regions we simply write yX�

b
´ yX�

.K;:::;K/;b
and yXb ´ yX.K;:::;K/;b .

Note that if N D 2 and h�
Aj ;Aj ;Dj

jAj D 0, j D 1; 2, then yX�
A;b

D yXA;b [ Xb .
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Lemma 8.1.2. LetDj ; Aj ;Aj be as above and assume that Aj is locally Aj -plurire-

gular, j D 1; : : : ; N . Then Xb � yX�
A;b

� yXA;b and yXA;b is connected.

Proof. For the first claim use Remark 3.7.8 (a). Now fix two points z0; z00 2 yXA;b .
Choose a positive ı such that

PN
j D1 h�

Aj ;Aj ;Dj
.zj /CNı < 1 for z 2 fz0; z00g. Put

zAj ´ fzj 2 Dj W h�
Aj ;Aj ;Dj

.zj / < ıg:

zAj is a non-empty open subset ofDj (see Remark 3.7.8 (b)) and so it is locally plurireg-
ular. Moreover, we have h�

zAj ;Dj
� h�

Aj ;Aj ;Dj
� h�

zAj ;Dj
C ı on Dj . Therefore,

NX
j D1

h�
zAj ;Dj

.zj /CNı < 1; z 2 fz0; z00g:

Applying the proof of Remark 5.1.8 (d), we conclude that the points z0; z00 can be
connected inside of fz 2 D1 � � � � �DN W PN

j D1 h�
zAj ;Dj

.zj / < 1 �Nıg and hence in
yXA;b (using the above inequality).

We say that a function f W Xb ! C is separately holomorphic on Xb with respect
to A D .A1; : : : ;AN / (f 2 OA;s.Xb/) if for any point a D .a1; : : : ; aN / 2 A1 �
� � � � AN and any j 2 f1; : : : ; N g the following conditions hold:

• f .a0
j ; �; a00

j / 2 O.Dj /,
• limAj; j̨

.aj /3zj!aj f .a
0
j ; zj ; a

00
j / D f .a/, j̨ 2 Ij;aj .

For the first condition we write in brief f 2 Os.X
o
b
/.

(S-OB) Similar to the classical cross theorem one may ask

• whether Xb � @ yXA;b (see Lemma 8.1.2),

• whether for every function f 2 OA;s.Xb/ there exists a unique Of 2
O. yXA;b/ such that f is in a certain sense the limit of Of .

We do not give a precise formulation since in the future we will restrict our dis-
cussion to the case where Dj � C, Aj D K , and f is “continuous” up to the
boundary sets Aj , j D 1; : : : ; N . In particular, we are interested in the case when
f 2 C.Xb/ \ Os.X

o
b
/ asking whether then the function given by Of on yXK;b and by

f on Xb is continuous on yXK;b [ Xb .
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8.2 Classical results

8.2.1 The Laplace-Fourier transform method

The first results for boundary crosses, proved by different methods, seem to be due
to B. Malgrange (1961) (unpublished, see [Eps 1966]) and by M. Zerner [Zern 1961].
They discuss the following geometric situation:

Let S ´ fz 2 C W 0 < Im z < 1g, Sb D Xb.R; : : : ;RIS; : : : ; S/. Using the
canonical system K of approach regions for .R; S/ it is clear that the relative boundary
extremal function is given by h�

K;R;S
.z/ D Im z and that R is locally K-pluriregular.

Therefore, ySb D fz 2 SN W Im z1 C � � � C Im zN < 1g and Sb � ySb . Note that
yS �

b
D conv Sb .
Malgrange and Zerner proved similar results like the following one under vari-

ous additional assumptions on f (see also [Eps 1966], [Kom 1972], [Akh-Ron 1973],
Theorem 3, or the book [Ron 1977], Theorem 7.2).

Theorem 8.2.1 (See [Rud 1970], [Dru 1980]). Let Sb be as above and f W Sb ! C
such that

• f 2 Os.S
o
b
/;

• f .a0
j ; �; a00

j / 2 C.S [ R/ for any a D .a0
j ; aj ; a

00
j / 2 RN , j D 1; : : : ; N ;

• f jRN 2 C.RN /;

• f is locally bounded on Sb .

Then there exists exactly one Of 2 C. yS �
b
/ with Of j ySb 2 O. ySK;b/ and Of D f on Sb .

Note that all the assumptions in the theorem are necessary for the existence of an
Of with the desired properties.

In other words, any function f as in Theorem 8.2.1 is the boundary value of a
holomorphic function Of j ySb . This kind of result may be understood as a one sided
“Edge-of-the-Wedge" Theorem which has been studied before by theoretical physicists
(see, for example, [Vla 1966]).

Applying biholomorphic mappings Theorem 8.2.1 immediately implies the follow-
ing result.

Corollary 8.2.2. Let Dj � C be a Jordan domain, Aj a connected relatively open
subset of @Dj , j D 1; : : : ; N . Put Xb ´ Xb.A1; : : : ; AN ID1; : : : ;DN /. Let
f W Xb ! C be such that:

• f 2 Os.X
o
b
/;

• f .a0
j ; �; a00

j / 2 C.Dj [Aj / for every a 2 A ´ A1 �� � ��AN and j D 1; : : : ; N ;

• f jA 2 C.A/;

• f is locally bounded on Xb .

Then there exists a unique Of 2 C. yX�
b
/ \ O. yXb/ with Of D f on Xb .
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The proof of Theorem 8.2.1 will be mainly based on Fourier transforms and the
existence of certain conformal mappings.

Proof of Theorem 8.2.1. Step 10. It is enough to prove the theorem in the case where,
in addition to the above assumptions, f 2 C. xSb/ and f is bounded on xSb .

Let f be as in the theorem. Put

D.�; ˛/ ´
n
z 2 C W 0 < Arg

� C z

� � z < ˛
o
; � > 0; ˛ 2 .0; �/:

Note that D.�; ˛/ is given by the domain in the upper halfplane which is bounded by
the real segment Œ��; �� and the circle passing through ˙� and i� tan.˛=2/. Recall
that the mapping ˚�;˛ ,

D.�; ˛/ 3 z 7! 1

˛
Log

� C z

� � z 2 S;

is biholomorphic and extends to a homeomorphism between xD.�; ˛/ n f˙�g and xS .
Obviously, ˚�1

�;˛.�/ D � tanh ˛�
2

.
Fix an h 2 .0; 1/. Put

˛k D ˛h;k ´ 1

h
arctan

h

k
; Dk D Dh;k ´ D.k; ˛h;k/; 'k D 'h;k ´ ˚�1

k;˛h;k
:

Then 'k is a biholomorphic mapping from S onto Dk which is a homeomorphism
from xS onto Dk n f˙kg. Moreover, we define

gk.z/ ´ f .'1.z1/; : : : ; 'N .zN //; z 2 xSb:

It is clear that gk satisfies all the conditions of f in the theorem on Sb and, in addition,
it is bounded there.

Let jgkj � Mk on Sb . We claim that gk 2 C.Sb/. Indeed, instead of discussing
gk it suffices to verify this condition for the function Qgk ,

Qgk.z/ ´ gk.z/ exp
�

�
NX

j D1

z2
j

�
:

Since Qgk is continuous and bounded on RN , it follows that Qgk is uniformly continuous
on RN .

Fix a point a D .a0
N ; aN / 2 RN �1 �S and let " > 0. Then, for z D .z0

N ; zN / 2 Sb

we have

j Qgk.z
0
N ; zN / � Qgk.a

0
N ; aN /j

� j Qgk.a
0
N ; zN / � Qgk.a

0
N ; aN /j C j Qg.z0

N ; zN / � Qgk.a
0
N ; zN /j:
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Applying the continuity of Qgk.a
0
N ; �/ we see that j Qgk.a

0
N ; zN / � Qgk.a

0
N ; aN /j < "=2

whenever jzN � aN j < ı for a sufficiently small positive ı with

0 < Im.aN / � ı < Im aN C ı μ 1 � p < 1:
Observe that uz0

N
´ log jg.z0

N ; �/ � Qgk.a
0
N ; �/j is continuous and bounded by zMk D

log.2Mk/ on xS and subharmonic in S . Using the uniform continuity of QgkjRN we get
uz0
N

jR � .log."=2/ � zMk.1 � p//=.1 � p/ μ m when z0
N is near to a0

N . Then, by
the two-constant lemma for subharmonic function, it follows that

uz0
N
.zN / � mC .Mk �m/.1 � p/; z0

N near a0
N ; jzN � anj < ı:

Thus jg.z0
N ; zN / � Qgk.a

0
N ; zN /j � "=2 for all the z’s as before.

Continuity at the points a 2 RN can be shown in a similar way (Exercise).
Let t 2 .0; 1/. Then our hypothesis applies to gkj xSb.t/, where

Sb.t/ ´ Xb.R; : : : ;RISt ; : : : ; St /

with St ´ tS . Put

ySb.t/ D ˚
z 2 St � � � � � St W PN

j D1 Im zj < t
�
:

Then there exists a function ygk;t 2 C. yS �
b
.t// \ O. ySb.t// with ygk;t D gk on Sb.t/.

Let 0 < t < t 0 < 1. Note that ygk;t and ygk;t 0 are both defined on yS �
b
.t/. For an

arbitrary x 2 RN we know that ygk;t .x
0
N ; �/� ygk;t 0.x0

N ; �/ 2 C.St [R/\O.St / and that
it vanishes on the real axis. Hence, the refection principle implies that it even vanishes
identically on St . Now let .x0

N �1; zN / 2 RN �2 � St=N . Then for 	 � N the function

ygk;t .x1 C i=	; : : : ; xN �2 C i=	; �; zN / � ygk;t 0.x1 C i=	; : : : ; xN �2 C i=	; �; aN /

is bounded and holomorphic on St=N . If 	 ! 1, then, by Montel, we have that

ygk;t .x1; : : : ; xN �2; �; zN / � ygk;t 0.x1; : : : ; xN �2; �; aN /

is holomorphic on St=N , continuous on St=N [ R, and vanishes on R. As above we
conclude that this function vanishes identically onSt=N . Repeating the argument we get
ygk;t D ygk;t 0 on St=N � � � � � St=N . Then the identity theorem gives that ygk;t D ygk;t 0

on ySb.t/ and hence on yS �
b
.t/. Finally, gluing these functions we attain a function

ygk 2 C. yS �
b
/ \ O. ySb/ and ygk D gk on Sb .

Transforming back we define the function Ofk;h ´ ygk.'
�1
k
; : : : ; '�1

k
/. Then

Ofk;h 2 C. yY �
b .h; k// \ O. yYb.h; k//;

where Yb.h; k/ ´ Xb..�k; k/; : : : ; .�k; k/IDh;k; : : : ;Dh;k/, such that Ofh;k D f on
Yb.h; k/. Note that

yYb.h; k/ D ˚
z 2 Dh;k � � � � �Dh;k W PN

j D1 Im k.zj / < 1
�
;
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where  k ´ '�1
k

.
Observe that

• Dh;k � Dh;kC1,
S

k Dh;k D Sh;
• Yb.h; k/ � Yb.h; k C 1/, limk!1 Im k.z/ D Im z=h;
•

S1
kD1 Yb.h; k/ D Sb.h/,

S1
kD1

yYb.h; k/ D ySb.h/.

As above one can prove that Ofh;k D Ofh;kC1 on yY �
b
.h; k/. Gluing now all these functions

leads to an Ofh 2 C. yS �
b
.h// \ O. ySb.h// with Ofh D f on Sb.h/.

Finally we have to repeat the gluing process from above for the functions Ofh to get
the desired function Of on yS �

b
. Hence, the first step is completely verified.

Step 20. A preparation to Step 30.
Let u 2 L1.RN /, K � RN compact and assume that K 3 y 7! u � ey 2 L1.RN /

is continuous, where ey.x/ ´ exp.�hx; yi/, x; y 2 Rn. Then
(a) the function conv.K/ 3 y 7! uey 2 L1.RN / is continuous;
(b) if j R

RN u.t/e
ihz;tidLN .t/j � b, y 2 K, then the same inequality holds for

every y 2 conv.K/. (The reader who is familiar with these results from real analysis
or who is not interested in their proofs may jump directly to Step 30.)

Indeed, to prove (a) fix an arbitrary positive ". Then, by virtue of the compactness
of K, we find points y1; : : : ; ym 2 K such that for every y 2 K there is an index
k 2 f1; : : : ; mg such thatZ

RN
je�hx;yi � e�hx;ykijju.x/jdLN .x/ < ":

Looking at the L1.RN /-functions u � ey1 ; : : : ; u � eym , there exists a closed ball B 0 ´
xBR

N .r/ such that Z
RN nB0

eyk .x/ju.x/jdLN .x/ < "; k D 1; : : : ; m:

Hence for an arbitrary y 2 K we getZ
RN nB0

ey.x/ju.x/jdLN .x/

�
Z

RN nB0
jey.x/ � eyk .x/jju.x/jdLN .x/C

Z
RN nB0

eyk .x/ju.x/jdLN .x/ < 2";

when k is correctly chosen.
Denote byK � Y the set of all y’s in RN such that the former estimate holds for y.

Then Y is convex (and so conv.K/ � Y ). For, take two points y0; y00 2 Y and let
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� 2 .0; 1/. ThenZ
RN nB0

e�y0C.1��/y00.x/ju.x/jdLN .x/

D
Z

RN nB0
.ey0.x//� .ey00.x//1�� ju.x/jdLN .x/

�
� Z

RN nB0
ey0.x/ju.x/jdLN .x/

�� � Z
RN nB0

ey00.x/ju.x/jdLN .x/

�1��

< 2";

where the last inequality follows because of the Hölder inequality with respect to the
measure jujdLN .x/.

Finally, fix a y0 2 conv.K/. Then, for y 2 conv.K/ we haveZ
RN

jey.x/ � ey0.x/jju.x/jdLN .x/ � 4"C LN .B 0/key � ey0kB0 C 4" < 5"

if y is sufficiently near to y0.
To verify (b) define U.z/ ´ R

RN u.t/e
ihz;tidLN .t/, z 2 RN C i conv.K/. By

virtue of (a) we see that U is continuous and bounded on RN C i conv.K/. Let Y
be the set of all y 2 conv.K/ with supfjU.x C iy/j W x 2 Rg � b. By assumption,
K � Y . It suffices to show that Y itself is convex.

So take y0; y00 2 Y and �0 2 .0; 1/. Put y ´ .1 � �0/y
0 C �0y

00. Fix an x 2 RN

and set z0 ´ x C iy0 and z00 ´ x C iy00. Finally define the function

�.s/ ´ U..1 � s/z0 C sz00/; s D � C i�; 0 � � � 1:

Note that Im
�
.1 � s/z0 C sz00� D .1 � �/y0 C �y00 2 conv.K/. Hence, � is well

defined on the strip S D Œ0; 1�C iR and bounded and continuous there. Moreover, �
is bounded in the interior of this strip. Observe that j�.i�/j � b and j�.1C i�/j � b,
� 2 R (since y0; y00 2 Y ). Then, using the maximum principle, one concludes that
jU.x C iy/j D j�.�0/j � b. Since x was arbitrarily chosen it follows that y 2 Y

meaning that Y is convex.

Step 30. The case where f belongs, in addition, to C. xSb/ and is bounded on xSb .
Put g.z/ ´ f .z/ exp

� � .z2
1 C � � � C z2

N /
�
, z 2 xSb . Obviously, it is enough to

prove the extension for the function g. Note that

jg.z/j � kf k xSbe
�.x2

1
C���Cx2

N
/C1; z 2 xSb:

Therefore, g is uniformly continuous on xSb .
Let V ´ fy 2 Œ0; 1�N W 9k W yj D 0; j D 1; : : : ; N; j ¤ kg. Then for a y 2 V

put gy ´ g.� C iy/. By virtue of the above estimate, we get gy 2 L1.RN /\L2.RN /.
Then the Fourier transform of gy is given by

F gy.t/ ´
�
1

2�

�N Z
RN

gy.x/e
�ihx;tidLN .x/; t 2 RN :
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Specifying y D .0; : : : ; 0; yj ; 0; : : : ; 0/ (the yj 2 .0; 1/ is at the j -th place) we have

F gy.t/ D
�
1

2�

�N Z
RN�1

� Z
R
g.x0

j ; xj C iyj ; x
00
j /e

�izj tj dL1xj

�

� e
�i

NP
kD1;k¤j

xk tk
dLN �1.x0

j ; x
00
j /

D
�
1

2�

�N Z
RN�1

� Z
R
g.x0

j ; xj C i"; x00
j /e

�i.xjCi"/tj dL1.xj /

�

� e
�i

NP
kD1;k¤j

xk tk
dLN �1.x0

j ; x
00
j / !

"!0
F g0.t/;

where the second equation is true for any " 2 .0; 1/ because of the Cauchy integral
theorem and the limit follows because of the uniform continuity ofg. Hence, F gy.t/ D
e�hy;tiF g0.t/, t 2 RN ; y 2 V .

By virtue of Plancherel’s theorem we have F gy 2 L2.RN /, y 2 V . But we cannot
conclude that F gy 2 L1.RN /. Choose a non-negative cut-off function r 2 C1.RN /,
 r D 0 if kxk � r , such that

R
RN  r.t/dLN .t/ D 1. Define

hr;y.x/ D hr.z/ ´
Z

RN
 r.�/g.z � �/dLN .�/; z D x C iy 2 xSb:

Then

F hy.t/ D F  r.t/F gy.t/

D F  r.t/e
�hy;tiF g0.t/ D e�hy;tiF h0.t/; t 2 Rn; y 2 V:

Moreover note that V 3 y ! gy 2 L2.Rn/ is continuous. Therefore, V 3 y 7!
F gy 2 L2.RN / is also continuous. Then the Schwarz inequality implies that V 3
y 7! F hy 2 L1.RN / is continuous. In particular, the Fourier inversion formula
applies to F hy . Hence,

hr.z/ D hr;y.x/ D
Z

RN
F h0.t/e

ihz;tidLN .t/; z 2 xSb: .�/

Using Step 20 it follows that conv.V / 3 y 7! F hy 2 L1.RN / is continuous meaning

that the function hr in .�/ is even continuous on SySb and holomorphic in ySb . Moreover,
(b) in Step 20 leads to khrk SySb D khrkSb .

Recall thathr !
r!0

g uniformly on Sb . Then .h1=m/m is a uniform Cauchy sequence

on SySb; so it converges uniformly to a function which we call yg. Then yg 2 C.
SySb/ \

O. ySb/ with yg D g on Sb .
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Proof of Corollary 8.2.2. The case where xAj   @Dj , j D 1; : : : ; N , is an easy ap-
plication of Theorem 8.2.1 by a suitable biholomorphic mapping (Exercise). It re-
mains the case where Aj D @Dj , j D 1; : : : ; s1, Aj D @Dj n faj g with aj 2 @Dj ,
j D s1 C 1; : : : ; s2, for s1 � s2 2 f1; : : : ; N g, and Aj   @Dj , j D s2 C 1; : : : ; N .
Moreover, we may assume that Dj D D and �1 2 Aj , j D 1; : : : ; N , and as1C1 D
� � � D as2 D 1.

Define

Aj;k ´ fz 2 T W j Arg zj > �=.2k/g; j D 1; : : : ; s2:

Then the former case implies that there exists a function Ofk 2 C. yX�
b
.k//\ O. yXb.k//

such that Ofk D f on Xb.k/, where

Xb.k/ ´ Xb.A1;k; : : : ; As2;k; As2C1; : : : ; AN I D; : : : ;D/; k 2 N:

Note that h�
Aj;k ;D � h�

Aj;kC1;D (1 � j � s2) and therefore, yX�
b
.k/ � yX�

b
.k C 1/. Let

uj ´ limk!1 h�
Aj;k ;D. Then 0 � uj 2 �H .D/ with u�;K

j � 0 on T � ´ T n f1g.
So by the general maximum principle for subharmonic functions (see [Ran 1995],
Theorem 3.6.9) we have that uj D 0 on D. Hence,

1[
kD1

yX�
b .k/ D yY �

b and
1[

kD1

yXb.k/ D yXb;

where Yb ´ Xb.T
�; : : : ;T �; As2C1; : : : ; AN I D; : : : ;D/.

Fix a k. Then we have two holomorphic functions Ofk; OfkC1 on yXb.k/ which are
continuous on yX�

b
.k/ such that f D Ofk D OfkC1 on Xb.k/. We want to show that

Ofk D OfkC1 on yX�
b
.k/. By assumption, one finds a positive " such that

• D.�1; "/ \ T � Ts2
j D1Aj;k \ TN

j Ds2C1Aj , k 2 N;

• PN .�1; "/ \ xDN � yX�
b
.k/;

• G ´ PN .�1; "/ \ DN � yXb.k/.

Fix an arbitrary point Qz 2 .T \ D.�1; "//N �1. Then the function

Of . Qz; �/ � OfkC1. Qz; �/
is holomorphic on D, continuous on xD \ D.�1; "/, and vanishes on T \ D.�1; "/.
Hence it vanishes on D. In a next step take a point . Qz; zN / 2 .T \ D.�1; "//N �2 �
.D\D.�1; "//. Let tm ´ 1�1=m,m 2 N. Then for sufficiently largem the functions

Ofk.tm Qz; �; zN / � QfkC1.tm Qz; �; zN /

are bounded holomorphic on D \ D.�1; "/. Taking m ! 1 it follows that

Ofk. Qz; �; zN / � QfkC1. Qz; �; zN /
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is holomorphic on D \ D.�1; "/ with vanishing boundary values on T \ D.�1; "/.
Hence it vanishes identically on D\D.�1; "/. Continuing with the same argument we
get that Ofk � OfkC1 coincide onG. Then the identity theorem gives that Ofk D OfkC1 on
yXb.k/. Finally, continuity implies equality on yX�

b
.k/.

Gluing all these Ofk’s we end up with a function yg1 2 C. yY �
b
/ \ O. yXb/ such that

yg1 D f on Yb .
If s1 D 0, then we are done. Otherwise take s1 C 1 pairwise different points

c1 D 1; c2; : : : ; cs1C1 2 T near 1. Following the same procedure as above leads to
functions

ygj 2 C. yY �
b .j // \ O. yXb/ with ygj D f on Xb;

where yYb.j / ´ X.T n fcj g; : : : ;T n fcj g; As2C1; : : : ; AN I D; : : : ;D/, j D 1; : : : ;

s1 C 1. Then, gluing the ygj ’s gives the final extension Of 2 C. yX�
b
/ \ O. yXb/, Of D f

on Xb .

As a consequence we get a boundary cross theorem due to N. I. Akhiezer and
L. I. Ronkin (see [Akh-Ron 1973] and [Akh-Ron 1976], where this result is proved
under additional assumptions).

Corollary 8.2.3. Let Dj ´ A.1; bj / and Aj ´ T � @Dj , j D 1; : : : ; N . Put
Xb ´ Xb..Aj ;Dj /

N
j D1/. Let f W Xb ! C be such that

• f .a0
j ; �; a00

j / 2 C.Dj [ T / \ O.Dj / for any a 2 T N and j D 1; : : : ; N ;

• f jTN 2 C.T N /;

• f is locally bounded.

Then there exists a unique Of 2 C. yX�
b
/\O. yXb/with f D Of on Xb and yXb D int yX�

b
.

Notice that

yX�
b ´

n
z 2 AŒ1; b1/ � � � � � AŒ1; bN / W PN

j D1
log jzj j
log bj

< 1
o
:

Proof. We only present the proof for N D 2; the general case is left as an Exercise.
First introduce the following domains:

Dj̇ ´ fz 2 A.1; bj / W j Arg.˙z/j > �=8g;
zDj̇ ´ fz 2 A.1; bj / W j Arg.˙z/j > �=4g:

Note that zDj̇ � Dj̇ are Jordan domains. Put

Aj̇ ´ fz 2 T W j Arg.˙z/j > �=8g
and let uj ´ h�

K;A
C
j

;D
C
j

be the relative boundary extremal function with respect to

the canonical system of approach regions. Note that DC
j D �D�

j and therefore,
h�

K;A�
j

;D�
j
.z/ D uj .�z/ on D�

j .
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Now let ı be a positive number with 1C 2ı < minfb1; b2g. Then there are positive
numbers ı00 < ı0 < ı such that

fzj 2 zDj̇ W 1 < jzj j < bj � ıg � fzj 2 Dj̇ W uj .zj / < 1 � ı0g;
fzj 2 zDj̇ W 1 < jzj j < 1C ı00g � fzj 2 Dj̇ W uj .zj / < ı

0g:

Put Xb.˙/ ´ X.A1̇ ; A2̇ ID1̇ ;D2̇ /. Then, applying Corollary 8.2.2, we get two
continuous functions Of ˙ 2 C. yX�

b
.˙// \ O. yXb.˙// with Of ˙ D f on Xb.˙/. In

particular, Of ˙ is continuous on

Z ˙.ı/ ´ fz 2 zD1̇ � zD2̇ W 1 � jz1j < ı00; 1 � jz2j < b2 � ıg
[ fz 2 zD1̇ � zD2̇ W 1 � jz1j < b1 � ı; 1 � jz2j < ı00g

and holomorphic on int Z ˙.ı/.
Fix a z0

2 2 zDC
2 \ zD�

2 with 1 < jz2j < b2 � ı. Then Of ˙ are holomorphic functions
on the annulus

G ´ fz 2 A.1; ı00/ W j Arg.˙z1/j > �=4g
having the same boundary values, namely f .�; z0

2/, at the inner boundary ofG. Arguing
as above, the reflection principle shows that Of C.�; z0

2/ D Of �.�; z0
2/ on the two con-

nected components ofG. The same argument leads to the conclusion that Of C D Of � on
their common region of definition. Hence we end up with a function gı 2 Os.Y .ı//,
where

Y .ı/ ´ X.A.1; 1C ı00/;A.1; 1C ı00/I A.1; b1 � ı/;A.1; b2 � ı//:
By virtue of the cross theorem there exists a ygı 2 O. yY .ı// with ygı D gı on Y .ı/.

Note that

yY .ı/ D fz 2 A.1; b1 � ı/ � A.1; b2 � ı/ W h1;ı.z1/C h2;ı.z2/ < 1g;
where

hj;ı.zj / ´ log jzj j
1Cı00

log.bj � ı/ ; zj 2 A.1; bj � ı/:

Now take a sequence ık & 0 (1 C 2ı1 < minfb1; b2g) and the corresponding
sequence ı00

k
& 0. Put hj;k ´ hj;ık , Yk ´ Y .ık/, ygk ´ gık , and ygk ´ ygık .

Moreover, put hj ´ log j�j
log bj

on A.1; bj /, j D 1; 2.

Fix a point z0 2 yXb with h1.z
0
1/ C h2.z

0
2/ C 4� < 1 and z0

j 2 A.1; bj � 2�/

(� > 0 sufficiently small). Then xD.z0
j ; r/ � A.1; bj � �/ for a sufficiently small r

and hj < hj .z
0
j / C � on xD.z0

j ; r/. There is a k0 such that for all k � k0 we have

hj;k � hj .z
0
j /C � on xD.z0

j ; r/ � A.1; bj � ık/, j D 1; 2. Thus, P2.z
0; r/ �� Yk .



8.2 Classical results 169

Moreover, for a fixed z0
2 2 D.z0

2 ; r/, the function ygk.�; z0
2/ is holomorphic on the

annulus fz 2 A.1; b1 � ık/ W h1;k.z1/ < �g, since for these z1 we have h1;k.z1/ C
h2;k.z

0
2/ < h2.z

0
2/C 2� < 1.

Observe that ygkC1.�; z0
2/ � ygk.�; z0

2/ D gkC1.�; z0
2/ � gk.�; z0

2/, k � k0, on the
annulus A.1; 1C "k/ for a sufficiently small positive "k . But on this annulus the above
difference has zero boundary values on fz 2 T W j Arg.˙z/j > �=4g. Hence, the
function ygkC1.�; z0

2/ � ygk.�; z0
2/ is identically zero on A.1; 1C "k/. Finally, using the

identity theorem, we get that this function vanishes identically on the annulus

fz1 2 A.1; b1 � ık/ W h1;j .z1/ < 1 � h2;j .z
0
2/; j D k; k C 1g

which contains D.z0
1 ; r/. Now we define a new function

Of ´ lim
k!1

ygk on P2.z
0; r/:

Obviously, Of 2 O. yXb/. It remains to check that Of satisfies the desired properties.

The following two examples show that the properties in the third and fourth bullet
in Corollary 8.2.2 are essential.

Example 8.2.4. [Dru 1980] The reader is asked to complete all details. LetA ´ fz 2
T W Re z > 0g and put Xb ´ Xb.A;AI D;D/.

(a) Define for z D .z1; z2/ 2 Xb the following function f :

f .z/ ´
´

exp.�.Log.1 � z1/C Log.1 � z2//Log 2Cz1z2
3

/ if z1 ¤ 1 ¤ z2;

0 if z1 D 1 or z2 D 1:

Then f satisfies all the assumptions in Corollary 8.2.2 except the third one. Note that
1 D f .eit ; e�it / ¹

t!0
f .1; 1/. Moreover, f is holomorphic on .xD n f1g/ � .xD n f1g/.

Note that .t; t/ 2 yXb for t 2 .0; 1/ near to 1, but nevertheless the radial limitf .t; t/ !
t%1

1 ¤ f .1; 1/.
(b) Now let fa W Xb ! C, 0 < a < 1=2, be given by the formula

fa.z/ ´
´

exp.�.z1 � a/.Log 3Cz2
1�z2

/2/ if z2 ¤ 1;

0 if z2 D 1;
z D .z1; z2/ 2 Xb:

Then fa satisfies all the properties in Corollary 8.2.2 except the last one. The function
fa is not locally bounded at the point .�aC ia; 1/ since jfa.�.t//j !

t&0
1, where

�.t/ ´
�

� aC
�

Re
�

Log
3C eit

1 � eit

�2��1

C ia; eit

�
; 0 < t < 1:
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Moreover, fa is holomorphic on xD � .xD n f1g/, but

fa

�
� aC

�
log

4 � t
t

��2

C ia; 1 � t
�

D exp
�

� 1 � ia log2 4 � t
t

�
has no limit when t ! 0C. Observe that�

� aC
�

log
4 � t
t

��2

C ia; 1 � t
�

2 yXb

for t sufficiently near 0, i.e. faj yXb has no limit when approaching .�aC ia; 1/ 2 Xb .

8.2.2 The Carleman operator method

A more general result was proved by Gonchar (see [Gon 1985], [Gon 2000]).

Theorem 8.2.5. Let Dj � C be a Jordan domain, ¿ ¤ Aj   @Dj a relatively open
subset, j D 1; 2. Put

Xb D X.A1; A2ID1;D2/:

Then for any f 2 C.Xb/ \ Os.X
o
b
/, bounded, there exists a unique function Of 2

C.Xb [ yXb/ \ O. yXb/ with f D Of on Xb . Moreover,

j Of .z/j � kf k1�u.z/
A1�A2

kf ku.z/
Xb

; z 2 yXb;

where u.z/ ´ h�
K;A1;D1

.z1/C h�
K;A2;D2

.z2/, z D .z1; z2/ 2 D1 �D2.

The proof will be based on:

• a Carleman formula ([Gol-Kry 1933], see also [Aiz 1990], Theorem 1.1) (see (a)
below),

• a theorem of Korànyi-Vagi (see [Rud 1980], Theorem 6.3.1) (see (b) below),
• classical results on boundary values in the theory of one complex variable; the

reader is asked to consult [Gol 1983], Chapter X, for more details.

(a) Carleman formula:

Lemma 8.2.6 ([Gol-Kry 1933]). Let B � T be relatively open and let f 2 L1
h
.D/.

Thenˇ̌̌̌
f .z/� 1

2�i

Z
B

f �.�/
� � z

�
'.z/

'�.�/

�m

d�

ˇ̌̌̌
� kf kD

dist.z;T n B/
� j'.z/j

e

�m

; z 2 D; m 2 N;

where ' 2 L1
h
.D/ with j'�j D e almost everywhere on T n A and 1 � j'j < e on D

('� denotes the radial boundary value of ' which exists almost everywhere because of
Fatou’s lemma). In particular,

f .z/ D lim
m!1

1

2�i

Z
B

f �.�/
� � z

�
'.z/

'�.�/

�m

d�; z 2 D:
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Proof. Note that f '�m 2 L1
h
.D/. Therefore, using the Cauchy integral formula (see

[Rud 1974], Corollary to Theorem 17.12) for f '�m, we have

f .z/ D 1

2�i

Z
B

f �.�/
� � z

�
'.z/

'�.�/

�m

d� C 1

2�i

Z
TnB

f �.�/
� � z

�
'.z/

'�.�/

�m

d�; z 2 D;

which immediately gives the estimate in the lemma.

(b) Korànyi-Vagi inequality:
In order to formulate the result of Korànyi-Vagi the following definitions are needed:

Cf .z/ ´ 1

2�i

Z
T

f .�/

� � z d�; z 2 D; when f 2 L1.T /;

MradŒg�.e
i� / ´ sup

0�r<1

jg.rei� /j; when g W D ! CI

Cf is the Cauchy integral of f and MradŒg� the so-called radial maximal function
for g.

Now we can give the precise statement (for a proof see [Rud 1980], Theorem 6.3.1).

Lemma 8.2.7. There exists a positive number C such that for every f 2 L2.T / the
following inequality holds:Z 2�

0

�
MradŒCf �.e

i� /
�2
d� � C

Z 2�

0

jf .ei� /j2d�:

After all these preparations we start the proof of Theorem 8.2.5.

Proof of Theorem 8.2.5. Note that we may assume that D1 D D2 D D (use biholo-
morphic mappings).

Recall that the function hj ´ h�
K;Aj ;D is harmonic on D with boundary value

�T nAj . Let gj ´ hj C i Qhj , where Qhj denotes a conjugate function to hj . Then
gj 2 O.D/. Put 'j ´ egj . Then 'j 2 L1

h
.D/, j'j j < e on D, and j'�

j j D e on

T n xAj , j=1,2.
Step 10. Construction of the holomorphic extension K.f / 2 O. yXb/.
Set A D A1 � A2. For m 2 N0 put

Km.z/DKm.f /.z/ ´ 1

.2�i/2

Z
A

f .�/

� � z
�
'1.z1/'2.z2/

'�
1 .�1/'

�
2 .�2/

�m

d�; z D .z1; z2/ 2 D2;

where � � z ´ .�1 � z1/.�2 � z2/. Note that Km.f / 2 O.D2/.
We claim that the sequence .Km/

1
mD0 converges locally uniformly on yXb .

Indeed, it suffices to prove that the series
P1

mD0.KmC1 �Km/ converges locally
uniformly on yXb . We write

KmC1 �Km D .KmC1;mC1 �KmC1;m/C .KmC1;m �Km;m/ μ K 0
m CK 00

m;
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where

Kn;m.z/ ´ 1

.2�i/2

Z
A

f .�/

� � z
�
'1.z1/

'�
1 .�1/

�n�
'2.z2/

'�
2 .�2/

�m

d�:

Then

K 0
m.z/ D 1

.2�i/2

Z
A

f .�/

� � z
�
'1.z1/

'�
1 .�1/

�mC1�
'2.z2/

'�
2 .�2/

�m�
'2.z2/

'�
2 .�2/

� 1
�
d�

D 1

.2�i/2

Z
A1

1

�1 � z1

�
'1.z1/

'�
1 .�1/

�mC1

� Z
A2

f .�/

�2 � z2

�
'2.z2/

'�
2 .�2/

�m�
'2.z2/

'�
2 .�2/

� 1
�
d�2

�
d�1:

Recall that for any �1 2 A1, z2 2 D the integrand under the second integral

D 3 �2 7! f .�1; �2/

�
'2.z2/

'2.�2/

�m�
'2.z2/

'2.�2/
� 1

�
1

�2 � z2

is holomorphic on D (note that the singularity at z2 is a removable one). Hence, using
the Cauchy integral theorem, we get

K 0
m.z/ D 1

.2�i/2

Z
A1

1

�1 � z1

�
'1.z1/

'�
1 .�1/

�mC1

�
�

�
Z

TnA2

f �.�/
�2 � z2

�
'2.z2/

'�
2 .�2/

�m�
'2.z2/

'�
2 .�2/

� 1
�
d�2

�
d�1;

where f �.�1; �2/ denotes the radial boundary value of f .�1; �/ 2 L1
h
.D/, �1 2 A1,

which exists almost everywhere on T . Hence, for z 2 yXb we arrive at the estimate

jK 0
m.z/j � C1

kf kXb

.1 � jz1j/.1 � jz2j/e
m.u.z/�1/; u.z/ D h1.z1/C h2.z2/;

where C1 D 2e is independent of m, z, and f . Hence,
P1

mD0K
0
m converges locally

uniformly on yXb to K 0 with

jK 0.z/j � C1

kf kXb

.1 � jz1j/.1 � jz2j/.1 � �.z// ; z 2 yXb;

where �.z/ D eu.z/�1. In an analogous way one gets the convergence of K 00 DP1
mD0K

00
m together with an analogous estimate for K 00.z/. Hence,

K.f / ´ lim
m!1Km.f / D K0.f /CK 0 CK 00 2 O. yXb/

with

jK.f /.z/j � C
kf kXb

.1 � jz1j/.1 � jz2j/.1 � �.z// ; z 2 yXb;
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where C is a constant which is independent of z and f . Note that the operator K is a
linear one.

Put

Of .z/ ´
´
K.f /.z/ if z 2 yXb;

f .z/ if z 2 Xb:

We will prove that Of is continuous on Xb [ yXb .

Step 20: Boundary behavior of K.f /.

(a) Local Jordan domains.
Let a 2 T . Fix positive numbers s1 < s2 � 1 and ˛ < �=4. Then we define the

following simple Jordan domain with piecewise C1-boundary:

˝.a; ˛I s1; s2/ ´ fz 2 A.s1; s2/ W j Arg z � Arg aj < ˛g
n ˚
z 2 A.s1; s2/ W ˛=2 � j Arg z � Arg aj; jzj � s1 C 2j Arg z�Arg aj�˛

˛
.s2 � s1/

�
and˝.a; ˛I s/ D ˝.a; ˛I s; 1/when s 2 .0; 1/. Observe that if s; t 2 .0; 1/, s.1Ct / <
1 � t , t < t0, and t0 sufficiently small, then ˝.a; .1 � t /˛I .1 C t /s; .1 � t // ��
˝.a; ˛I s/ and

S
0<t<t0

˝.a; .1 � t /˛I .1C t /s; 1 � t / D ˝.a; ˛I s/.
(b) Discussion on the boundary values of K.f /.
Fix an arbitrary point b D .b1; b2/ 2 A1 � D and choose a positive ı such that

h2.b2/C 3ı < 1. Take an r > 0 such that h2.z2/ < h2.b2/C ı, z2 2 V ´ D.b2; r/,
and D.b2; 2r/ � D. Finally, choose an angle ˛ 2 .0; �=4/ and an s 2 .0; 1/ such that

˝ ´ ˝.a; ˛I s/ � fz1 2 D W h1.z1/ < ıg; @˝ \ T � A:

Then K.f / is holomorphic on ˝ � V .
We will prove that the function K.f /.�; z2/, z2 2 V , has non-tangential boundary

values almost everywhere on @˝. To do so it suffices to verify that the function
K.f /.�; w2/ 2 E2.˝/, where E2.˝/ denotes the Smirnow class of order 2 on˝ (see
[Gol 1983]).

First we choose a sequence tj & 0 such that

j̋ D ˝.a; .1 � tj /˛I .1C tj /s; 1 � tj / % ˝:

It suffices to find a uniform estimate for

sup
j 2N

Z
�j

jK.f /.�1; z2/j2d�j .�1/;

where d�j is given by j� 0
j j=Lj , �j is a parametrization of �j ´ @ j̋ , and Lj is the
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length of �j . Recall that jKmC1 �Kmj2 � 2.jK 0
mj2 C jK 00

mj2/. Then (see above)

K 0
m.z/

D
�
1

2�i

�2Z
A1

� Z
TnA2

f �.�1; �2/

� � z
�
'1.z1/

'�
1 .�1/

�mC1�'2.z2/

'�
2 .�2/

�m�
1 � '2.z2/

'�
2 .�2/

�
d�2

�
d�1

D
�
'1.z1/

eı

�mC1 1

2�i

Z
A1

yhm.�1/

�1 � z1

d�1;

where

yhm.�1/ ´ 1

2�i

Z
TnA2

f �.�1; �2/

�2 � z2

�
eı

'1.�1/

�mC1�
'2.z2/

'2.�2/

�m�
1 � '2.z2/

'2.�2/

�
d�2;

�1 2 A1:

Note that

• j�'1.z1/

eı

�mC1j � 1 whenever z1 2 ˝,

• jyhm.�1/j � 2ekf kXb

r
e�mı , �1 2 A1.

We have to estimate the Cauchy integral

1

2�i

Z
A1

yhm.�1/

�1 � z1

d�1 D 1

2�i

Z
T

Hm.�1/

�1 � z1

d�1 D CHm.z/

along �j , where

Hm.�1/ ´
´
0 if �1 2 T n @˝;
yhm.�1/ if �1 2 T \ @˝:

Put �j;1 D �j \ .1 � tj /T and �j;2 ´ �j n �j;1. Then we get

Z
�j

jK 0
m.z/j2d�j .z1/ �

2X
kD1

Z
�j;k

.MradŒCHm�.z1=jz1j//2d�j .z1/ μ Ij :

Put �0 ´ Arg a, F ´ MradŒCHm�, sj;1 ´ .1 C tj /s, sj;2 ´ 1 � tj , and j̨ ´
.1 � tj /˛. Moreover, let

rj;1.�/ ´ sj;1 C 2.�0 � �/ � j̨

j̨

.sj;2 � sj;1/;

rj;2.�/ ´ sj;1 C 2.� � �0/ � j̨

j̨

.sj;2 � sj;1/:
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Then the second term in Ij can be written as a sum of the following three integrals:Z �0� j̨ =2

�0� j̨

F 2.ei� /
q
.rj;1.�//2 C .r 0

j;1.�//
2
d�

Lj

;Z �0C j̨ =2

�0� j̨ =2

F 2.ei� /sj;1

d�

Lj

;Z �0C j̨

�0C j̨ =2

F 2.ei� /
q
.rj;2.�//2 C .r 0

j;2.�//
2
d�

Lj

:

Therefore, using Lemma 8.2.7,

Ij � C2

Z
�j;1

.MradŒCHm�.z1=jz1j//2d�j .z1/

� C 0
2

Z
@˝\T

.MradŒCHm�.z1//
2d�.z1/ � C3

Z
T

jHm.z1/j2d�.z1/; d� D d�

2�
:

Hence, Z
�j

jK 0
m.z/j2d�j .z1/ � C4 � e�2mı ; z2 2 V:

A similar estimate holds for the term K0.f / (Exercise).
On the other hand, the estimate for K 00

m will be much simpler. Namely,

K 00
m.z/

D
�
1

2�i

�2Z
A

f .�/

� � z
�
'1.z1/'2.z2/

'�
1 .�1/'

�
2 .�2/

�m�
'1.z1/

'�
1 .�1/ � 1

�
d�1d�2

D
� 1

2�i

�2
Z

T nA1

� Z
A2

f �.�1; �2/

.�1 � z1/.�2 � z2/

�
'1.z1/'2.z2/

'�
1 .�1/'

�
2 .�2/

�m�
'1.z1/

'�
1 .�1/

� 1
�
d�2

�
d�1;

where the last equality is, similarly as above, a consequence of the Cauchy integral
theorem. Hence, we get

jK 00
m.z/j � 2kf kXb

r dist.˝;T n A/e
m.u.z/�1/ � C5e

�mı ; z1 2 ˝; z2 2 V:

Therefore, supj

R
�j

jK 00
m.z1; z2/j2d�j .z1/ � C6e

�2mı .
Summarizing, we end withZ

�j

jK.z1; z2/j2d�j .z1/ � C7;

which shows that K.f /.�; z2/ 2 E2.˝/, z2 2 V . Finally, applying [Gol 1983],
Chapter X, §5, shows thatK.f /.�; z2/ has almost everywhere non-tangential boundary
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values K.f /�.�; z2/ on @˝, z2 2 V , andZ
@˝

jK.f /�.z1; z2/j2d�.z1/ D sup
j

Z
�j

jK.z1; z2/j2d�j .z1/:

Step 30. Evaluation of K.f /� along @˝ \ T .
We want to verify that K.f /�.�; z2/ D f .�; z2/ almost everywhere on @˝ \ T ,

z2 2 V . Indeed:
Write f D f1 C if2. Then fj are bounded harmonic functions on D. Define

Qfj .�/ ´ lim supk!1 fj ..1 � 1=k/�1; �2/, � 2 T � A2. Note that Qfj are integrable
along T � A2, j D 1; 2. Then Qf ´ Qf1 C i Qf2 is integrable along T � A2 and for
�2 2 A2 we have Qf .�; �2/ D f �.�; �2/ almost everywhere on T .

Put

K�1;m.z/ ´ 1

2�i

Z
A2

Qf .z1; �2/

�2 � z2

�
'2.z2/

'2.�2/

�m

d�2; z1 2 T :

To decide whether this function is the boundary value of its Cauchy integral we will
apply Theorem 1 in [Gol 1983], Chapter X. So we have to calculateZ

T
K�1;m.�1; z2/�

k
1d�1 D 1

2�i

Z
A2

� Z
T
f �.�1; z2/�

k
1d�1

��
'2.z2/

'2.�2/

�m

d�2 D 0I

use that f �.�; z2/ is a boundary value of f .�; z2/, z2 2 V . Hence we conclude that
K�1;m.�; z2/ is along T the boundary value of its Cauchy integral

K1;m.z1; z2/ ´ C ŒK�1;m.�; z2/�.z1/; z1 2 D; z2 2 V:

To evaluate K�.f /.�; z2/, z2 2 V , we discuss the integralZ
@˝\T

jK�.f /.z1; z2/ � f .z1; z2/j2d�.z1/

� 2

Z
@˝\T

jK�.f /.z1; z2/ �K�1;m.z1; z2/j2d�.z1/

C 2

Z
@˝\T

jK�1;m.z1; z2/ � f .z1; z2/j2d�.z1/

� 2 sup
j

Z
�j

jK.f /.z1; z2/ �K1;m.z1; z2/j2d�j .z1/

C 2

Z
@˝\T

jK�1;m.z1; z2/ � f .z1; z2/j2d�.z1/ μ Im C IIm:

The second inequality is a consequence that the integrand belongs to the Smirnow
class E2.˝/ (see [Gol 1983], Chapter X). First, let us discuss the second integral (use
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Lemma 8.2.6):

IIm D 2

Z
@˝\T

ˇ̌̌̌
1

2�i

Z
A2

f .z1; �2/

�2 � z2

�
'2.z2/

'2.�2/

�m

d�2 � f .z1; z2/

ˇ̌̌̌2
d�.z1/

� 2mes.A1/

�
C

kf kXb

r

� j'.z2/j
e

�m�2

� C8e
�2mı ;

where mes.A1/ means the arc length of A1.
Finally,

Im � 4 sup
j

Z
�j

ˇ̌̌ 1X
kDm

.KmC1.z1; z2/ �Km.z1; z2//
ˇ̌̌2

d�j .z1/

C 4 sup
j

Z
�j

ˇ̌
Km.z1; z2/ �K1;m.z1; z2/

ˇ̌2
d�j .z1/ � C9e

�mı C IIIm:

To study IIIm we write the integrand in full details for z D .z1; z2/ 2 ˝ � V :

jK1;m.z/ �Km.z/j
D

ˇ̌̌̌�
1

2�i

�2 Z
TnA1

� Z
A2

f �.�1; �2/

.�1 � z1/.�2 � z2/

�
'1.z1/'2.z2/

'�
1 .�1/'

�
2 .�2/

�m

d�2

�
d�1

ˇ̌̌̌
� kf kXb

dist.˝;T n A/e
�mı :

Therefore, IIIm � 4
� kf kXb

dist.˝;T nA/
e�mı

�2
. Taking all the estimates into account we

finally get Z
@˝\T

jK�.f /.z/ � f .z/j2d�.z1/ � C10e
�mı !

m!1 0I

i.e. K�.f /.�; z2/ D f .�; z2/ almost everywhere on T \ @˝, z2 2 V .

Step 40. Proof of kK.f /k yXb � kf kXb .

We will use the geometric objects from Steps 20, 30. Then K.f /.�; z2/ and
K.f N /.�; z2/ have almost everywhere on T \ @˝ non-tangential boundary values
f .�; z2/ and f N .�; z2/, respectively, z2 2 V . Using the Privalov uniqueness result (see
[Gol 1983], Chapter X, §2, Theorem 1) we see that .K.f /.�; z2//

N D K.f N /.�; z2/

on ˝, z2 2 V . Applying the identity theorem, it follows that .K.f //N D K.f N / on
yXb . Moreover, taking into account the estimate from Step 10 we have

jK.f /.z/jN D jK.f N /.z/j � C
kf kN

Xb

.1 � jz1j/.1 � jz2j/.1 � �.z//
and, since N 2 N is arbitrarily chosen, jK.f /.z/j � kf kXb , z 2 yXb .
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Step 50. Continuity at points a 2 A.
Fix a point a D .a1; a2/ 2 A. We may assume that f .a/ D 0 (substituting f by

f � f .a/). Now choose a positive ". Then there exists an r > 0 such that jf j < " on
the new boundary cross

X 0
b ´ �

.D.a1; r/ \ xD/ � .D.a2; r/ \ T /
� [ �

.D.a1; r/ \ T / � .D.a2; r/ \ xD/�:
Using biholomorphic mappings we find with the previous methods a Carleman exten-
sion K.f jX 0

b
/ 2 O. yX 0

b
/ with jK.f jX 0

b
/j � " on yX 0

b
. Fix a point a0

2 2 D.a2; r/ \ D.

Following Steps 20, 30, we conclude that near a1 the functions K.f /.�; z2/ and
K.f jX 0

b
/.�; z2/ have almost everywhere the same non-tangential boundary values,

namely, f .�; z2/, where z2 2 D.a0
2; s/, s sufficiently small. Therefore, by virtue of Pri-

valov’s uniqueness theorem and the identity theorem, it follows thatK.f / D K.f jX 0
b
/

on yX 0
b
. Then, taking a ı" > 0 such that

U ´ .D.a1; ı"/ \ D/ � .D.a2; ı"/ \ D/ � yX 0
b � yXb;

it follows that jK.f /j < " on U ; i.e. Of is continuous at the point a.

Step 60. Continuity at points a 2 A1 � D.
Fix a point a D .a1; a2/ 2 A1�D. We may assume that f .a/ D 0 and kf kXb � 1.

Now let a positive " < 1 be given. Choose ı; r; V , and ˝ as in Step 30. Then we
can find a positive s, s < r , such that jf j < " on .T \ D.a1; s// � D.a2; s/ and
D \ D.a1; s/ � ˝. As in Step 30, the function K.f /.�; z2/ has almost everywhere
along T \ D.a1; s/ the non-tangential boundary value f .�; z2/, z2 2 V .

Put, on D0 ´ D \ D.a2s/,

uw ´ log jK.f /.�; w/j � log "

� log "
; w 2 D.a2; s/:

Then u 2 �H .D0/, lim supD03�!z uw.�/ � 1, z 2 @D0 \ D. Moreover, u has the
non-tangential limit 0 almost everywhere alongA0 ´ @D0 \T . Take a biholomorphic
mapping˚ W D ! D0. Then, in fact,˚ is a homeomorphism from xD onto xD0. Observe
that vw ´ uw B˚ 2 �H .D/ with lim supD3�!z vw.�/ � 1 for all z 2 T nA00, where
A00 ´ ˚�1.A0/. Moreover, vw has the non-tangential limit 0 almost everywhere along
B . Applying Lemma 3.7.6, it follows that vw D uw B˚ � h�

K;A00;D D h�
K;A0;D0 B˚ on

D. Hence, uw � h�
K;A0;D0 onD0. In particular, jK.f /.z/j � "

1�h�
K;A0;D0 .z1/ � p

", if
z1 is sufficiently near to a1 and z2 2 D.a2; s/, which proves the continuity.

Step 70. Estimate for Of .
Fix an a2 2 A2. Then f .�; a2/ is holomorphic on D and continuous on D [ A1.

Using the two-constant theorem one concludes that

jf .z1; a2/j � kf k1�h�
K;A1;D

.z1/

A1
kf kh�

K;A1;D
.z1/

Xb
; z1 2 D:
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Now fix a point z0 2 yXb . Put

D.ı/ ´ fz2 2 D W h�
K;A2;D.z2/ < 1 � ıg;

where ı ´ h�
A;D.z

0
1/. Note that A2 � @D.ı/. As above we get

j Of .z0
1 ; z2/j � k Of .z0

1 ; �/k
1�h�

K;A2;D.ı/
.z2/

A2
k Of .z0

1 ; �/k
h�

K;A2;D.ı/
.z2/

D.ı/
; z2 2 D.ı/:

Finally, we only have to recall that h�
K;A2;D.ı/

D h�
K;A2;D

1�h�
K;A1;D

.z0
1

/
on D.ı/ (Exercise;

for a similar result see Proposition 3.2.27) to get the claimed estimate for the point z0.

Remark 8.2.8. The extension problem for boundary crosses may be formulated in the
following general context.

(S-OB) We ask whether Xb � @ yXA;b and whether there are subsets zAj � Aj ,
zAj ¤ ¿, such that:

• for any a 2 Xb.. zAj ;Dj /
N
j D1/ μ Yb with a 2 zA1 � � � � � zAN μ zA and

any˛ D .˛1; : : : ˛N / 2 I1;a1�� � ��IN;aN there exist open neighborhoods
Uj D Uj .a; ˛/ of aj with

B˛.a/ ´ .U1 \ A1;˛1.a1// � � � � � .UN \ AN;˛n.aN // � yXA;bI
• for any a 2 Yb with aj 2 Dj and any

.˛0
j ; ˛

00
j / 2

� j �1Y
sD1

Is;as

�
�

� NY
sDj C1

Is;as

�
μ Ia0

j
� Ia00

j

there exist open neighborhoods Vs D Vs.a; ˛
0
j ; ˛

00
j / of as , s D 1; : : : ; N ,

with Vj � Dj such that

B˛0
j

;˛00
j
.a/ ´

j �1Y
sD1

.Vs \As;˛s .as//�Vj �
NY

sDj C1

.Vs \As;˛s .as// � yXA;bI

note that the family .B˛.a/;B˛0
j

;˛00
j
.a// defines a system of approach

regions for .Yb; yXA;b/.

• for every function f 2 OA;s.Xb/ there exists a unique Of 2 O. yXA;b/with

f .a/ D

8̂̂<̂
:̂

lim
B˛.a/3z!a

Of .z/ if a 2 zA; ˛ 2 I1;a1 � � � � � IN;aN ;

lim
B
˛0
j
;˛00
j

.a/3z!a

Of .z/ if a 2 Yb; aj 2 Dj ;

.˛0
j ; ˛

00
j / 2 Ia0

j
� Ia00

j
; 1 � j � N:
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Results discussing various aspects of the above general problem may be found
in [Pfl-NVA 2003], [Pfl-NVA 2004], [Pfl-NVA 2007], [NVA 2008], [NVA 2009] and
[NVA 2010].



Part II

Cross theorems with singularities





Chapter 9

Extension with singularities

Summary. Section 9.1 shows that almost all slices (parallel to coordinate hyperplanes) of an �-region of

holomorphy are regions of holomorphy for certain families (induced by �) of holomorphic functions. The

next section starts with a discussion of the Gonchar class R0 of functions which allow a strong approximation

by rational functions. Then the theorem of Oka–Nishino (Theorem 9.2.19) is presented. It clarifies the

analytic structure of a pseudoconcave set in D �C under certain assumptions on the nature of its fibers over

the points of D. The section finishes with a result of Chirka–Sadullaev (Theorem 9.2.24) explaining that

fiberwise holomorphic extension outside of “thin” sets leads to a global holomorphic extension outside of a

global pluripolar, respectively analytic set. This result will play the main role in the following discussion of

cross theorems with singularities. The chapter concludes with theorems due to Grauert–Remmert, Dloussky,

and Chirka (Theorem 9.4.1, Theorem 9.4.2) describing the envelope of holomorphy of D n M in terms of

the envelope of D itself and some exceptional set.

9.1 Sections of regions of holomorphy

> §§ 2.1, 2.3.

This section is based on [Jar-Pfl 2005].
Let .X; p/ 2 R.Cn/, Cn D Ck�C`,p D .u; v/ W X ! Ck�C`. Put˝ ´ p.X/,

˝k ´ u.X/ D prCk .˝/, ˝
` ´ v.X/ D prC`.˝/. For a 2 ˝k define

Xa ´ u�1.a/ D p�1.fag � C`/; pa ´ vjXa :
Similarly, for b 2 ˝`, put Xb ´ v�1.b/ D p�1.Ck � fbg/, pb ´ ujXb .

Exercise 9.1.1. (a) .Xa; pa/ is a Riemann region over C` for every a 2 ˝k . If .X; p/
is countable at infinity, then so is .Xa; pa/.

(b) By Theorem 2.5.5 (h), if X is a region of holomorphy, then each .Xa; pa/ is a
region of holomorphy.

Let ¿ ¤ � � O.X/. For a 2 ˝k define fa ´ f jXa , �a ´ ffa W f 2 �g �
O.Xa/.

In view of Exercise 9.1.1 (b), it is natural to ask whether each .Xa; pa/ is an �a-
region of holomorphy provided that .X; p/ is an �-region of holomorphy. In general,
the answer is negative as the following example shows.

Let X � C2 (k D ` D 1) be a fat bounded domain of holomorphy with 0 2 X

(recall that X is fat if X D int xX ). Take a non-continuable function g 2 O.X/, put
f .z/ ´ z1g.z/, z D .z1; z2/ 2 X , � ´ ff g. One can easily check that f is
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also non-continuable beyond X (Exercise). Observe that f0 D f .0; �/ 	 0. Thus
X0 D X.0;�/   C is not an �0-region of holomorphy.

Theorem 9.1.2. Let .X; p/ 2 R1.Cn/ be an �-region of holomorphy. Then there
exists a pluripolar set Pk � ˝k such that .Xa; pa/ is an �a-region of holomorphy for
every a 2 ˝k n Pk .

Proof. By Proposition 2.1.26, we may assume that � is finite or countable.
Step 10. There exists a pluripolar set P � ˝k such that for any a 2 ˝k n P ,

.Xa; pa/ is an �a-region of existence.
Define Rf;b.x/ ´ d.Txfu.x//, f 2 � , b 2 ˝`, x 2 Xb . Recall (§ 2.1.2) that

1=Rf;b.x/ D lim sup
�!C1

�
max

ˇ2Z`CW jˇ jD�

1

ˇŠ
jD.0;ˇ/f .x/j

�1=�

; x 2 Xb:

Obviously, Rf;b.x/ � dX .x/, x 2 Xb . By the Cauchy inequalities, we get

1

ˇŠ
jD.0;ˇ/f .x/j �

supyPX .x0;r/
jf j

r jˇ j ; 0 < r < dX .x0/; x 2 yPX .x0; r=2/; ˇ 2 Z`C:

Consequently, the function � log.Rf;b/� (where � denotes the lower semicontinuous
regularization on Xb) is plurisubharmonic on Xb . Put

Pf;b ´ u.fx 2 Xb W .Rf;b/�.x/ < Rf;b.x/g/ � ˝k :

Then Pf;b is pluripolar (cf. Theorem 2.3.33 (b)). Put

Rb ´ inf
f 2�

Rf;b; yRb ´ inf
f 2�

.Rf;b/�:

Observe that � log. yRb/� is plurisubharmonic on Xb . Put

Pb ´ u.fx 2 Xb W . yRb/�.x/ < yRb.x/g/ � ˝k :

The set Pb is also pluripolar (cf. Theorem 2.3.33 (a)). Now let B � ˝` be a dense
countable set. Define

P ´
� [

f 2�; b2B

Pf;b

�
[

� [
b2B

Pb

�
� ˝k :

Then P is pluripolar.
Take an a 2 ˝k n P and suppose that Xa is not an �a-region of existence. Then

there exist a point x0 2 Xa and a number r > dXa.x0/ such that b ´ v.x0/ 2 B and
Rb.x0/ > r . Since a … P , we have

. yRb/�.x0/ D yRb.x0/ D inf
f 2�

.Rf;b/�.x0/ D inf
f 2�

Rf;b.x0/ D Rb.x0/ > r:
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In particular, there exists 0 < " < dX .x0/ such that . yRb/�.x/ > r , x 2 yPXb .x0; "/.
Since

Rb.x/ D inf
f 2�

Rf;b.x/ � inf
f 2�

.Rf;b/�.x/ D yRb.x/ � . yRb/�.x/;

we conclude that Rb.x/ > r , x 2 yPXb .x0; "/. Put U ´ yPX .x0; "/. Hence, by
Proposition 1.1.10, for every f 2 � , the function f B .pjU /�1 extends holomor-
phically to V ´ P.a; "/ � P.b; r/. Since .X; p/ is an �-domain of holomorphy,
by Remark 2.1.24, there exists a univalent domain W � X with U � W such that
p.W / D V . In particular, dXa.x0/ � r ; a contradiction.

Step 20. There exists a pluripolar set P � ˝k such that for any a 2 ˝k n P the
family �a weakly separates points in Xa.

Take a 2 ˝k , x0; x00 2 Xa with x0 ¤ x00, pa.x
0/ D pa.x

00/ μ b, and f 2 � such
that Tx0f ¤ Tx00f . Put r ´ minfd.Tx0f /; d.Tx00f /g and let

Pa;x0;x00;f ´ fz 2 P.b; r/ W .Tx0f /.z; �/ 	 .Tx00f /.z; �/g
D

\
w2P.b;r/

fz 2 P.a; r/ W Tx0f .z; w/ D Tx00f .z; w/g:

Then Pa;x0;x00;f   P.a; r/ is an analytic subset. For any z 2 P.a; r/ n Pa;x0;x00;f we
have .Tx0f /.z; �/ 6	 .Tx00f /.z; �/ on P.b; r/.

Take a countable dense set A � ˝k . For any a 2 A let Ba � Xa be a countable
dense subset such that p�1

a .pa.Ba// D Ba. Then

P ´
[

a2A; x0;x002Ba; f 2�
x0¤x00; pa.x0/Dpa.x00/; Tx0f ¤Tx00f

Pa;x0;x00;f

is a pluripolar set.
Fix a0 2 ˝k n P , x0

0; x
00
0 2 Xa0 , with x0

0 ¤ x00
0 and pa0.x

0
0/ D pa0.x

00
0/. Put

r0 ´ minfdX .x
0
0/; dX .x

00
0/g. Since .X; p/ is an �-region of holomorphy, there exists

an f0 2 � be such that Tx0
0
f0 ¤ Tx00

0
f0. Let " 2 .0; r0=2/ be such that Tx0f0 ¤ Tx00f0

for arbitrary x0 2 yPX .x
0
0; "/, x

00 2 yPX .x
00
0 ; "/. Take a 2 A \ P.a0; "/ and x0; x00 2 Ba

such that x0 2 yPX .x
0
0; "/, x

00 2 PX .x
00
0 ; "/, pa.x

0/ D pa.x
00/ μ b. Observe that

r ´ minfd.Tx0f0/; d.Tx00f0/g � r0=2. Since a0 … P.a; r/ n Pa;x0;x00;f0 , we con-
clude that .Tx0f0/.a0; �/ 6	 .Tx00f0/.a0; �/ on P.b; r/. Consequently, .Tx0

0
f /.a0; �/ 6	

.Tx00
0
f /.a0; �/, which implies that Tx0

0
fa0 ¤ Tx00

0
fa0 .

Example 9.1.3. The following example shows that in general the set Pk from Theo-
rem 9.1.2 is not contained in any analytic subset of ˝k of dimension � k � 1.

Let A � C be a dense F� polar set (e.g. A ´ Q2). By Theorem 4.2.5 there exists
a function f W C � C ! C such that

• f .�; b/ 2 O.C/ for each b 2 C,
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• f .a; �/ 2 O.C/ for each a 2 A,
• f is unbounded near some point .z0; 0/ 2 C � C.

By Theorem 1.4.7 there exists a non-empty domain V � C such that f 2 O.C �
V /. Let ' W .C � V; id/ ! .X; p/ be the ff jC�V g-maximal extension. Put Of ´
.f jC�V /

' 2 O.X/, � ´ f Of g. Then .X; p/ is an �-domain of holomorphy (cf. Re-
mark 2.1.19). Observe that C � V � p.X/. We will prove that for every a 2 A, the
region .Xa; pa/ is not an �a-region of holomorphy, which shows that A � Pk for any
set Pk as in Theorem 9.1.2.

We may assume that the maximal extension .X; p/ is a domain in the sheaf of germs
of holomorphic functions in C2 (as in Remark 2.1.13).

First, observe that X must be univalent and Of D f B p.
Indeed, take a sequence of bidiscs Qj D Q0

j � Q00
j � C2, j D 1; : : : ; N , and a

sequence of functions fj 2 O.Qj /, j D 1; : : : ; N , such that

• Q00
1 � V , f1 D f jQ1 ,

• Qj \Qj C1 ¤ ¿, fj D fj C1 on Qj \Qj C1, j D 1; : : : ; N � 1.

We want to show that fN D f jQN .
We apply induction on N . Suppose that we already know that fN �1 D f jQN�1 .

Take ana 2 A\Q0
N �1\Q0

N ¤ ¿. Thenf .a; �/; fN .a; �/ 2 O.Q00
N / and they coincide

on Q00
N �1 \ Q00

N . Consequently, f D fN on .A \ Q0
N �1 \ Q0

N / � Q00
N . Now take

a b 2 Q00
N . Then f .�; b/; fN .�; b/ 2 O.Q0

N / and they coincide on A \Q0
N �1 \Q0

N .
Since A is dense, we conclude that they coincide on Q0

N .

Thus, we may assume that X is a domain in C2, C � V � X , ' D id, and Of D f

on X . Take an a 2 A and suppose that Xa is the Of .a; �/-region of existence. Since
f .a; �/ 2 O.C/, we conclude that Xa D C. Consequently, for every R > 0 there
exists an r > 0 such that D.a; r/ � D.R/ � X . Hence f 2 O.D.a; r/ � D.R//,
which implies (Proposition 1.1.10) that f 2 O.C � D.R//. Finally, f 2 O.C � C/;
a contradiction.

The following consequences of Theorem 9.1.2 will be used in Chapter 10.

Proposition 9.1.4. Let .D; �D/ 2 Rc.Ck/, .G; �G/ 2 Rc.C`/. Let ˝ � D � G be
a Riemann region of holomorphy, and letM � ˝ be a relatively closed pluripolar set
that is singular with respect to a family � � O.˝ nM/. Then there exists a pluripolar
set P � D such that for any a 2 prD.˝/ nP , the fiberM.a;�/ is singular with respect
to the family �a ´ ff .a; �/ W f 2 �g � O.˝.a;�/ nM.a;�//.

Proof. First assume that .D; �D/ D .Cn; id/. Observe that ˝ n M is a region of
holomorphy with respect to the family �0 ´ � [ O.˝/. Moreover, it is easily seen
that ˝a D ˝.a;�/, a 2 Ck (where ˝a is taken in the sense of Theorem 9.1.2 and
˝.a;�/ D fw 2 G W .a; w/ 2 ˝g). By Theorem 9.1.2, there exists a pluripolar set
P � Ck such that for any a 2 prCk .˝/ n P , the fiber ˝.a;�/ n M.a;�/ is a region of
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holomorphy with respect to the family .�0/a. In particular, for any a 2 prCk .˝/ nP ,
the fiber M.a;�/ is singular with respect to �a.

In the general case write D D S1
j D1Dj , where each Dj � D is a univalent

pseudoconvex domain. Let j̋ ´ ˝ \ .Dj � G/, �j ´ � j
j̋

, j 2 N. By the first
part of the proof, for each j there exists a pluripolar set Pj � Dj such that for any
a 2 prD. j̋ / n Pj , the fiber M.a;�/ \ . j̋ /.a;�/ is singular with respect to the family
�aj. j̋ /.a;�/ . It remains to put P ´ S1

j D1 Pj .

Lemma 9.1.5. Let D � Ck be a domain of holomorphy, let .G; �/ 2 Rc.C`/ be a
Riemann domain of holomorphy, letG0 be a subdomain ofG, and let A � D. Assume
that for every a 2 A we are given a relatively closed pluripolar setM.a/ � G. Let

� ´ ff 2 O.D �G0/ W 8a2A 9 Ofa2O.GnM.a//
W Ofa D f .a; �/ on G0g:

Assume that for every a 2 A the set M.a/ is singular with respect to the family
y�a ´ f Ofa W f 2 �g. Then there exists a pluripolar set P � A such that if we put
A0 ´ A n P , then the set

M.A0/ ´
[

a2A0

fag �M.a/

is relatively closed in A0 �G.

Proof. Put G.a/ ´ G nM.a/, a 2 A. We have to prove that there exists a pluripolar
set P � A such that the set

G.A0/ ´ .A0 �G/ nM.A0/ D
[

a2A0

fag �G.a/

is open in A0 � G. In particular, it would be enough to prove that G.A0/ D .A0 �
G/\ .Y /, where Y � X is open and  W .X; p/ ! .D �G; id � �/ is a morphism.

First observe that .G.a/; �/ is an y�a-domain of holomorphy for every a 2 A

(becauseM.a/ is singular with respect to y�a, and .G; �/ is a domain of holomorphy).
Let ' W .D � G0; id � �/ ! .X; p/ be the maximal �-extension. Observe that if

p D .u; v/ W X ! Ck � C`, then D D .u B '/.D � G0/ � u.X/. Since .X; p/ is
an �'-domain of holomorphy, Theorem 9.1.2 implies that there exists a pluripolar set
P � A such that .Xa; pa/ is an .�'/a-region of holomorphy for everya 2 AnP μ A0

(we keep notation from Theorem 9.1.2).
Let a 2 D. Observe that '.a; �/ W .G0; �/ ! .Xa; pa/ is a morphism. Let Xo

a be
the connected component of Xa that contains '.fag �G0/. Then

'.a; �/ W .G0; �/ ! .Xo
a ; pa/

is an �a-extension with �a ´ ff .a; �/ W f 2 �g and .�a/
'.a;�/ D .�'/ajXoa .
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Consequently, for every a 2 A0 the Riemann domain .G.a/; �/ is isomorphic with
.Xo

a ; pa/; let �a W .Xo
a ; pa/ ! .G.a/; �/ be an isomorphism such that �a B'.a; �/ D id

(notice that �a is uniquely determined).
Since O.D � G/jD�G0 � � and .D � G; id � �/ is the Riemann domain of

holomorphy, the lifting theorem ([Jar-Pfl 2000], Proposition 1.9.2) implies that there
exists a lifting of the inclusion .D � G0; id � �/ ! .D � G; id � �/, i.e. a uniquely
determined morphism D . D;  G/ W .X; p/ ! .D�G; id��/ such that B' D id.

Then  G W .Xa; pa/ ! .G; �/ is a morphism such that  G B '.a; �/ D id. Conse-
quently,  G D �a on Xo

a for every a 2 A0.
Finally,

G.A0/ D
[

a2A0

fag �G.a/ D
[

a2A0

fag � �a.X
o
a /

D
[

a2A0

fag �  G.X
o
a / D  

� [
a2A0

Xo
a

�
D  .Y / \ .A0 �G/;

where Y ´ S
a2D X

o
a . It remains to observe that Y is open.

9.2 Chirka–Sadullaev theorem

> §§ 2.3, 2.4, 3.2, 9.1.

9.2.1 The Gonchar class Ro

To be able to present a result of Chirka–Sadullaev (see Theorem 9.2.24) which will
be the basis of the following discussion we need some results from classical complex
analysis of one complex variable mainly due to G. A. Gonchar (see [Gon 1972] and
[Gon 1974]). This subsection is based on the classical potential theory – all needed
tools may be found in [Ran 1995], Chapter 5.

Definition 9.2.1. Let D � C be a domain and let f 2 O.D/. We say that f belongs
to the class R0 if there is a disc D.a; r/ �� D such that

lim
k!1

.�k;D.a;r/.f //
1=k D 0;

where
�k;D.a;r/.f / ´ inffkf � p=qkD.a;r/ W p; q 2 Pk.C/g:

Note that f 2 R0, if and only if, there exist a disc D.a; r/ �� D and a sequence
.pk=qk/k , pk; qk 2 Pk.C/, such that kf � pk=qkk1=k

D.a;r/
!

k!1
0. We will see that in

fact the definition is independent of the disc D.a; r/.
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Proposition 9.2.2. LetD � C be a domain with xD.a; r/[ xD.b; s/ � D, f 2 O.D/.
Assume that kf � pk=qkk1=k

D.a;r/
! 0, where pk; qk 2 Pk.C/, k 2 N. Then there

exist polynomials Qpk; Qqk 2 Pk.C/, k 2 N, such that

kf � Qpk= Qqkk1=k

D.a;r/[D.b;s/
!

k!1
0:

In particular, if .�k;D.a;r/.f //
1=k ! 0, then .�k;D.b;s/.f //

1=k ! 0.

Proof. We may assume that a D 0. Let r 0 > r be such that D.r 0/ �� D. Choose
smooth domainsD2 �� D1 �� D such that xD.r 0/[ xD.b; s/ � D2. Recall that such
domains are regular with respect to the Dirichlet problem.

By assumption there are polynomials pk; qk 2 Pk.C/ with

"
1=k

k
´ kf � pk=qkk1=k

D.r/
! 0:

We may assume that pk; qk do not have common zeros and that "k < 1 for k � k1.
Put rk ´ pk=qk . Then rk is holomorphic in a neighborhood of xD.r/; in particular,
qk has no zeros on this neighborhood.

Fix a k � k1. Denote by ˇk;1; : : : ; ˇk;~k (~k � k) all the zeros of qk (counted
with multiplicities) which lie inside of D.2R/ with R ´ maxf1; supz2D1

jzjg. Put
!k.z/ ´ Q~k

j D1.z�ˇk;j /. Then sk ´ rk!k is a rational function of degree less than
or equal to k which has no poles inside of D.2R/. Then

kskkD.r/ � krkkD.r/k!kkD.r/ � .kf kD.r/ C 1/k.3R/k μ Ak
1 :

Moreover, there is a t > 1, independent of k, such that kskkD.R/ � tkkskkD.r/.
Indeed, letG ´ xCn xD.r/. If ˇ 2 G, then gG.ˇ; �/means the classical Green function
with logarithmic pole ˇ, i.e. gG.ˇ; �/ is harmonic on G n fˇg, bounded outside of a
neighborhood of ˇ, gG.ˇ; z/ D � log jz � ˇj C O.1/, and gG.ˇ; z/ !

z!�
0 for all

� 2 @D.r/. In particular, we have gG.ˇ; z/ D log j Ňz�r2j
rjˇ�zj .

Denote by ˛k;1; : : : ; ˛k;`k all poles of sk . Recall that they lie outside of D.2R/.
Then

uk ´ log
jskj

kskkD.r/

�
`kX

j D1

gG.˛k;j ; �/

is subharmonic on G with non-positive boundary values. By the maximum principle
it follows that

jsk.z/j � kskkD.r/ exp
� `kX

j D1

gG.˛k;j ; z/
�
; z 2 G:

Using the concrete formulas for the involved Green functions, we receive

jsk.z/j � kskkD.r/

�
3R

r

�k

; z 2 D.R/ n D.r/:
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It remains to put t ´ 3R=r .
Put Fk ´ .f � rk/!k D f!k � sk . Note that Fk 2 O.D1/. Then, from the

considerations before, the following inequalities become true:

kskk xD1 � tkkskkD.r/ � .tA1/
k μ Ak

2 ;

kFkkD.r/ � "k.2RC r/k μ "kA
k
3 ;

kFkk xD1 � kf k xD1k!kkD.2R/ C kskk xD1 � .1C kf k xD1/
k.1C 3R/k C Ak

2 � Ak
4 :

Applying the Two Constants Theorem with respect to D1 n xD.r/ it follows that

jFk.z/j � ."kA
k
3/

�.z/A
k.1��.z//
4 � "

�.z/

k
Ak

5 ; z 2 D1;

where �.z/ ´ 1, jzj � r , and � is the solution of the Dirichlet problem onD1 n xD.r/
with the inner boundary values identically one and the outer ones identically zero.
Recall that � is positive on xD2. Put c ´ infz2 xD2 �.z/ > 0. Then we have

jf .z/ � rk.z/j � "c
k
Ak

5

j!k.z/j ; z 2 xD2 n fˇk;j W j D 1; : : : ; ~kg:

It remains to estimate !k from below. Fix s0 > s with xD.b; s0/ � D2. Let d ´
minfdist

�xD.r 0/; @D2

�
; dist

�xD.b; s0/; @D2

�
; 1g. By the Cartan–Boutroux lemma (see

[Ber-Gay 1991], Lemma 4.5.13), there is a finite number of discs K1; : : : ; K� withP�
j D1 diamKj � d such that

j!k.z/j >
�
d

2e

�~k

�
�
d

12

�k

; z 2 C n
�[

j D1

Kj :

Put G0
k

´ D.r 0/ [ S
Kj and G00

k
´ D.b; s0/ [ S

Kj , where the union is taken over
thoseKj ’s which intersect D.r 0/, respectively D.b; s0/. ThenGk ´ G0

k
[G00

k
�� D2.

Therefore,

jf .z/ � rk.z/j � "c
kA

k
5.12=d/

k μ "c
kA

k
6 ; z 2 @G0

k [ @G00
k :

Note that rk has no poles on @Gk .
Now let ˛k;1; : : : ; ˛k;�.k/ denote all poles of rk which are inside of Gk . Then rk

may be written as its Laurent expansion around ˛k;m i.e. rk D hk;m C gk;m, where

hk;m means the principal part. Set r�
k

´ rk � P�.k/
j D1 hk;j . Then r�

k
is holomorphic in

Gk . Moreover, rk � r�
k

is holomorphic outside of Gk and vanishes at 1. Hence,

f .z/�r�
k.z/D 1

2�i

Z
@G0
k

f .�/ � r�
k
.�/

� � z d�D 1

2�i

Z
@G0
k

f .�/ � rk.�/

� � z d�; z 2 D.r/;
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and

f .z/ � r�
k.z/ D 1

2�i

Z
@G00
k

f .�/ � r�
k
.�/

� � z d� D 1

2�i

Z
@G00
k

f .�/ � rk.�/

� � z d�;

z 2 D.b; s/:

Taking the estimates from above one gets

kf � r�
kkD.r/[D.b;s/ � "c

k
Ak

6 maxf2�s0 C �d; 2�r 0 C �dg
2� minfs0 � s; r 0 � rg � "c

kA
k
7 :

Since the constants c andA7 are independent of k we have kf �r�
k
k1=k

D.r/[D.b;s/
!

k!1
0

with r�
k

´ rk if k < k1

The main result of A. Gonchar compares the property described in the former
definition and the single-valuedness of the domain of existence Wf of f . Recall that,
in general,Wf may be a Riemann domain over C. For the proof of this result we need
the following max-min comparison result for a rational function.

Lemma 9.2.3 ([Gon 1969]). LetK1; K2 be disjoint closed discs in C. Then there is a
number � D �.K1; K2/ > 1 such that

minfjrk.z/j W z 2 K2g � �kkrkkK1

for each rational function rk D pk=qk with deg rk ´ maxfdeg qk; degpkg � k.

Other versions of this estimate may be found in [Gon 1967], [Gon 1968], and
[Gon 1969].

Proof. We may assume that K1 D xD.r1/, K2 D xD.a2; r2/, and a2 > 0. Choose
p 2 .0; r1/, q 2 .a2 � r2; a2/ such that pq D r2

1 , .a2 � p/.a2 � q/ D r2
2 . Then

@Kj D fz 2 C W j z�p
z�q

j D �j g with �1 ´ p=r1 and �2 ´ .a2 � p/=r2 (Exercise).

Put h.z/ ´ 1

1

z�p
z�q

, � ´ �2=�1 > 1. Then h.K1/ D xD and h.K2/ D xC n D.�/.
Let rk be a rational function of degree equal to k with krkkK1 D 1. Put zrk ´

rk Bh�1. Then zrk is a rational function with kzrkkD D 1, deg zrk D k. We have to show
that min xCnD.�/ jzrkj � �k . We may assume that zrk has no zeros on xC n D.�/, i.e.

zrk.z/ D A

Q`
j D1.z � j̨ /Qm
j D1.z � ǰ /

; A ¤ 0;

where k D maxf`;mg (the j̨ ’s and the ǰ ’s are written as often as their multiplicities
and it is assumed that f j̨ W j D 1; : : : ; `g \ f ǰ W j D 1; : : : ; mg D ¿). Note that
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j ǰ j > 1, j D 1; : : : ; m. Moreover, we have k D ` � m, since 1 is by assumption
not a zero of zrk . Put s ´ ` �m. Then zrk D zsyrk , where

yrk D A

Q`
j D1.z � j̨ /

zs
Qm

j D1.z � ǰ /

is a rational function that is holomorphic at 1. Observe that deg yrk D k D `. We
have min xCnD.�/ jzrkj D �s min xCnD.�/ jyrkj. Thus the problem reduces to estimate yrk .

Put sm.z/ ´ Qm
j D1

1� Ň
j z

z� ǰ
. Then yrk=sm is holomorphic on xC n D.�/ and we have

jyrk.z/j
jsm.z/j � 1, z 2 @D. Therefore, jyrkj � jsmj on xC n D.�/. To finish the proof we

only need to verify that min xCnD.�/ jsmj � �m. Put � ´ 1=�, aj ´ 1= Ň
j 2 D�,

j D 1; : : : ; m, and ysm.z/ ´ Qm
j D1

z�aj
1� Naj z

. Then

minxCnD.�/

jsm.z/j D 1

max@D.�/ jysm.z/j :

It remains to show that max@D.�/ jysmj � �m. Note that it is enough to prove this
inequality for those � with � ¤ jaj j, j D 1; : : : ; m.

Using the mean value equation for harmonic functions, we have for an a 2 D�

1

2�

Z 2�

0

log j�eit � ajdt D
´

log jaj if jaj > �;
log � if jaj < �:

Therefore,

1

2�

mX
j D1

Z 2�

0

�
log j�eit � aj j � log j1 � Naj�e

it j�dt
D 1

2�

mX
j D1

Z 2�

0

log j�eit � aj jdt D
X

j W jaj j<�

log � C
X

j W jaj j>�

log jaj j � m log �:

Thus, max@D.�/ jysmj � �m.

Remark 9.2.4. The number � in this lemma is nothing other than the so-called modulus
of the doubly connected domain xC n .K1 [K2/.

Theorem 9.2.5 ([Gon 1972]). LetD � C be a domain with 0 2 D and let f 2 O.D/.
Assume that f 2 R0. Then the domain of existence Wf of f is univalent, i.e. Wf is a
domain in C.

Proof. It remains to show the following statement: if D1;D2 be two domains with
D.r/ � D1 \ D2 and fj 2 O.Dj / with f D f1 D f2 on D.r/, then f1 D f2 on
D1 \D2.
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Take rational approximants rk D pk=qk of f , i.e. kf � rkk1=k

D.r/
! 0 as k ! 1.

Fix an a 2 D1 \D2 and a disc D.a; s/ � D1 \D2. Then, using Proposition 9.2.2,
there are rational approximants rj;k D pj;k=qj;k with kfj � rj;kk1=k

D.a;s/[D.r/
! 0,

j D 1; 2. In particular, rj;kjD.a;s/ ! fj uniformly on D.a; s/. Take now disjoint discs
xD.r 0/ � D.r/ and xD.b; s0/ � D.a; s/.

Put zrk ´ r1;k � r2;k; zrk is then a rational function of degree less than or equal to
2k converging to f1 � f2 uniformly on D.a; s/. Then

kzrkkD.r 0/ � kf � r1;kkD.r/ C kf � r2;kkD.r/ � 2"k;

where "k ´ maxfkf � rj;kk1=k

D.r/
; j D 1; 2g. Applying Lemma 9.2.3 we see that

minfjzrk.z/j W z 2 D.b; s0/g � 2.�"k/
k !

k!1
0:

Therefore, f1 �f2 has at least one zero on xD.b; s0/. Since s0 could be arbitrarily small,
it follows that .f1 � f2/.b/ D 0 and, since a; b ¤ a were arbitrary, both functions
coincide in a and so on D1 \D2.

Remark 9.2.6. (a) To conclude that Wf is univalent it is sufficient to know that
lim infk!C1.�k;D.r 0/.f //

1=k D 0 (see [Gon 1972]).
(b) A similar result remains true in higher dimensions; see [Gon 1974].

A large class of functions belonging to R0 is given in the next theorem.

Theorem 9.2.7. If S � C is closed and polar, then O.C n S/ � R0.

Theorem 9.2.7 is already mentioned in [Gon 1972] saying that it is a consequence
of results by J. L. Walsh. Here we present a complete proof which is based on a paper
of J. Karlsson (see [Kar 1976]).

First let us repeat some simple facts from interpolation theory. Let f 2 O.D/ and
fix 2nC 1 pairwise different points a1; : : : ; a2nC1 2 D. Then there are polynomials
Pn;Qn 2 Pn.C/,Qn normalized, such that .fQn �Pn/.aj / D 0, j D 1; : : : ; 2nC1.
In fact, here we have 2n C 1 equations with 2n unknowns which can be solved, and
so Pn and Qn exist. Observe that the rational function rn D Pn=Qn is uniquely
determined (Exercise). We say that Pn=Qn is the rational interpolant for f and the
points aj , j D 1; : : : ; 2nC 1.

As preparation for Theorem 9.2.7 we prove an approximation result up to small
exceptional sets, small in the sense of the logarithmic capacity cap. To be precise we
have the following statement.

Proposition 9.2.8. Let S � C be a closed polar set with 0 … S and f 2 O.C n S/.
For each n, fix 2nC1 pairwise different points an;j 2 D.�/, j D 1; : : : ; 2nC1, where
D.3�/ \ S D ¿. Denote by Pn=Qn the rational interpolants for f and the an;j ’s.
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Then, for any " > 0, ı > 0, and R > 0, there exists an n0 such that for each n 2 N,
n � n0, there is a set An � xD.R/ with cap.An/ < ı such that

jf .z/ � .Pn=Qn/.z/j � "n; z 2 xD.R/ n An:

Proof. Step 10: In a first step we assume that:

• S is compact and polar (not necessarily 0 … S ),
• f is bounded at infinity,
• all points an;j belong to an arbitrary compact set E which is disjoint to S

(e.g. E D xD.�/ as in the proposition).

Now fix ", ı, and R as in the proposition. Put 2ı1 ´ minf1; ı2

2R
g and � ´

dist.E; S/. Moreover, take a positive � < ı1 sufficiently small (the precise choice of �
will be made later). Then, since cap.S/ D 0, there is a normalized (monic) polynomial
h.z/ D zkClower degree terms (k D k.�/) such that

S � fz 2 C W jh.z/j � �kg μ D� D D

(see [Ran 1995], Chapter 5.5). Let n > k and choose ` D `.k; n/ 2 N such that
n � k < k` � n. Put !n.z/ ´ Q2nC1

j D1 .z � an;j /. Then

g ´ h`fQn � Pn

!n

2 O.C n S/:

Note that jg.z/j !
jzj!1

0. Chose an integration cycle � � intD such that

dist.�; S/ < �=2; ind� .a/ D �1; a 2 S; and ind� .a/ D 0; a … D;
where ind� denotes the winding number. Then the Cauchy integral formula gives

g.z/ D 1

2�i

Z
�

h`.�/.fQn � Pn/.�/

!n.�/.� � z/ d� D 1

2�

Z
�

.h`fQn/.�/

!n.�/.� � z/d�; z 2 C nD:

The second equation is true because the winding number is zero for points outside
of D.

Therefore,

jg.z/j � M�k` kQnk�

inf� j!n.�/j ; z 2 C nD;
where

M ´ 1C l.� /kf k�

2� dist.�;C nD/
and l.� / equals the length of � . So we have for z … D, Qn.z/ ¤ 0:ˇ̌̌̌

h`.z/

�
f � Pn

Qn

�
.z/

ˇ̌̌̌
� M�k` kQnk�

jQn.z/j
j!n.z/j

inf� j!n.�/j :
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We may assume that R > 1, � � D.R/, and E � D.r/ for a suitable positive r .
Then

j!n.z/j
inf� j!n.�/j �

�
2.RC r/

�

�2nC1

μ M 2nC1
1 ; z 2 xD.R/ nD; Qn.z/ ¤ 0:

LetQn.z/ D Qm
j D1.z� bn;j /,m � n. Assume that bn;j 2 xD.2R/, j D 1; : : : m�,

and jbn;j j > 2R for the remaining zeros. Then

j� � bn;j j
jz � bn;j j � 3R

jz � bn;j j ; j D 1; : : : ; m�:

If j > m�, then

j� � bn;j j
jz � bn;j j � j�j C jbn;j j

jbn;j j � jzj � j�j C 2R

2R � jzj � 3:

Hence,
jQn.�/j
jQn.z/j � .3R/m=jQ�.z/j; jzj � R; � 2 �; Qn.z/ ¤ 0;

where Q�
n.z/ ´ Qm�

j D1.z � bn;j /.

What remains is to find a lower estimate for .h`Q�
n/.z/. Put

Bn ´ fw 2 C W j.h`Q�
n/.w/j � ık`Cm�

1 g:
Recall that h`Q�

n is a normalized polynomial of degree kl C m� � 2n. Therefore,
cap.Bn/ � ı1 (see [Ran 1995], Table 5.1). Consequently,ˇ̌̌̌�

f � Pn

Qn

�
.z/

ˇ̌̌̌
� �k`M.3R/nM 2nC1

1

�
1

ı1

�2n

< "n;

z 2 xD.R/ n .Bn [D/; Qn.z/ ¤ 0;

when � is correctly chosen.
PutAn ´ .Bn[D[fbn;j W j D 1; : : : ; mg/\xD.R/. Recall that cap.D/ � � < ı1.

Using [Ran 1995], Theorem 5.1.4(a), it follows that

1

log 2R
cap.An/

� 1

log 2R
cap.Bn/

C 1

log 2R
cap.D/

C
mX

j D1

1

log 2R
cap.fbn;j g/

:

Since the last sum in the above estimate vanishes, we have cap.An/ � .ı12R/
1=2 � ı,

which finishes the proof of the compact case.
Note that the set An may be chosen to be closed.

Step 20. Now we assume that
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• S is an unbounded closed polar set,
• all other conditions are as in Proposition 9.2.8.

Fix a point a outside of S with jaj > 2� and denote by L the map

L.z/ ´ .z � a/�1; z 2 C n fag:
Put S 0 ´ L.S/ [ f0g. Then S 0 is compact. Set g ´ f B L�1. Obviously, g is
a holomorphic function on C n S 0. Note that g is bounded at infinity. Finally, let
Sk ´ S \ xD.k/, k 2 N. Then, using [Ran 1995], Theorem 5.3.1, we conclude that

cap.L.S 0
k// � 1

dist.a; S/2
cap.Sk/ � 1

dist.a; S/2
cap.S/ D 0:

Therefore, L.S/ is polar and so is S 0.
Put Qan;j ´ L.an;j /. Observe that all these points are sitting in the compact set

E ´ L.xD.�// which is disjoint to S 0. Hence we can apply the first step for the data
S 0, Qan;j , E, and g.

By pn=qn we denote the rational interpolants for g and the Qan;j ’s. Put Qn.z/ ´
.z�a/nqn.L.z// andPn.z/ ´ .z�a/npn.L.z//. ThenQn; Pn 2 Pn.C/. Moreover
we have

.fQn � Pn/.an;j / D .an;j � a/n.gqn � pn/. Qan;j / D 0; j D 1; : : : ; 2nC 1I
i.e. thePn=Qn (after normalizingQn) are the rational interpolants for f and the an;j ’s.

Now fix positive numbers ", ı, and R. Let D.R/ � D.a; r/ for a suitable positive
r and choose

• Qı < minfr;
p

ı
jajCr

g,

• ı0 < Qı=r2,
• "0 D " and R0 > 1= Qı.
Then, applying the compact case, there is an n0 such that for all n � n0 there exists

a closed setA0
n � xD.R0/, cap.A0

n/ < ı
0, such that for allw 2 xD.R0/nA0

n the following
inequality is true: ˇ̌̌̌�

g � pn

qn

�
.w/

ˇ̌̌̌
� "0n:

Fix such an n. Then

j.f � Pn=Qn/.z/j � "n; L.z/ 2 xD.R0/ n A0
n; z 2 xD.R/ n D.a; Qı/:

Observe that for these z we have 1=r � jL.z/j � 1= Qı D R0.
Put An ´ xD.a; Qı/[L�1.Bn/, where Bn ´ A0

n \ xA.1=r; 1= Qı/ is compact. Using
[Ran 1995], Theorem 5.3.1, for L�1 W Bn ! C we get that

cap.L�1.Bn// � r2 cap.Bn/ � r2ı0 < Qı:
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Recall that cap.xD.a; Qı// D Qı. Moreover, note that diam.An/ � jaj C r . Then using
[Ran 1995], Theorem 5.1.4(a), it follows that

cap.An/ � ..jaj C r/ Qı/2 < ı;
which finishes the proof.

Proof of Theorem 9.2.7. We may assume that 0 … S . Fix an f 2 O.C n S/ and r > 0
with S \ xD.r/ D ¿. For each n 2 N choose 2nC 1 pairwise different points inside of
D.r=3/. Let Pn=Qn be the associated rational interpolants. Moreover, let r1 > r such
that xD.r1/ does not intersect S . Put � ´ .r1 � r/=2, s ´ r C �, and � ´ @D.s/.

WriteQn D Q0
nQ

00
n with polynomialsQ0

n;Q
00
n, whereQ0

n contains all linear factors
ofQn whose zeros have absolute value less then rC�=2. Using power series expansion
around the origin we may write fQ00

n D pn C znC1gn, where pn 2 Pn.C/ and
gn 2 O.D.r1//. Then, using the Cauchy integral formula, we get

gn.z/ D 1

2�i

Z
�

.fQn � Pn/.�/

Q0
n.�/�

nC1.� � z/d�C
1

2�i

Z
�

.Pn �Q0
npn/.�/

Q0
n.�/�

nC1.� � z/d�; z 2 xD.r/:

Note that the integrand in the second integral is holomorphic outside of D.r C �=2/

and vanishes at infinity. Therefore, this integral is equal to 0.
Now fix k 2 N and choose "k > 0 (sufficiently small). Put ı D �=16 and R D r1.

Then, using Proposition 9.2.8, we find an nk such that for each n � nk there exists a
set An � xD.r1/, cap.An/ < ı, such that

j.fQn � Pn/.z/j � "n
kjQn.z/j; z 2 xD.r1/ n An:

Put zAn ´ fz 2 xA W j.fQn �Pn/.z/j > "n
k
kQnkxAg, where A ´ A.s��=2; sC�=2/.

Then zAn � An and zAn is open in xA. Let zA0
n be a connected component of zAn. Then,

by the maximum principle, we see that it has to cut @A. Recall that (see [Ran 1995],
Theorem 5.3.2(a))

diam zA0
n � 4 cap zA0

n � 4 capAn < 4ı D �=4I
therefore, An and � are disjoint.

Now we continue our estimates for z 2 D.r/ (note that Q00
n is without zeros in

D.r/):ˇ̌̌̌
f .z/ � pn.z/

Q00
n.z/

ˇ̌̌̌
D

ˇ̌̌̌
g.z/znC1

Q00
n.z/

ˇ̌̌̌
� 1

2�
2�s

�
r

s

�nC1 1

s � r "
n
k

kQnkxA
jQ00

n.z/j inf j� jDs jQ0
n.�/j

:

Let Q.z/ D .z � a1/ � � � .z � am/.z � amC1/ � � � .z � a`/ with m � ` � n and
jaj j < r C �=2, j D 1; : : : ; m, and jaj j � r C �=2 for the remaining zeros. If
z 2 D.r/, then

kQ00
nkA

jQ00
n.z/j

�
Ỳ

j DmC1

s C �=2C jaj j
jaj j � r �

�
2s C �

�=2

�`�m

;
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and if j�j D s, then

kQ0
nkA

jQ0
n.�/j

�
mY

j D1

2s C �

s � r � �=2 �
�
2s C �

�=2

�m

:

Finally, we end up withˇ̌̌̌
f .z/ � pn.z/

Q00
n.z/

ˇ̌̌̌
� r

s � r
�
"k2r.2s C �/

s�

�n

; z 2 D.r/; n � nk;

or ˇ̌̌̌
f .z/ � pn.z/

Q00
n.z/

ˇ̌̌̌
� M.M 0/n"n

k; z 2 D.r/; n � nk;

whereM ´ 1C r
s�r

andM 0 ´ 2r.2sC�/
s�

. Without loss of generality, we may choose
nk < nkC1 for all k’s. Then

.�n;D.r/.f //
1=n � MM 0"k � 1=k; nk � n < nkC1;

if the "k’s were correctly chosen (observe that all other constants depend only on the
geometric situation). Hence, .�n;D.r/.f //

1=n !
n!1 0.

On the other hand we have the following partial converse result (see [Kar 1976]);
the full answer will be given in Theorem 9.2.14.

Proposition 9.2.9. If D � C is a domain such that K ´ C n D is compact and
O.D/ � R0, then K is polar.

To be able to present the proof of this proposition we need the following information
about the behavior of Padé approximants.

Lemma 9.2.10. Let f 2 O.D.R//. For each n 2 N denote by Pn=Qn the n-th Padé
approximant of f at zero of order n, i.e. Pn;Qn 2 Pn.C/ with

Qnf � Pn D c2nC1z
2nC1 C higher terms:

Assume that degQn D n, Qn.0/ ¤ 0, Qn normalized and without zeros in D.R/.
Moreover, let rn D pn=qn be a rational function without poles in D.R/. If r 2 .0; R/,
then

j.f � Pn=Qn/.z/j � jzj2nC1

r2n

�
RC r

R � r
�2n kf � rnkD.r/

r � jzj ; z 2 D.r/:

Proof. We may assume that qn has no zeros in D.R/. Using the Cauchy integral
formula we see that, for z 2 D.r/,

qn.z/
.fQn � Pn/.z/

z2nC1
D 1

2�i

Z
@D.r/

qn.�/.fQn � Pn/.�/

�2nC1.� � z/ d�

D 1

2�i

Z
@D.r/

.qnfQn/.�/

�2nC1.� � z/d�
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(the integrand of the remaining integral tends to zero if z tends to infinity and hence
this integral vanishes).

Therefore (with the same argument),

.f � Pn=Qn/.z/ D z2nC1

Qn.z/qn.z/

1

2�i

Z
@D.r/

Qn.�/.f qn � pn/.�/

�2nC1.� � z/ d�; z 2 D.r/:

Then

j.f � Pn=Qn/.z/j � jzj
� jzj
r

�2n kQnpnkD.r/

j.Qnqn/.z/j
kf � pn=qnkD.r/

r � jzj ; z 2 D.r/:

It remains to observe that

kQnqnkD.r/

minfj.Qnqn/.z/j W z 2 D.r/g �
�
RC r

R � r
�2n

;

which proves the lemma.

Proof of Theorem 9.2.9. We may assume that 0 … K. Suppose thatK is not polar. Put
K 0 ´ fz 2 C W 1=z 2 Kg. Then, using [Ran 1995], Theorem 5.3.1, it is clear that
K 0 is a compact set which is not polar. Put D0 ´ fz 2 xC W 1=z 2 Dg. Then D0 is
connected and K 0 D xC nD0.

In what follows we need the Bernstein Lemma (see [Ran 1995], Theorem 5.5.7)
telling us that for a Fekete polynomial qn for K 0 of degree n � 2, the following
inequalities hold:

egD0 .z;1/

�
cap.K 0/
ın.K 0/

��D0 .z;1/

�
� jqn.z/j

kqnkK0

�1=n

� egD0 .z1/; z 2 D0 n f1g:

Here ın denotes the n-th transfinite diameter (see [Ran 1995], Definition 5.5.1) and
�D0 is the Harnack distance (see [Ran 1995], Definition 1.3.4) of D0. Recall that
1 � �D0.�;1/ !

jzj!1
1, �D0.�;1/ is continuous, and that cap.K 0/ � ın.K

0/ !
n!1 1

(see [Ran 1995], Fekete–Szegö Theorem 5.5.2).
Put n1 D 1 and nkC1 ´ 2nk C 1. Now choose numbers Ak with jAkj D

..1 � "/ cap.K 0//nk , where " 2 .0; 1/. Fix an arbitrary point a 2 D0 \ C and choose
a closed disc xD.a; sa/ � D0. Then, �D0.z;1/ � Ma, z 2 D.a; sa/, for a certain
positive Ma. Applying [Ran 1995], Theorem 5.5.4, we conclude thatˇ̌̌̌

Ak

qnk

ˇ̌̌̌
� jAkj

cap.K 0/nk

�
ınk .K

0/
cap.K 0/

�Ma

; z 2 D.a; sa/:

For large k, k � k", we have 1 � �
ınk .K

0/= cap.K 0/
�Ma � .1C "/. Thus jAk j

jqnk .z/j �
.1 � "2/nk , k � k". Therefore, the series

g.z/ ´
1X

kD1

Ak=qnk .z/; z 2 D0;
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is uniformly convergent on D.a; sa/. Since a was arbitrary, we conclude that g is holo-
morphic on D0. Moreover, we know that �D0.z;1/ � 2 whenever jzj is sufficiently
large. Using the former estimates gives that g remains bounded at infinity.

Put f .z/ ´ g.1=z/, z 2 Dnf0g. Then f is holomorphic onDnf0g and it extends
holomorphically to the origin, i.e. f 2 O.D/. Observe that

f .z/ D
1X

kD1

.�1/nkAkz
nk

wk;1 : : : wk;nk .z � 1=wk;1/ � � � .z � 1=wk;nk /
; z 2 D:

Put

.Pk=Qk/.z/ ´
kX

j D1

.�1/njAkz
nj

wj;1 : : : wj;nj .z � 1=wj;1/ � � � .z � 1=wj;nj /
:

Obviously,Qk; Pk 2 PNk .C/, and degQk D nk ,Qk is normalized and without zeros

in D.dist.0;K//, where Nk ´ Pk
j D1 nj . Moreover, we have

f .z/ � Pk.z/

Qk.z/
D

1X
j DkC1

.�1/njAkz
nj

wj;1 : : : wj;nj .z � 1=wj;1/ � � � .z � 1=wj;nj /

which has a zero of order at least nkC1 D 2Nk C 1 at the origin, i.e. Pk=Qk is the
Nk-th Padé approximant of f at the origin.

Fix now a point z0 2 D.r=4/ n f0g, where r ´ dist.0;K/, and choose the Ak in
such a way that Ak=qnk .z0/ > 0 for all k. Then

jf .z0/ � .Pk=Qk/.z0/j D
ˇ̌̌̌
g.1=z0/ �

kX
j D1

Aj

qnj .1=z0/

ˇ̌̌̌

� AkC1

qnkC1
.1=z0/

D
�
.1 � "/ cap.K 0/

�nkC1

jqnkC1
.1=z0/j :

Applying the right-hand side of Bernstein’s lemma and [Ran 1995], Theorem 5.5.4, we
get

jqnkC1
.1=z0/j1=nkC1 � egD0 .1=z0;1/kqnkC1

k1=nkC1

K0 � egD0 .1=z0;1/ınkC1
:

In particular, we end up with

jf .z0/ � .Pk=Qk/.z0/j1=Nk �
�
.1 � "/ cap.K 0/
egD0 .1=z0;1/ınkC1

�2C1=Nk

:

Obviously, the last sequence does not converge to zero.
It now remains to show that f jD.r/ does not belong to R0. Assume the contrary.

Then we have rational approximants Qpn= Qqn without poles inside of D.r=2/ such that
kf � Qpn= Qqnk1=n

D.r=2/
! 0 as n ! 0. Then, using Lemma 9.2.10, it follows that

jf .z0/ � .Pk=Qk/.z0/j1=Nk � const kf � QpNk= QqNkk1=Nk
D.r=2/

! 0I
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a contradiction.

There is another way to characterize those functions f which belong to R0.

Theorem 9.2.11. Let f 2 O.xD/, f ¤ 0. Put

Vk.f / D Vk ´ sup
j1;:::;jk

ˇ̌̌̌
ˇ̌̌det

0B@aj1 � � � aj1Ck�1

::: � � � :::

ajk � � � ajkCk�1

1CA
ˇ̌̌̌
ˇ̌̌ ; k 2 N;

where f .z/ D P1
kD0 aj z

j denotes the power series expansion of f . Then:

f 2 R0 if and only if lim
k!1

V
1=k2

k
D 0:

To be able to prove this result various preparations are necessary. Put

�kC1 D �kC1.f / ´ inf
.ck ;:::;c0/2Ck�f1g

�
sup
j �1

jaj ck C � � � C aj Ckc0j�; k � 0:

Note that �k � �kC1, k � 1. Indeed, take .ck�1; : : : ; c0/ 2 Ck�1 � f1g. Then

sup
j �2

jaj ck�1 C � � � Caj C.k�1/c0j D sup
j �2

jaj �10Caj ck�1 C � � � Caj C.k�1/c0j � �kC1:

Since .ck�1; : : : ; c0/ was arbitrarily chosen, it follows that �k � �kC1.
First we express the property that f 2 R0 in terms of the numbers �k .

Lemma 9.2.12. If f is as in Theorem 9.2.11, then:

f 2 R0 if and only if lim
k!1

�
1=k

k
D 0:

Proof. Assume first that f 2 R0. Using Lemma 9.2.2 it follows that

lim
k!C1

.�k;D.f //
1=k D 0:

Therefore, 


f � pk

qk




1=k

xD ! 0:

for suitable pk; qk 2 Pk.C/.
Fix a k. We may assume that any zero of qk is not a zero of pk and qk.0/ D 1.

Then all zeros of qk lie outside of xD. We denote the zeros of qk by ˛k;1; : : : ; ˛k;sk

(counted as often as their multiplicities), i.e. sk � k. Then

qk.z/ D
� z

�˛k;1

C 1
�

� � �
� z

�˛k;sk

C 1
�
:
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Hence, for z 2 xD, jqk.z/j � �
1

j˛k;1j C 1
� � � � � 1

j˛k;sk j C 1
� � 2k .

So we reach the following estimate:

kqkf � pkk1=k
xD � kqkk1=k

xD



f � pk

qk




1=k

xD � 2



f � pk

qk




1=k

xD !
k!1

0:

Write pk.z/ D Pk
�D0 d�z

� and qk.z/ D Pk
�D0 c�z

� . Recall that c0 D 1 and
jcj j � 2k . Then

qk.z/f .z/ � pk.z/ D
1X

mD1

� X
sC�Dm

asc�

�
zm �

kX
mD0

dmz
m; z 2 D:

Let m > k. Then, by the Cauchy inequalities, it follows that

jam�kck C � � � C amc0j � kqkf � pkkxD:

So we get �1=.kC1/

kC1
� kqkf � pkk1=.kC1/

xD ! 0. Hence, limk!1 �
1=k

k
D 0.

To prove the converse implication let us assume that lim �
1=k

k
D 0. Obviously, we

may assume that kf kD � 1. Then we find a polynomial qk D Pk
mD0 ck;mz

m 2 Pk.C/
with ck;0 D 1 such that

�kC1 � sup
j �1

jaj ck;k C � � � C aj Ckck;0j � "k;

where "k ´ 2�kC1 if �kC1 ¤ 0, otherwise "k ´ e�k2 . Then qk.z/f .z/ D pk.z/CP1
mDkC1

� P
sC�Dm asck;�

�
zm with pk 2 Pk.C/. For jzj � 1=2 we get:

jqk.z/f .z/ � pk.z/j �
1X

mDkC1

"k.1=2/
m D "k2

�kI

thus kqkf � pkk1=k

D.1=2/
� .1=2/."k/

1=k ! 0.
Write qk D q0

k
q00

k
, where q0

k
; q00

k
2 Pk.C/ with q0

k
.0/ D q00

k
.0/ D 1 such that the

zeros of the first polynomial are not in xD while all zeros of q00
k

belong to xD. It is easy
to see that jq0

k
.z/j � 2�k , jzj � 1=2. Then

jq00
k.z/f .z/ � pk.z/=q

0
k.z/j � "k; jzj � 1=2:

What remains is to handle the factor q00
k

. Fix a ı 2 .0; 1=40/ and put Ek ´ fz 2
D.1=2/ W jq00

k
.z/j � ıkg. Then

capEk � capfz 2 C W jq00
k.z/j � ıkg

D capfz 2 C W j˛k;1 � � �˛k;skq
00
k.z/j � ıkj˛k;1 � � �˛k;sk jg

� ıj˛k;1 � � �˛k;sk j1=k � ı;
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where the ˛k;j denote the zeros of q00
k

. Set Ak ´ fr 2 .3=8; 1=2/ W 9�r W re�r 2 Ekg.
Using [Ran 1995], Chapter 5, Exercise 3, one has capEk � L1.Ak/=4. Therefore,
we find a radius �k 2 .3=8; 1=2/ with Ek \ @D.�k/ D ¿.

Put

r�.z/ ´ 1

2�i

Z
@D.�k/

rk.�/

� � z d�:

Note that r�
k

is a new rational function of degree at most k. If z 2 D.1=4/, then

jf .z/ � r�
k.z/j � �k"k

ık.�k � 1=4/ � 4
"k

ık
:

Hence, kf � r�k1=k

D.1=4/
� .4"k/

1=k=ı ! 0, i.e. f 2 R0.

Moreover, we have the following lemma.

Lemma 9.2.13. Let f be as in Theorem 9.2.11. Then

�kC1Vk � VkC1 � .k C 1/�kC1Vk; k � 1:

Proof. Note that Vk D 0 implies VkC1 D 0. Fix a k with Vk ¤ 0. For an " 2 .0; 1/

choose indices j1; : : : ; jk such that


k ´

ˇ̌̌̌
ˇ̌̌det

0B@aj1 � � � aj1Ck�1

::: � � � :::

ajk � � � ajkCk�1

1CA
ˇ̌̌̌
ˇ̌̌ � Vk.1 � "/:

For an arbitrary j we conclude that

VkC1 �

ˇ̌̌̌
ˇ̌̌̌
ˇdet

0BBB@
aj1 � � � aj1Ck�1 aj1Ck

::: � � � :::
:::

ajk � � � ajkCk�1 ajkCk

aj � � � aj Ck�1 aj Ck

1CCCA
ˇ̌̌̌
ˇ̌̌̌
ˇ :

Thus,

VkC1 � 
k

ˇ̌̌̌
aj


1


k

C � � � C aj Ck


k


k

ˇ̌̌̌
� Vk.1 � "/�kC1:

Since " is arbitrary chosen, the left inequality is proved.
For the right inequality let " > 0 be given. Then there exists .ck; : : : ; c0/ 2 CkC1,

c0 D 1, such that

sup
j �1

jaj ck C � � � aj Ckc0j < �kC1 C ":
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Then we start with arbitrary indices j1; : : : ; jkC1. We getˇ̌̌̌
ˇ̌̌det

0B@ aj1 � � � aj1Ck

::: � � � :::

ajkC1
� � � ajkC1Ck

1CA
ˇ̌̌̌
ˇ̌̌

D

ˇ̌̌̌
ˇ̌̌det

0B@ aj1 � � � aj1Ck�1 aj1Ckc0 C � � � C aj1ck

::: � � � :::
:::

ajkC1
� � � ajkCk�1 ajkC1Ckc0 C � � � C ajkC1

ck

1CA
ˇ̌̌̌
ˇ̌̌

�.k C 1/Vk sup
j �1

jaj ck C � � � C aj Ckc0j � .k C 1/Vk.�kC1 C "/;

from where the left inequality immediately follows with " ! 0.

Proof of Theorem 9.2.11. Lemma 9.2.13 leads to �1 � � � �k � Vk � kŠ�1 � � � �k , k � 1.

If V 1=k2

k
! 0, then V 1=k2

k
� .�1 � � � �k/

1=k2 � .�k
k
/1=k2 , which gives the claim.

Now assume that f 2 R0. By Lemma 9.2.12 it follows that �1=k

k
! 0. Then

V
1=k2

k
� .kŠ�1 � � � �k/

1=k2 . Fix an arbitrary ". Then there is a k" such that for all

k � k" we have �1=k

k
� ". Thus, if k > k", then:

V
1=k2

k
� .kŠ/1=k2.�1 � � � �k"/

1=k2"..k"C1/C���Ck/=k2

which implies that lim supV 1=k2

k
� p

", i.e. this sequence converges to 0.
Hence the theorem is completely proved.

Using the former result we get

Theorem 9.2.14. IfD � C is a domain with O.D/ � R0, then C nD is polar.

Proof. We may assume that 0 2 D. The case when K ´ C nD is compact follows
from Proposition 9.2.9.

Now letK be arbitrary and suppose it is not polar. PutKj ´ K \ xD.j /. ThenKj

is not polar for all j , j � j0 > 1. PutDj ´ C nKj . Two cases have to be discussed.
Case 1: .C n xD.j0// nK ¤ ¿.
Fix two points a; b 2 Dj0 . If both points are not contained in K, then they can

be connected by a path lying in D � Dj0 . If a; b are outside of xKj0 , then there is a
curve outside of xKj0 connecting them. Moreover, if jaj > j and jbj � j , one may
connect them inside ofDj0 via a point c 2 .C n xD.j0// nK. HenceDj0 is connected.
Then the compact case applies and leads to an f 2 O.Dj0/ � O.D/ with f … R0; a
contradiction.

Case 2: C n xD.j0/ � K.
Then Dj0 � D.j0/. Put

f .z/ D
1X

kD1

akz
k ´

1X
kD1

.z=j0/
2k ; jzj < j0;
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and

An ´

0B@a1 � � � an

::: � � � :::

an � � � a2n�1

1CA ; n 2 N:

Obviously, f 2 O.D.j0//. Suppose that f 2 R0. Then the former criterion leads to

0 D lim
k!C1

Vk.f /
1=k2 � lim sup

k!C1
jAkj1=k2 � lim

k!C1
jA2k j1=22k D lim

k!C1
j

1=2k

0 D 1I

a contradiction. Hence, f … R0, which gives the desired contradiction.

Remark 9.2.15. A similar result in higher dimensions was proved in [Sad 1984].

The last criterion may be used to discuss the fiberwise behavior of functions of
several complex variables. Namely, we have the following result, due to Sadullaev.

Theorem 9.2.16 ([Sad 1984]). Let f 2 O.DpC1/ and let A � Dp be not pluripolar.
Assume that f .z0; �/ 2 R0 for all z0 2 A. Then f .z0; �/ 2 R0 for all z0 2 Dp .

Proof. Without loss of generality we may assume that f 2 O.Dp � xD/ and jf j � 1

on DpC1. Let f .z/ D f .z0; zpC1/ D P1
j D0 aj .z

0/zj
pC1 be the Hartogs series of f .

The aj are holomorphic functions on Dp with jaj j � 1. Put

Vk.f /.z
0/ D Vk.z

0/ ´ sup
j1;:::;jk

ˇ̌̌̌
ˇ̌̌det

0B@aj1.z
0/ � � � aj1Ck�1.z

0/
::: � � � :::

ajk .z
0/ � � � ajkCk�1.z

0/

1CA
ˇ̌̌̌
ˇ̌̌ ;

k 2 N; z0 2 Dp:

Observe that logVk is the upper semicontinuous supremum of a family of plurisubhar-
monic functions, bounded from above. Hence, Vk 2 P�H .Dp/.

Put v ´ lim supk!C1.1=k2/ logVk . Thus Theorem 9.2.11 implies that v D �1
on A. Using Proposition 2.3.12 we have v� 2 P�H .Dp/. Moreover, v� D v D �1
on A n P for a suitable pluripolar set P (see Proposition 2.3.22). Note that A n P is
not pluripolar which implies that v� 	 �1 on Dp . In particular, v 	 �1 on Dp ,
which proves that f .z0; �/ 2 R0, z0 2 Dp .

9.2.2 Oka–Nishino theorem

Definition 9.2.17. Let D � Cn be a domain and let S � D be relatively closed. We
say that S is pseudoconcave if any point a 2 S has a neighborhood Ua � D such that
the open set Ua n S is a region of holomorphy.

Proposition 9.2.18. Assume thatD is a domain of holomorphy andS � D is relatively
closed. Then S is pseudoconcave inD iffD n S is a region of holomorphy.



206 9 Extension with singularities

Proof. Assume that S is pseudoconcave. Let .Dk/
1
kD1

be an exhaustion of D by
domains of holomorphy. It suffices to show that Dk n S is pseudoconvex, k 2 N
(cf. Theorem 2.5.5 (a)). Since the notion of pseudoconvexity may be localized (cf. The-
orem 2.5.5 (f)), we only need to show that each point a 2 @.Dk nS/ has a neighborhood
Ua such that .Dk nS/\Ua is pseudoconvex. The situation is trivial if a … S . If a 2 S
and Ua is as in Definition 9.2.17, then .Dk n S/ \ Ua D Dk \ .Ua n S/ is also
pseudoconvex.

The following important result describing certain pseudoconcave sets in an analytic
way will be used in the proof of Theorem 9.2.24.

Theorem 9.2.19 (Oka–Nishino theorem). Let D � Cp be a domain of holomorphy
and let ¿ ¤ S � D � C be a pseudoconcave set such that

(a) for every a 2 D there exist r; R > 0 with S \ .P.a; r/� C/ � P.a; r/� D.R/,

(b) the set fa 2 D W #S.a;�/ < C1g is not pluripolar.

Then there exist s 2 N and g1; : : : ; gs 2 O.D/ such that

S D ˚
.z; w/ 2 D � C W ws C Ps

j D1 gj .z/w
s�j D 0

�
:

In particular, if the set fa 2 D W #S.a;�/ D 1g is not pluripolar, then

S D f.z; w/ 2 D � C W w D f .z/g

is a graph with f 2 O.D/.

Proof. Let Ak ´ fa 2 D W #S.a;�/ � kg, k 2 ZC. First observe that A0 is empty.
Indeed, suppose that a 2 A0. Let r; R be as in (a). SinceS\.fag� xD.R// D ¿, we

may assume that r > 0 is so small that P.a; r/ �� D and S \ .P.a; r/� D.R// D ¿.
Thus S\.P.a; r/�C/ D ¿. Take an arbitrary domain of holomorphyU0 �� D with
P.a; r/ � U0. Using (a), we find an R0 > 0 such that S \ .U0 � C/ � U0 � D.R0/.
Now, by the cross theorem (Theorem 5.4.1) applied to the cross

.P.a; r/ � C/ [ .U0 � A.R0;C1//;

we conclude that every function f 2 O..U0 �C/nS/ extends toU0 �C. Thus S D ¿;
a contradiction.

We have assumed that
S1

kD0Ak is not pluripolar. Let s 2 N be the minimal number
such that As�1 is pluripolar and As is not pluripolar. Define

Dk.z/ ´ max
n� Y

�<�

jw� � w� j
� 2
k.k�1/ W w1; : : : ; wk 2 S.z;�/

o
;

z 2 D; k 2 N; k � 2:
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It is known ([Nis 2001], Theorem 4.8) that log Dk 2 P�H .D/. Since DsC1 D 0

on As and As is not pluripolar, we conclude that DsC1 	 0. Thus As D D. For
z 2 D0 ´ D n As�1 let S.z;�/ D f�1.z/; : : : ; �s.z/g,

P.z;w/ ´
sY

j D1

.w � �j .z// D ws C
sX

j D1

gj .z/w
s�j ; .z; w/ 2 D0 � C:

Take an a0 2 D0 and let S.a0;�/ D fb1; : : : ; bsg. Let ı > 0 be so small that xD.b�; ı/\
xD.b� ; ı/ D ¿, � ¤ 	. Fix a ı0 2 .0; ı/ and let r > 0 such that S \ .P.a0; r/ �
xA.bj ; ı

0; ı// D ¿, j D 1; : : : ; s. Suppose that P.a0; r/ 6� D0 and let a 2 P.a0; r/ \
As�1. We may assume that S \ .fag � xD.b1; ı// D ¿. Let � > 0 be such that
P.a; �/ � P.a0; r/ and S \ .P.a; �/ � xD.b1; ı// D ¿. Applying the cross theorem
(Theorem 5.4.1) to the cross

.P.a0; r/ � A.b1; ı
0; ı// [ .P.a; �/ � D.b1; ı//;

we conclude that every function f 2 O..P.a0; r/�D.b1; ı//nS/ extends to P.a0; r/�
D.b1; ı/; a contradiction.

Thus P.a0; r/ � D0. In particular, D0 is open and, consequently, a domain
(because As�1 is pluripolar). Moreover, we may assume that �j .z/ 2 xD.bj ; ı/, z 2
P.a0; r/, j D 1; : : : ; s. Using the Hartogs theorem ([Nis 2001], Theorem 4.7), we
conclude that �j 2 O.P.a0; r//, j D 1; : : : ; s. Thus g1; : : : ; gs 2 O.D0/. In view of
(b), the functions g1; : : : ; gs are locally bounded inD. Thus, by the Riemann theorem,
they extend holomorphically toD. In particular, the function P extends toD�C. Let
S0 ´ f.z; w/ 2 D � C W P.z;w/ D 0g. We have S \ .D0 � C/ D S0 \ .D0 � C/.
It remains to show that S D S0. Since As�1 is pluripolar, for each point .a0; b0/ 2 S0

there exists a sequence ..ak; bk//
1
kD1

� S0 \ .D0 � C/ with .ak; bk/ ! .a0; b0/.
Thus S0 � S . Conversely, let .a0; b0/ 2 S \ .As�1 � C/. It suffices to find a
sequence ..ak; bk//

1
kD1

� S \ .D0 � C/ with .ak; bk/ ! .a0; b0/. First, by the same
methods as above, we find 0 < ı0 < ı and r > 0 such that xD.b0; ı/ \ S.a0;�/ D fb0g
and S \ .P.a0; r/ � xA.b0; ı

0; ı// D ¿. Let a 2 D0 \ P.a0; r/. We only need
to observe that xD.b0; ı/ \ S.a;�/ ¤ ¿ because otherwise, using the above argument,
we would conclude that every function f 2 O..P.a0; r/ � D.b0; ı// n S/ extends to
P.a0; r/ � D.b0; ı/.

Corollary 9.2.20. LetD � Cp be a domain of holomorphy and let ¿ ¤ S � D � C
be a pseudoconcave set such that

(a) S \ .D �
0/ D ¿, where 
0 � C is a domain with 0 2 
0,

(b) the set fa 2 D W #S.a;�/ < C1g is not pluripolar.

Then there exist t 2 N and h1; : : : ; ht 2 O.D/ such that

S D ˚
.z; w/ 2 D � C W Pt

j D1 hj .z/w
j D 1

�
:
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In particular, if the set fa 2 D W #S.a;�/ D 1g is not pluripolar, then

S D f.z; w/ 2 D � C W h.z/w D 1g
with h 2 O.D/, h 6	 0.

Proof. LetS1 ´ f.z; 1=w/ W .z; w/ 2 Sg. Notice thatS1 is pseudoconcave inD�C�.
Consequently, the set S0 ´ S1 [ .D � f0g/ is pseudoconcave in D � C. It is clear
that S0 satisfies both assumptions of Theorem 9.2.19. Thus there exist s 2 N, s � 2,
and g1; : : : ; gs�1 2 O.D/ such that

S0 D ˚
.z; w/ 2 D � C W ws C Ps�1

j D1 gj .z/w
s�j D 0

�
;

which, after the inverse transformation, gives

S D ˚
.z; w/ 2 D � C W Ps�1

j D1 gj .z/w
j D �1�:

Remark 9.2.21. (1) Notice that in [Nis 2001] (Theorem 4.9) the Oka–Nishino theorem
is formulated under weaker assumptions (a0)+(b), where

(a0) for each a 2 D the fiber S.a;�/ is bounded.
Unfortunately, the proof presented in [Nis 2001] contains gaps.

(2) Moreover, Corollary 4.1 in [Nis 2001] (which follows from Theorem 4.9) says
that if for each a 2 D the fiber S.a;�/ is bounded and the set fa 2 D W #S.a;�/ D 1g is
not pluripolar, then S is a holomorphic graph over D.

Observe that this result is false – as a counterexample one can take D ´ C and
the pseudoconcave set

S ´ f.z; w/ 2 C � C W zw D 1g � C � C;

which obviously is not a graph over the whole C.

9.2.3 Chirka–Sadullaev theorem

The following deep result of Sadullaev will play an important role in the sequel.

Theorem* 9.2.22 ([Sad 1982], see the proof of Theorem 1). Let M � Dp � D be a
pseudoconcave set with M \ .Dp � A.1 � "; 1// D ¿ (for some 0 < " < 1). If for
almost all z0 2 Dp the fiberM.z0;�/ is polar, thenM is a pluripolar set.

In fact we will use the following corollary of the above result.

Theorem 9.2.23. LetM � Dp � C be a pseudoconcave set withM \ DpC1 D ¿. If
for almost all z0 2 Dp the fiberM.z0;�/ is polar, thenM is a pluripolar set.

Proof. The result has local character. Take a point .a; b/ 2 M . Then, by Proposi-
tion 2.3.21 there exists an R > jbj such that M.a;�/ \ @D.R/ D ¿. Consequently,
.P.a; r/ � A.R � "; R C "// \ M D ¿ and we are locally in the situation of Theo-
rem 9.2.22.
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Notice that Theorem 9.2.22 has been generalized in [Sad 1984].
Finally we arrive at the main result in this section dealing with “extension” of

singularities.

Theorem 9.2.24 (Cf. [Chi-Sad 1987]). Let D � Cp be a domain of holomorphy, let
A � D be non-pluripolar, and let ¿ ¤ 
0 � C be a domain. For a 2 A, let
M.a/ � C be a closed polar set with 
0 \M.a/ D ¿. Define

� ´ ff 2 O.D �
0/ W 8a2A 9 Qfa2O.CnM.a//
W Qfa.w/ D f .a;w/; w 2 
0g:

Then the �-envelope of holomorphy ofD �
0 is of the form .D � C/ n yM , where yM
is a relatively closed pluripolar set such that

• yM.a;�/ is polar, a 2 D,

• yM.a;�/ � M.a/, a 2 A,

• if all the setsM.a/, a 2 A, are discrete, then yM is analytic.

Proof. Define
�a ´ ff .a; �/ W f 2 �g; a 2 D:

Theorem 9.2.7 implies that
S

a2A �a � R0. Consequently, by Theorem 9.2.16,S
a2D �a � R0. Hence, by Theorem 9.2.5 (a), for any g 2 �a, a 2 D, the do-

main of existence yGg � C of g is univalent. Let yGa denote the connected component
of the open set int

T
g2�a

yGg that contains 
0. Then yGa is the �a-envelope of holo-

morphy of 
0 (cf. [Jar-Pfl 2000], Proposition 1.8.3). Observe that C n M.a/ � yGa,
a 2 A. Put B ´ S

a2Dfag � yGa.
Let

' W .D �
0; id/ ! .X; p/

be the maximal �-extension. Put p D .u; v/ W X ! Cp � C. Since p B ' D id, we
get D � 
0 � p.X/. Since ' W .D � 
0; id/ ! .X; p/ is also an O.D � C/jD��0-
extension, we get p.X/ � D �
0. In particular, u.X/ D D. Since .X; p/ is an �'-
domain of holomorphy, Theorem 9.1.2 implies that there exists a pluripolar setP � D

such that .Xa; pa/ is an .�'/a-region of holomorphy for every a 2 DnP . Observe that
'.a; �/ W .
0; id/ ! .Xa; pa/ is a morphism. Let Xo

a be the connected component of
Xa that contains '.fag �
0/. Then '.a; �/ W .
0; id/ ! .Xo

a ; pa/ is an �a-extension
and .�a/

'.a;�/ D .�'/ajXoa . Hence, pa.X
o
a / � yGa, a 2 D. Put Y ´ S

a2D X
o
a .

Observe that Y is open. We have proved that p.Y / � B . Moreover, since yGa is the
�a-envelope of holomorphy of
0, we conclude that .Xo

a ; pa/ ' . yGa; id/, a 2 D nP .
In particular, pa.X

o
a / D yGa, a 2 D n P . Thus, p is injective on Y0 ´ S

a2DnP X
o
a

and p.Y0/ D S
a2DnP fag� yGa μ B0. SinceP is nowhere dense, we easily conclude

that p is injective on the whole of Y .
Take an a0 2 D and a g 2 O.p.Xo

a0
//. Since X is Stein and Xo

a0
is a connected

component of the analytic setXa0 D fx 2 X W u.x/ D a0g, the function g Bp extends
to a Qg 2 O.X/ (cf. [Jar-Pfl 2000], Proposition 2.5.10).
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Since pa.X
o
a / D yGa � C nM.a/ for a 2 AnP , Theorems 9.2.5 and 9.2.16 imply

(as at the beginning of the present proof) that Qg B .pjY /�1.a; �/ 2 R0, a 2 D. In
particular, g D Qg B .pY /

�1.a0; �/ 2 R0. Consequently, by Theorem 9.2.14, Cnp.Xo
a /

is polar, a 2 D.
Let zG ´ p.Y /, zM ´ .D � C/ n zG. We know that

• D �
0 � zG, B0 � zG � B ,
• every function f 2 � extends to the function Qf ´ f ' B .pjY /�1 2 O. zG/,
• every fiber zM.a;�/ is polar, a 2 D.

In particular, zM does not separate domains.
Indeed, suppose that .U � V / n zM is disconnected for a domain U � V � D � C.

Write .U � V / n zM D ˝1 [˝2, where˝1; ˝2 are open non-empty and disjoint. Put
Wj ´ fa 2 U W .V n zM.a;�// \ . j̋ /.a;�/ ¤ ¿g, j D 1; 2. Observe that W1, W2 are
open and non-empty. Since V n zM.a;�/ is connected for every a 2 U , we conclude that
W1 \W2 D ¿; a contradiction.

Let yM ´ zM
s;z� with z� ´ f Qf W f 2 �g (cf. Remark 2.4.3). We have obtained a

relatively closed subset such that

• every function f 2 � extends to an Of 2 O..D � C/ n yM/,

• .D � C/ n yM is an f Of W f 2 �g-domain of holomorphy (in particular, yM is
pseudoconcave),

• yM.a;�/ � zM.a;�/ is polar, a 2 D,

• yM.a;�/ � zM.a;�/ � M.a/, a 2 A.

It remains to use Theorem 9.2.23 to prove that yM is pluripolar.

We move to the case where all the fibers yM.a;�/, a 2 A, are discrete. We may
assume that 0 2 
0 and let �0 > 0 be such that D.�0/ � 
0. It suffices to show that
yM \ .D � D.R0// is analytic for arbitrary R0 > 0. Fix an R0 > �0 and let

D0 ´ fz 2 D W yM \ .U � D.R0// is analytic for an open neighborhood U of zg:
Obviously, D0 is open. First we check that it is non-empty. Take an a 2 A� (cf. Defi-
nition 3.2.8). In particular,A\U is not pluripolar for any arbitrary open neighborhood
U of a. Since yM.a;�/ is discrete, there exists anR > R0 such that yM.a;�/ \@D.R/ D ¿.
Since yM is relatively closed, there exists an r > 0 such that P.a; r/ �� D and yM \
.P.a; r/ � @D.R// D ¿. Observe that A \ P.a; r/ � fz 2 P.a; r/ W yM.z;�/ is finiteg.
Consequently, by Theorem 9.2.19, applied toS ´ yM\.P.a; r/�D.R//, we conclude
yM \ .P.a; r/ � D.R// is analytic. In particular, yM \ .P.a; r/ � D.R0// is analytic.

Now we check that D0 is closed in D. Take an accumulation point a 2 D of D0.
Recall that the set C ´ yM.a;�/ is polar. Let C 0 ´ f1=w W w 2 C g. Then C 0 �
D.1=�0/ is also polar and, therefore there exists anR > R0 such thatC 0 \@D.1=R/ D
¿ (cf. Proposition 2.3.21). In other words, yM.a;�/ \@D.R/ D ¿. Then, as above, there
exists an r > 0 such that P.a; r/ �� D and yM\.P.a; r/�@D.R// D ¿. Observe that
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D0 \ P.a; r/ is open, non-empty, and D0 \ P.a; r/ � fz 2 P.a; r/ W yM.z;�/ is finiteg.
Thus, using once again Theorem 9.2.19, we conclude that yM \ .P.a; r/ � D.R0// is
analytic.

Finally, D0 D D and the proof is completed.

9.3 Separately pluriharmonic functions II

Theorem 9.2.23 implies the following extension theorem for pluriharmonic functions.

Proposition 9.3.1 (Cf. [Sad 2005], [Sad-Imo 2006b]). Let D � Cp be a domain of
holomorphy, let A � D be non-pluripolar, and let 
0 � C be a domain with 0 2 
0.
For a 2 A, letM.a/ � C, #M.a/ � 1, 
0 \M.a/ D ¿. Define

F ´ fu 2 PH .D �
0/ W 8a2A 9 Qua2H.CnM.a// W Qua.w/ D u.a;w/; w 2 
0g:

Then there exists an analytic set yM � D � C such that

• yM.a;�/ � M.a/, a 2 A,

• yM D f.z; w/ 2 D � C W h.z/w D 1g, where h 2 O.D/,

• every function u 2 F extends to a multivalued pluriharmonic function yu on
.D � C/ n yM .

Moreover, in the case when .�/ A is not contained in any set of the form
S1

kD1Ak ,
where Ak D fz 2 Uk W 'k.z/ D 0g, Uk � D a domain, 'k 2 PH .Uk/, 'k 6	 0, the
above extension yu is univalent.

The result will be partially extended in Proposition 10.5.1.

Proof. Let f ´ @u
@w

. Then f 2 O.D � 
0/ and for each a 2 A the function
Qfa ´ @ Qua

@w
gives a holomorphic extension of f .a; �/ to C nM.a/. Thus, we may apply

Theorem 9.2.24 and we get an analytic set yM � D � C such that

• yM.a;�/ � M.a/, a 2 A,

• f extends to an Of 2 O..D � C/ n yM/.

Define

F.z;w/ ´
Z w

0

Of .z; �/d�; .z; w/ 2 .D � C/ n yM;

where the integration is over an arbitrary piecewise C1 curve � W Œ0; 1� ! C n yM.z;�/
with �.0/ D 0, �.1/ D w. Then F defines a multivalued holomorphic function
in .D � C/ n yM . Thus yu.z; w/ ´ 2Re.F.z; w// C u.z; 0/ defines a multivalued
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pluriharmonic function on .D � C/ n yM . Observe that if a 2 A, then

yu.a;w/ D 2Re
� Z w

0

@ Qua

@w
.�/d�

�
C u.a; 0/

�D
Ci�D Re
� Z w

0

�
@ Qua

@�
d� C @ Qua

@�
d�

�
� i

Z w

0

�
@ Qua

@�
d� � @ Qua

@�
d�

��
C u.a; 0/ D Qua.w/:

Consequently, yu is an extension of u.
Let P ´ fa 2 D W yM.a;�/ D ¿g. Note that if a 2 P , then the function yu.a; �/ is

univalent. In particular, if yM D ¿, then yu is univalent. Thus, we may assume that
yM ¤ ¿.

Using Corollary 9.2.20, we easily conclude that

yM D f.z; w/ 2 D � C W h.z/w D 1g
with h 2 O.D/, h 6	 0. Consequently, P D h�1.0/ is an analytic subset of D. In
particular, D0 ´ D n P is a domain. Put � ´ 1=h on D0,

'.z/ ´ Re
� Z

j���.z/jDı

Of .z; �/d�
�

D Re
� Z

j� jDı

Of .z; �.z/C �/d�

�
; z 2 D0:

Observe that

• if a 2 D0, then the function yu.a; �/ is univalent iff '.a/ D 0; in particular, ' D 0

on A n P ,
• ' 2 PH .D0/.

Thus, ifA satisfies .�/, then we must have ' 	 0, which implies that yu is univalent.

Example 9.3.2 ([Sad 2005]). Put in Proposition 9.3.1, D ´ D, A ´ .�1; 1/ � R,
M.a/ ´ f�1g, a 2 .�1; 1/, u.z; w/ ´ Re.z Log.w C 1//, .z; w/ 2 D � D (where
Log stands for the principal branch of logarithm). Observe that if a 2 .�1; 1/, then
u.a;w/ D a log jw C 1j, w 2 C n f�1g. Thus u satisfies all the assumptions of
Proposition 9.3.1 (cf. Example 3.2.20 (c)). Notice that A is the set of zeroes of the
harmonic function D 3 z 7! Im z.

Taking yM ´ D � f�1g we see that yu.z; w/ D Re.z log.w C 1//, .z; w/ 2
.D � C/ n yM , is not univalent.

9.4 Grauert–Remmert, Dloussky, and Chirka theorems

> §§ 2.1, 2.3, 2.4, 2.5, 2.7, 2.8, 9.2.3.

The following extension theorems with singularities, which are nowadays standard
tools in complex analysis, will play an important role in the discussion on cross theorems
with singularities.
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Theorem 9.4.1. Let .X; p/ be a Riemann domain over Cn such that O.X/ separates
points in X and let . yX; Op/ be its envelope of holomorphy. We assume that X is a
subdomain of yX ; in particular, OpjX D p.

(a) (Grauert–Remmert; [Gra-Rem 1956]) LetM � yX be an analytic subset of pure
dimension .n � 1/. Then yX nM is the envelope of holomorphy of X nM .

(b) (Dloussky; [Dlo 1977], see also [Por 2002]) LetM � X be a relatively closed
thin subset. Then there exists an analytic subset yM of yX such that yM \ X � M and
yX n yM is the envelope of holomorphy of X nM .

Roughly speaking, the above results say that ifM � X is analytic, then 2X nM D
yX n yM where yM � yX is analytic and yM \ X � M . Observe that in general
yM\X   M , e.g. ifM is analytic and dimM � n�2, then yM D ¿ (cf. [Jar-Pfl 2008],

Propositions 1.9.11, 1.9.14).
Proofs for (a) and (b) may be found in [Jar-Pfl 2000]. Here we present a proof for

(b) given by Porten (see [Por 2002]). We emphasize that (b) is also true in the case
when O.X/ does not separate points of X .

Proof. (a) For the proof see the one of Theorem 2.5.9 in [Jar-Pfl 2000]).
(b) From the very beginning we may assume that M is an analytic set of pure

dimension .n � 1/ (use Remark 2.4.3 (e) and Proposition 2.4.6) and that all points of
M are singular with respect to O.XnM/ (see Proposition 2.4.4), i.e.M D Ms;O.XnM /.

To prove (b) we have to find “an extension” of M as an analytic subset yM of pure
dimension .n � 1/ of yX and to apply (a). In fact, let

˛ W .X nM;pjXnM / ! .W; q/

be the envelope of holomorphy ofXnM . Recall that˛ is injective. Obviously, dXnM �
dW B˛ and therefore, F ´ O.6nC1/.W /B˛ � O.6nC1/.X nM/ (cf. Definition 2.1.8).
Applying that W is an O.6nC1/.W /-domain of holomorphy (see Theorem 2.5.10) and
that O.6nC1/.W / is a natural Fréchet space of holomorphic functions, there exists a
g 2 O.6nC1/.W / such thatW is a fgg-domain of holomorphy (see Proposition 2.1.27
and Remark 2.1.28). Put f0 ´ g B ˛. Recall that O.6nC1/.X nM/ may be thought
as a subset of M.X/, i.e. there is an Qf0 2 M.X/ with Qf0 D f on X n M (see
Proposition 2.8.3). Applying Theorem 2.8.4 gives a meromorphic extension Of0 2
M. yX/ of Qf0, i.e. Of0 D Qf0 on X . In particular, Of0jXnM is holomorphic. Therefore,

S. Of0/ \X � M .
Note that if S. Of0/ \ X D M , then yM ´ S. Of0/ is the analytic set we are looking

for. So it remains to apply (a). Assume that yM \ X   M . Then there exists a
point x0 2 M which is non-singular for ff0g. Hence there is a connected open
neighborhood U D U.x0/ � X and f0 extends holomorphically to the whole of U .
Put zX ´ X [U and note that idXnM; zX W X nM ! zX is an ff0g-extension. Observe
that g is the holomorphic extension of f0 via ˛. By Proposition 2.1.23, it follows
that ˛ W X n M ! W is a maximal ff0g-extension. Therefore, we find a morphism
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 W . zX;pj zX / ! .W; q/ with  B idXnM; zX D ˛. Fix now an arbitrary h 2 O.X nM/.

Take yh 2 O.W / with yh B ˛ D h and put Qh ´ yh B  on zX . Then Qh 2 O. zX/ and
Qh B idXnM; zX D yh B  B idXnM; zX D yh B ˛ D h, i.e. Qh is a holomorphic extension

of h to zX . Since h was arbitrarily chosen we get a contradiction to the fact that
M D Ms;O.XnM/.

A similar result is true when the exceptional set M is assumed to be pluripolar.

Theorem 9.4.2 (Chirka; [Chi 1993]). Let .X; p/ and yX be as in Theorem 9.4.1 and
let M � X be a relatively closed pluripolar set. Then there exists a relatively closed
pluripolar set yM � yX such that yM\X � M and yX n yM is the envelope of holomorphy
of X nM .

To prove this theorem we have to use a local argument based on Theorem 9.2.24 as
it was done in the original proof by Dloussky for Theorem 9.4.1 (see [Jar-Pfl 2000]).

The main step is the following lemma.

Lemma 9.4.3. Put T ´ .Dn�1 � A.�; 1// [ .Pn�1.r/ � D/ (r; � 2 .0; 1/) and let
M � T be a relatively closed pluripolar set with M � Pn�1.r/ � D.�/. Then there
exists a relatively closed pluripolar set yM � Dn such that

• yM \ T � M and yM � Dn�1 � D.�/,

• for any f 2 O.T nM/ there exists an Of 2 O.Dn n yM/ with f D Of on T nM ,

• Dn n yM is a domain of holomorphy.

In particular, Dn n yM is the envelope of holomorphy of T nM .

Proof. We may assume that M D Ms;O.T nM/. Put

zM D f.z0; zn/ 2 Pn�1.r/ � C� W .z0; 1=zn/ 2 M g:
Then zM 2 PLP and zM \ .Dn�1 � D.1=�// D ¿. Put

B ´ fz0 2 Pn�1.r/ W zM.z0;�/ … PLP g:
Proposition 2.3.31 (a) implies that B 2 PLP . Finally, set A ´ Pn�1.r/ n B . Then
A is locally pluriregular. Applying Theorem 9.2.24 (with D D Dn�1, 
0 D D.1=�/,

M.a/ D zM.a;0/, a 2 A) leads to a relatively closed pluripolar set �zM in Dn�1 � C such
that

• �zM .a;�/ is pluripolar, a 2 Dn�1,

• �zM .a;�/ � zM.a;�/, a 2 A,

• �zM \ .Dn�1 � D.1=�// D ¿,

• .Dn�1 � C/ n �zM is a domain of holomorphy,
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• (�) for every h 2 O.Dn�1 � D.1=�// such that h.a; �/ extends holomorphically

to C n zM.a;�/, a 2 A, there exists an yh 2 O..Dn�1 � C/ n �zM/ such that yh D h

on Dn�1 � D.1=�/.

Now fix an f 2 O.T nM/. Note that f .z0; �/ 2 O.A.�; 1//, z0 2 Dn�1. Therefore,
f can be written as its Laurent expansion

f .z0; zn/ D
X
j 2Z

aj .z
0/zj

n D
X

j 2ZC

aj .z
0/zj

n C
X

j 2ZnZC

aj .z
0/zj

n μ f C.z/C f �.z/:

Note that f C 2 O.Dn/ and f � 2 O.Dn�1 � A.�;1//. Moreover, f � is bounded at
infinity. Hence, f � D f � f C on Dn�1 � A.�; 1/. Let

Qf .z/ ´
´
f .z/ � f C.z/ if z 2 .Pn�1.r/ � D/ nM;
f �.z/ if z 2 Dn�1 � A.�;1/:

Note that Qf 2 O...Pn�1.r/ � C/ nM/ [ .Dn�1 � A.�;1//.
Set g.z/ μ Qf .z0; 1=zn/ on Dn�1 � A.0; 1=�/. Then g 2 O.Dn�1 � A.0; 1=�//.

Observe that g is bounded along Dn�1 � f0g. Thus, we may even assume that g 2
O.Dn�1 � D.1=�//. Summarizing, g satisfies the condition in (�). Therefore, there

exists a yg 2 O..Dn�1�C/n �zM/withg D yg on Dn�1�D.1=�/ and on fag�.Cn zM.a;�//,
a 2 A.

Finally, put yQf .z/ ´ yg.z0; 1=zn/ on .Dn�1 � D�/ n yM 0, where

yM 0 ´ f.z; zn/ 2 Dn�1 � D� W .z0; 1=zn/ 2 �zM g:
Note that yM 0 is a relatively closed pluripolar subset of Dn�1�D�, that .Dn�1�D�/n yM 0

is a domain of holomorphy, and that yM 0
.a;�/ � M.a;�/, a 2 A. Moreover, yQf D Qf on

Dn�1 � A.�; 1/ and yQf .a; �/ D Qf .a; �/ on D� nM.a;�/, a 2 A.

Set Of ´ yQf C f C. Then Of 2 O..Dn�1 � D�/ n yM 0/. Observe that Of D f on
Dn�1 � A.�; 1/ and Of .a; �/ D f .a; �/ on D� n M.a;�/ whenever a 2 A. So we have

assigned to any f 2 O.T n M/ a new function Of 2 O..Dn�1 � D�/ n yM 0/ with all
the properties described just before. Then we define yM ´ . yM 0 [ .Dn�1 � f0g//s;F ,
where F ´ f Of W f 2 O.T nM/g.

It remains to show that yM.a;0/ � M.a;0/, a 2 Pn�1.r/. Otherwise one may find a
point z0 D .a0; a0

n/ 2 yM nM with a0 2 Pn�1.r/. Then, sinceM is relatively closed,
Pn.z

0; "/ � .Pn�1.r/ � D/ n M for a small ". Note that f and Of are holomorphic
on the domain G ´ Pn.z

0; "/ n yM . Moreover, they coincide on the non-pluripolar
set G \ .A � D�/. Therefore, Of D f on Pn.z

0; "/ n yM , which contradicts that yM is
singular for F . Hence, yM \ .Pn�1 � D/ � M . With a similar argument it follows that
f D Of on Pn�1.r/ nM .
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Lemma 9.4.4. Let T be as in Lemma 9.4.3 and let M � T be relatively closed
pluripolar. Then there exists a relatively closed pluripolar set yM � Dn with

• yM \ T � M ,

• for any f 2 O.T nM/ there exists an Of 2 O.Dn n yM/ with f D Of on T nM ,

• Dn n yM is a domain of holomorphy.

In particular, Dn n yM is the envelope of holomorphy of T nM .

Proof. As in the previous lemma we may assume that M D Ms;O.T nM /.
Fix numbers � < � 0 < � 00 < 1 and put

B ´ fz0 2 Dn�1 W M.z0;�/ \ @D.s/ ¤ ¿ for all s 2 Œ� 0; � 00�g:

Recall that B � fz0 2 Dn�1 W M.z0;�/ … PLP g (see [Ran 1995], Exercise 5.3.3 (i)).
Therefore, B is pluripolar (see Proposition 2.3.31 (a)). Moreover, the fact that M is
closed in T implies that also B is closed in Dn�1. Hence,G0 ´ Dn�1 nB is a domain
(see Proposition 2.3.29 (c)).

We claim that (�) for any b0 2 G0 there exist a positive number r.b0/ with
Pn�1.b

0; r.b0// � G0 and a relatively closed pluripolar set yMb0 � Pn�1.b
0; r.b0// �

D μ Zb0 such that

• yMb0 \ T � M ;
• for any f 2 O.T nM/ there exists a uniquely defined extension Ofb0 2 O.Zb0 n

yMb0/ such that f D Ofb0 on .T \Zb0/ nM ;

• yMb0 D . yMb0/s;Fb0 , where Fb0 ´ f Ofb0 W f 2 O.T nM/g.

Obviously, there is nothing to verify when b0 2 Pn�1.r/ \ G0. Now fix a b0 2
G0 n Pn�1.r/ and take another point a0 2 Pn�1.r/ n B . Choose a continuous curve
� W Œ0; 1� ! G0 connecting a0 with b0.

Let us first take an arbitrary t0 2 Œ0; 1�. We find a number �.t0/ 2 Œ� 0; � 00� such
that

M.�.t0/;�/ \ @D.�.t0// D ¿:

Applying that M is closed in T there are numbers � < � 0.t0/ < �.t0/ < � 00.t0/ < 1

and a neighborhood V.�.t0// � G0 with�
V.�.t0// � A.� 0.t0/; � 00.t0//

� \M D ¿:

Finally, by a compactness argument, we may choose points 0 D t0 < t1 < � � � <
tN D 1 and polydiscs Qj ´ Pn�1.�.tj /; Qrj / � V.�.tj // such that

• Q0 � Pn�1.r/;

•
SN

j D0 Qj � �.Œ0; 1�/;
• �.tj / 2 Qj �1, j D 1; : : : ; N .
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Take an rj > 0 such that Vj ´ Pn�1.�.tj /; rj / �� Qj �1 \ Qj , j D 1; : : : ; N .
Then, for j D 1; : : : ; N , put

Tj ´ .Vj � D.� 00
j // [ .Qj � A.� 0

j ; �
00
j //;

where � 0
j ´ � 0.�.tj // and � 00

j ´ � 00.�.tj //.
We claim that for any j D 1; : : : ; N there is a relatively closed pluripolar set

yMj � Qj � D satisfying

• yMj \ T � M ;

• for any f 2 O.T nM/ there exists a unique Ofj 2 O..Qj � D/ n yMj / such that
f D Ofj on ..Qj � D/ \ T / nM ;

• . yMj /s;Gj D yMj , where Gj ´ f Ofj W f 2 O.T nM/g.

To verify this statement we use induction. In the first step set M1 ´ T1 \ M .
Obviously, M1 is a relatively closed pluripolar subset of T1 with M1 � V1 � D.� 0

j /.

Therefore, we may apply Lemma 9.4.3. So we get a relatively closed set zM1 �
Q1 � D.� 00

1 /, zM1 2 PLP , such that

• zM1 \ T1 � M1 and zM1 � Q1 � D.� 0
1/,

• any g 2 O.T1 n M1/ extends to a uniquely defined function Qg 2 O.T1 n zM1/

with f D Qg on T1 nM1.

In particular, if f 2 O.T n M/, then f jT1nM1
extends to Qf1 ´ Cf jT1nM1

2
O..Q1 � D.� 00

1 // n zM1/ with f D Qf1 on T1 nM1.
Moreover, we may assume that zM1 D . zM1/s;F1 , where F1 ´ f Qf1 W f 2 O.T n

M/g.
Let f 2 O.T n M/. Note that f and Qf1 are defined on the domain G1 ´

..Q1 � D.� 00
1 //\ T / n .M [ zM1/ and f D Qf1 on Q1 � A.� 0

1; �
00
1 /. Then the identity

theorem gives that both functions coincide on G1. Applying that zM1 D . zM1/s;F1 and
M D Ms;O.T nM/ leads to

zM1 \ .Q1 � D.� 00
1 // \ T D M \ .Q1 � D.� 00

1 // \ T:

Hence, Qf1 D f on .Q1 � D.� 00
1 // \ T nM . Put

yM1 D zM1 [ .M \ .Q1 � D//; Of1 ´
´
f on ..Q1 � D/ \ T / nM;
Qf1 on .Q1 � D.� 00

1 // n zM1:

Then yM1 and Of1 satisfy the condition in the above statement.
Assume now that the statement is proved for a j < N , i.e. there is a relatively

closed pluripolar set yMj �1 � Qj �1 � D with

• yMj �1 \ T � M ,
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• for any f 2 O.T n M/ there exists an Ofj �1 2 O..Qj �1 � D/ n yMj �1/ with
f D Ofj �1 on .T \ .Qj �1 � D// nM ,

• yMj �1 D . yMj �1/s;Fj�1
, where Fj �1 ´ f Ofj �1 W f 2 O.T nM/g.

Observe that yMj �1 \ T \ .Qj �1 � D/ D M \ T \ .Qj �1 � D/.
Put Mj ´ yMj �1 \ Tj . Then Mj is a relatively closed pluripolar subset of Tj .

Applying again Lemma 9.4.3 we find a relatively closed pluripolar set zMj � Qj �
D.� 00

j / such that

• zMj \ Tj � Mj and zMj � Qj � D.� 0
j /,

• for any g 2 O.Tj n Mj / there exists a Qg 2 O..Qj � D.� 00
j // n zMj / such that

g D Qg on Tj nMj .

Fix an f 2 O.T n M/. By induction, we know that there exists an Ofj �1 2
O..Qj �1 � D/n yMj �1/ such that f D Ofj �1 on .Qj �1 � D/nM . Thus, Ofj �1jTj nMj 2
O.Tj nMj /. Therefore we find an Ofj 2 O..Qj � D.� 00

j // n zMj / such that Qfj and Ofj �1

coincide on Tj nMj .
Now we may assume that zMj D . zMj /s;Fj , where Fj ´ f Qfj W f 2 O.T nM/g.

Arguing as above it follows that zMj andM coincide in T \ .Qj � D.� 00
j //. It remains

to set

yMj ´ zMj [ ..Qj � D/ \M/; Ofj ´
´
f on ..Qj � D/ \ T / nM;
Qfj on .Qj � D.� 00

j // n zMj :

Hence, (�) is completely verified.
Now let there be two points b0 and b00 in G0 with Q.b0; b00/ ´ Pn�1.b

0; r.b0// \
Pn�1.b

00; r.b00// ¤ ¿ and take yMb0 and yMb00 as above. Because of the fact that both sets
are singular with respect to Fb0 and Fb00 , respectively, we easily see that yMb0 D yMb00

on Q.b0; b00/. Therefore, zM ´ S
b02G0

yMb0 � G0 � D is a relatively closed pluripolar
set such that

• zM \ T � M ;
• any f 2 O.T nM/ extends holomorphically as a uniquely defined Qf 2 O.G0 �

D n zM/.

It remains to put yM ´ . zM [ .B � D//s;F , where F ´ f Qf W f 2 O.T nM/g.

Now we are in the position to prove Theorem 9.4.2; in fact, we will follow the
argument used in the original proof of Theorem 9.4.1 (see [Jar-Pfl 2000], proof of
Proposition 3.4.10).

Proof of Theorem 9.4.2. Again we may assume that M D Ms;O.XnM /. Let

˛ W .X nM;p/ ! .Y; q/
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denote the envelope of holomorphy of X n M ; recall that q B ˛ D p. Put W ´
˛.X nM/; W is a subdomain of Y .

By Proposition 1.9.9 from [Jar-Pfl 2000] there exists the lifting of the identity
morphism id W .X nM;p/ ! . yX; Op/ to a morphism ' W .Y; q/ ! . yX; Op/ with ' B ˛ D
id. In particular, 'jW W W ! V ´ X nM � yX is a biholomorphic mapping fromW

onto V .
With respect to ' we have (see Section 2.6)

• the Hausdorff space
D'

Y and the continuous mapping
D
' W

D'

Y ! yX ;

• the Riemann domain .
�'

Y ;
D'
q j�'

Y
/, where

D'
q ´ Op B D

' and
�'

Y D Y [†;

• the morphism
D
'j�'

Y
W .

�'

Y ;
D'
q j�'

Y
/ ! . yX; yp/.

Note that '.W / D X nM , M is relatively closed pluripolar, and

' W W ! X nM
is a biholomorphic map.

Then Proposition 2.6.4 implies the existence of an open set U �
�'

Y such that

W � U and
D
' W U ! X is biholomorphic. Thus  ´ .

D
'jU /�1 W .X; p/ ! .

�'

Y ;
D'
q /

is a holomorphic extension of X .

For a moment assume that .
�'

Y ;
D'
q / is a domain of holomorphy. Then

D
' W .

�'

Y ;
D'
q / ! . yX; yp/

is an isomorphism. Put yM ´ D
'.†/. Then yM is a closed pluripolar subset of yX

and ' W .Y; q/ ! . yX n yM; Op/ is an isomorphism. Hence yX n yM is the envelope of
holomorphy of X nM , i.e. the theorem is proved.

So it remains to verify that .
�'

Y ;
D'
q / is a domain of holomorphy. The proof of this

statement is based on Theorem 2.7.1(v). Take the morphism

D
'j�'

Y
W .

�'

Y ;
D'
q j�'

Y
/ ! . yX;p/

and recall that yX is a domain of holomorphy. Fix r and� and letT be as in Lemma 9.4.3.

Take a biholomorphic mapping f W T ! f .T / �
�'

Y such that g ´ D
' B f W T ! yX

extends to a biholomorphic mapping yg W Dn ! yg.Dn/ � yX . We have to show that

there is a holomorphic extension Of W Dn !
�'

Y (i.e. Of D f on T ).
In fact, set P ´ f �1.f .T / \ †/. Then P is a pluripolar set relatively closed in

T . By Lemma 9.4.4 there is a pluripolar set yP � Dn, relatively closed in Dn, such
that Dn n yP is the envelope of holomorphy of T n P . Applying the lifting theorem
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([Jar-Pfl 2000], Proposition 1.9.9) we see that f extends to a biholomorphic mapping
Qf W Dn n yP ! Qf .Dn n yP / � Y (recall that Y is a domain of holomorphy). Then
' B Qf jT nP D D

' B f D yg on T n P . Therefore, ' W Qf .Dn n yP / ! yg.Dn/ n yg. yP / is

biholomorphic. Again using Proposition 2.6.4 we find an open set U �
�'

Y satisfying
Qf .Dn n yP / � U such that

D
' W U ! yg.Dn/ is biholomorphic. Now it remains to define

the extension as follows: Of ´ .
D
'jU /�1 B yg, which finishes the proof.



Chapter 10

Cross theorem with singularities

Summary. Our main aim is to discuss a general version of the Chirka–Sadullaev Theorem 9.2.24. We find
a counterpart of the Grauert–Remmert, Dloussky, and Chirka theorems (Theorems 9.4.1, 9.4.2) for crosses;
most of the presented results are based on [Jar-Pfl 2001], [Jar-Pfl 2003a], [Jar-Pfl 2003b], [Jar-Pfl 2003c],
[Jar-Pfl 2007], [Jar-Pfl 2011]; see also [Ale-Ama 2003].

The main result is Theorem 10.2.6 whose proof will be given in §§ 10.4, 10.6.

10.1 Öktem and Siciak theorems

The next step after Theorem 9.2.24 was taken 10 years later by Öktem who studied the
following range problem in mathematical tomography (cf. [Ökt 1998], [Ökt 1999]).

For ! D .cos˛; sin ˛/ let !? ´ .� sin ˛; cos˛/. Define

`!;p ´ fx D .x1; x2/ 2 R2 W hx; !i D x1 cos˛ C x2 sin ˛ D pg; p 2 R;

and let L!;p be the Lebesgue measure on the line `!;p . For � 2 R�, the exponential
Radon transform is given by the mapping

C1
0 .R2;C/ 3 h R�7! R�.h/; R�.h/ W T � R ! R;

R�.h/.!; p/ ´
Z

`!;p

h.x/e�hx;!?idL!;p.x/:

The main problem is to recover h fromR�.h/ which is measured. So it is important to
know the shape of the range ofR�. Assume that g D R�.h/ for some h 2 C1

0 .R2;C/.
Let yg W T � C ! C be the Fourier transform of g with respect to the second variable,
i.e.

yg.!; �/ ´
Z

R
g.!; p/e�i�pdL1.p/:

Easy calculations lead to yg.!; �/ D Qh.�! C i�!?/, where Qh denotes the two-
dimensional Fourier transform of h. Taking � D i t , t 2 R, gives yg.!; i t/ D yg.�;�i t/
whenever t! C �!? D �t� C ��?, !; � 2 T . It turns out that this necessary
condition is, in fact, also a sufficient one.

Theorem 10.1.1 ([Ökt 1998]). Let g W T � R ! C and � ¤ 0. Then the following
statements are equivalent:

(i) there is an h 2 C1
0 .R2;C/ with g D R�.h/;
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(ii) g 2 C1
0 .T � R;C/ and yg.!; i t/ D yg.�;�i t/ whenever !; � 2 T and t 2 R

are such that t! C �!? D �t� C ��?.

To prove this result Öktem used the following extension theorem with singularities.

Theorem 10.1.2 ([Ökt 1998], [Ökt 1999]). Let

X ´ X.R;RI C;C/ D .R � C/ [ .C � R/

(note that yX D C2 – cf. Proposition 3.2.3). LetM ´ f.z1; z2/ 2 C2 W z1 D z2g. Let
f W X nM ! C be such that for all a; b 2 R the functions

C n fag 3 w 7! f .a;w/; C n fbg 3 w 7! f .z; b/

are holomorphic. Then there exists an Of 2 O.C2 nM/ with Of D f on X nM .

We should mention that there are also different proofs of Theorem 10.1.1; see, for
example, [AEK 1996] and [Bar-Zam 2009].

Sketch of the proof for the sufficiency in Theorem 10.1.1. Assume � > 0 and let g 2
C1

0 .T � R/ such that yg.!; i t/ D yg.�;�i t/ whenever t! C �!? D t� C ��?,
!; � 2 T . Put f D yg.

Note that any x 2 R2, kxk > �, lies on exactly two lines R!C�!? and R�C��?
with !; � 2 T . Hence, one may define for x 2 R2, kxk � 2,

F.ix/ ´ f .!; i t/ if x D t! C �!? for some ! 2 T ; t 2 R:

By the necessary condition the function F is well defined on K� ´ R2 n BR
2 .�/.

The main goal in the proof of Öktem is to show that

(�) there exists an entire function F � 2 O.C2/ with F �jiK� D F .

It follows that F � allows an inverse Fourier transform h. Then h 2 C1.R2;C/
and R�.h/ D g. Hence it remains to verify the holomorphic extension .�/.

To see the main argument for .�/, let � 2 R and put !.�/ ´ . 1�
2

1C
2
; 2


1C
2
/ 2 T .

Then one defines a mapping ' W R2 ! K� by

'.�; �/ ´ ix; where x 2 .R!.�/C �!.�/?/ \ .R!.�/C �!.�/?/:

Calculation gives

'.�; �/ D � i�

1C ��
.� C �; �� � 1/:

Note that ' is even defined on xC2 n� , where� ´ f.�; �/ 2 xC2 W � D �1=�g. Finally,
put G D F B '.

One can prove that

• G.�; �/ extends to a holomorphic function on xC n f�1=�g for � 2 xR,
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• G.�; �/ extends to a holomorphic function on xC n f�1=�g for � 2 xR.

Note that the transformation .�; �/ 7! .�;�1=�/puts us, in principle, in the situation
of Theorem 10.1.2. So it follows that G extends to a holomorphic function G� 2
O.xC2 n � /.

What remains to verify is that the function F � defined by the relationG� D F � B'
is the entire function we were looking for.

Öktem’s result (Theorem 10.1.2) was extended by J. Siciak in [Sic 2001].

Theorem 10.1.3 ([Sic 2001]). Let Aj � C be locally regular, j D 1; : : : ; N , and let

X ´ X..Aj ;C/
N
j D1/ D

N[
j D1

A1 � � � � � Aj �1 � C � Aj C1 � � � � � AN

(observe that yX D CN ). Let M ´ fz 2 CN W P.z/ D 0g, where P is a non-
constant polynomial of N -complex variables. Let f W X n M ! C be such that for
all j 2 f1; : : : ; N g and .a0

j ; a
00
j / 2 A0

j � A00
j withM.a0

j
;�;a00
j

/ ¤ C, the function

C nM.a0
j

;�;a00
j

/ 3 zj 7! f .a0
j ; zj ; a

00
j /

is holomorphic. Then there is an Of 2 O.CN nM/ such that Of D f on X nM .

Notice that Öktem’s theorem is just the case where N D 2, A1 D A2 D R, and
P.z1; z2/ D z1 � z2.

The above theorems have been generalized in [Jar-Pfl 2001], [Jar-Pfl 2003a],
[Jar-Pfl 2003b], [Jar-Pfl 2008] to various cross theorems with analytic and pluripolar
singularities, which will be presented in the next sections.

10.2 General cross theorem with singularities

> §§ 2.1.1, 2.3, 2.4, 3.2, 5.4, 7.1, 9.1, 9.2.3, 9.4.

We begin with the formulation of a very general extension problem for crosses with
singularities. Consider the following configuration:

(C1) Dj is a Riemann domain of holomorphy over Cnj ,
(C2) Aj � Dj , Aj is locally pluriregular,
(C3) †j � †0

j � A0
j � A00

j , †0
j is pluripolar, j D 1; : : : ; N ,

(C4) X ´ X..Aj ;Dj /
N
j D1/, T ´ T ..Aj ;Dj ; †j /

N
j D1/, T

0 ´ T ..Aj ;Dj ; †
0
j /

N
j D1/

(note that T 0 � T � X ),
(C5) M � T ,
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(C6) for any j 2 f1; : : : ; N g and any .a0
j ; a

00
j / 2 .A0

j � A00
j / n†j , the fiber M.a0

j
;�;a00
j

/

is closed in Dj ,
(C7) for any j 2 f1; : : : ; N g and any .a0

j ; a
00
j / 2 .A0

j � A00
j / n†0

j , the fiber M.a0
j

;�;a00
j

/

is pluripolar in Dj .

Remark 10.2.1. (a) Clearly:

• if †j D ¿, j D 1; : : : ; N , then T D X ,
• if †0

j D †j , j D 1; : : : ; N , then T 0 D T .

(b) Note that some fibersM.a0
j

;�;a00
j

/ with .a0
j ; a

00
j / 2 †0

j n†j may be also pluripolar,

i.e. the sets †0
1; : : : ; †

0
N need not be “minimal”.

(c) If M is relatively closed in T , then (C6) is automatically satisfied.
(d) If M is pluripolar, then for every j 2 f1; : : : ; N g the set

Cj ´ f.a0
j ; a

00
j / 2 .A0

j � A00
j / n†j W M.a0

j
;�;a00
j

/ is not pluripolarg

is pluripolar (cf. Proposition 2.3.31). Consequently, †0
j ´ †j [ Cj , j D 1; : : : ; N ,

are minimal sets with (C7).
We will see in Remark 10.7.2 (b) that there are non-pluripolar sets M with (C7).
(e) If M is analytic, i.e.

(C5a) M D T \ S , where S � U is an analytic subset of an open neighborhood
U � yX of T with codim S � 1, then for any j 2 f1; : : : ; N g and any
.a0

j ; a
00
j / 2 .A0

j � A00
j / n†j , we have:

M.a0
j

;�;a00
j

/ is pluripolar () M.a0
j

;�;a00
j

/ is thin in Dj

() M.a0
j

;�;a00
j

/ is a proper analytic set in Dj

() M.a0
j

;�;a00
j

/ ¤ Dj :

In particular, if we take †0
j as in (d), j D 1; : : : ; N , then T 0 nM D T nM .

(f) For every locally pluriregular set BN � DN , the set ..A0
N n †0

N / � BN / nM
is locally pluriregular (by Proposition 3.2.21) and dense in ..A0

N n†N / � BN / nM .
In particular:

• c.T 0/ nM is locally pluriregular and dense in c.T / nM ,
• T 0 nM is locally pluriregular and dense in T nM .

Indeed, take .a0
N ; aN / 2 ..A0

N n†N /�BN /nM . SinceA0
N is locally pluriregular

and †0
N is pluripolar, there exists a sequence

A0
N n†0

N 3 a0k !
k!C1

a0
N :
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The set P ´ S1
kD1M.a0k ;�/ is pluripolar. In particular, there exists a sequence BN n

P 3 ak
N ! aN . Then

..A0
N n†0

N / � BN / nM 3 .a0k; ak
N / !

k!C1
.a0

N ; aN /:

Definition 10.2.2. We say that a function f W T nM ! C is separately holomorphic
(we writef 2 Os.T nM/) if for any j 2 f1; : : : ; N g and any .a0

j ; a
00
j / 2 .A0

j �A00
j /n†j ,

the function
Dj nM.a0

j
;�;a00
j

/ 3 zj 7! f .a0
j ; zj ; a

00
j /

is holomorphic (if M.a0
j

;�;a00
j

/ D Dj , then we understand that the above condition is
automatically satisfied).

Notice that in the case where M D ¿ the above definition coincides with that of
Os.T / (Definition 7.1.1).

Remark 10.2.3. With the notion above one may reformulate Theorem 10.1.3:
Let X , M be as in Theorem 10.1.3. Then every f 2 Os.X n M/ extends to an

Of 2 O. yX nM/.

Assume that (C1)–(C7) are satisfied and let ¿ ¤ F � Os.T nM/. Our aim is to
decide whether there exists a new set yM � yX such that every function f 2 F extends
holomorphically to yX n yM . We will always assume that the family F satisfies the
following “almost necessary” condition for holomorphic extension:

(C8) for every a 2 c.T / n M there exists a polydisc yP.a; �a/ such that for every
f 2 F there exists an Qfa 2 O.yP.a; �a// with Qfa D f on yP.a; �a/\ c.T / nM .

The following class of functions will be needed in our results (Theorems 10.2.9,
10.2.12).

Definition 10.2.4. Let Oc
s .T nM/ denote the space of all functions f 2 Os.T nM/

such that for any j 2 f1; : : : ; N g and any bj 2 Dj , the function

.A0
j � A00

j / n .†j [M.�;bj ;�// 3 .z0
j ; z

00
j / 7! f .z0

j ; bj ; z
00
j /

is continuous (cf. Definition 7.1.1).

Obviously Os.T nM/ \ C.T nM/ � Oc
s .T nM/.

In order to shorten some long formulas we propose the following useful conven-
tion. Suppose that D is a Riemann region, A � D, a 2 D, and yPD.a; r/ exists
(cf. Definition 2.1.3). Then we put

AŒa; r� ´ A \ yPD.a; r/:

Lemma 10.2.5. Assume that (C1)–(C7) are satisfied.
(a) IfM � T is relatively closed, then F ´ Oc

s .T nM/ satisfies (C8).
(b) IfM � X is relatively closed, then the family F ´ Os.X nM/ satisfies (C8)

for T D X .



226 10 Cross theorem with singularities

Proof. (a) Take an a 2 c.T / nM and let r > 0 be such that yP.a; r/ \M D ¿. Put

Xa ´ X Œa; r� D X..Aj Œaj ; r�; yP.aj ; r//
N
j D1/;

Ta ´ T Œa; r� D T ..Aj Œaj ; r�; yP.aj ; r/; †j Œ.a
0
j ; a

00
j /; r�/

N
j D1/:

Observe that f jTa 2 Oc
s .Ta/ for every f 2 F . Consequently, by Theorem 7.1.4, we

know that each f extends to an Ofa 2 O. yXa/ with Ofa D f on Ta. It remains to take a
�a 2 .0; r/ so small that yP.a; �a/ � yXa.

(b) Use the same method as in (a) with Theorem 5.4.1 instead of Theorem 7.1.4.

Our main goal is to prove the following extension theorem.

Theorem 10.2.6 (Main extension theorem for generalized crosses with pluripolar sin-
gularities). Under assumptions (C1)–(C8) there exists a relatively closed pluripolar
set yM � yX such that

(M1) yM \ c.T 0/ � M ,

(M2) for every f 2 F there exists an Of 2 O. yX n yM/ such that Of D f on c.T 0/nM ,

(M3) the set yM is singular with respect to the family yF ´ f Of W f 2 F g (cf. Defini-
tion 2.4.1),

(M4) if for any j 2 f1; : : : ; N g and .a0
j ; a

00
j / 2 .A0

j �A00
j / n†0

j , the fiberM.a0
j

;�;a00
j

/ is

thin inDj , then yM is analytic in yX (and in view of (M3), either yM D ¿ or yM
is of pure codimension 1 – cf. Remark 2.4.3 (e)).

The proof of Theorem 10.2.6 will be given in §§ 10.4, 10.6. First we discuss various
consequences. We need the following two lemmas.

Lemma 10.2.7. Under the notation of Theorem 10.2.6, if †0
j � †0

j � A0
j � A00

j ,

j D 1; : : : ; N , are such that yM \ T 0 � M for T 0 ´ T ..Aj ;Dj ; †
0
j /

N
j D1/, then

Of D f on T 0 nM for all f 2 F .

Proof. For any j 2 f1; : : : ; N g, .a0
j ; a

00
j / 2 .A0

j �A00
j / n†0

j , and f 2 F , the functions
Of .a0

j ; �; a00
j / and f .a0

j ; �; a00
j / are holomorphic in the domain Dj nM.a0

j
;�;a00
j

/ and equal
on the non-pluripolar set Aj nM.a0

j
;�;a00
j

/. It remains to use the identity principle.

Lemma 10.2.8. Under the notation of Theorem 10.2.6, there exist pluripolar sets
†0

j � A0
j � A00

j with †0
j � †0

j , j D 1; : : : ; N , such that yM \ T 0 � M with T 0 ´
T ..Aj ;Dj ; †

0
j /

N
j D1/. In particular, by Lemma 10.2.7, Of D f on T 0 n M for all

f 2 F .

Proof. By Proposition 9.1.4, for each j 2 f1; : : : ; N g there exists a pluripolar set
†0

j � A0
j � A00

j , †0
j � †0

j , such that for any .a0
j ; a

00
j / 2 .A0

j � A00
j / n †0

j , the fiber
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yM.a0
j

;�;a00
j

/ is singular with respect to the family f Of .a0
j ; �; a00

j / W f 2 F g. In particular,

yM.a0
j

;�;a00
j

/ � M.a0
j

;�;a00
j

/ for any .a0
j ; a

00
j / 2 .A0

j � A00
j / n †0

j , j D 1; : : : ; N , which

means that yM \ T 0 � M .

Using Lemmas 10.2.5 and 10.2.8, we easily conclude that Theorem 10.2.6 implies
the following fundamental result.

Theorem 10.2.9 (Extension theorem for generalized crosses with pluripolar singular-
ities). Assume that (C1)–(C7) are satisfied andM � T is relatively closed. Let

F D F .T nM/ ´
´

Os.X nM/ if †1 D � � � D †N D ¿;
Oc

s .T nM/ otherwise:

Then there exist a relatively closed pluripolar set yM � yX and a generalized N -fold
cross T 0 ´ T ..Aj ;Dj ; †

0
j /

N
j D1/ � T 0 with †0

j � †0
j � A0

j � A00
j , †0

j pluripolar,
j D 1; : : : ; N , such that

(P1) yM \ .c.T 0/ [ T 0/ � M ,

(P2) for any f 2 F there exists an Of 2 O. yX n yM/with Of D f on .c.T 0/[T 0/nM ,

(P3) yM is singular with respect to the family f Of W f 2 F g,
(P4) if for all j 2 f1; : : : ; N g and .a0

j ; a
00
j / 2 .A0

j � A00
j / n †0

j , the fiber M.a0
j

;�;a00
j

/ is

thin inDj , then yM is analytic.

(P5) Of . yX n yM/ � f .T nM/; in particular

• k Of k yXn yM � kf kT nM ,

• j Of .z/j � kf k1�PN
jD1 h�

Aj ;Dj
.zj /

c.T /nM
kf k

PN
jD1 h�

Aj ;Dj
.zj /

T nM
, z D .z1; : : : ; zN / 2 yX .

Remark 10.2.10. (a) Notice that from the point of view of Theorem 10.2.9 it suffices
to consider only the following two configurations:

• (C1)–(C7) with †j D ¿, j D 1; : : : ; N , M � T D X , M relatively closed,
and F D Os.X nM/,

• (C1)–(C7) with †j D †0
j , j D 1; : : : ; N , M � T D T 0, M relatively closed,

and F D Oc
s .T

0 nM/.

Observe that condition (P5) follows from Lemma 2.1.14 with

.G;D;A0; A;F / D .D1 � � � � �DN ; yX n yM; c.T 0/ nM;T nM;F .T nM//:

To get the inequality in (P5) we use Lemma 3.2.5 and Propositions 3.2.14, 3.2.28
(h�

c.T 0/nM; yXn yM .z/ D h�
c.T 0/; yX .z/ D h�

c.X/; yX .z/ D PN
j D1 h�

Aj ;Dj
.zj /).

(b) Note that if we were able to prove Theorem 7.1.4 for a class of functions more
general than Oc

s .X/ (cf. Remark 7.1.5), then we would get a more general version
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of Lemma 10.2.5 (a) and, consequently, more general versions of Theorems 10.2.9
and 10.2.12.

To understand better the role played by the “test cross” T 0, let us consider the
following example.

Example 10.2.11. Let N D 2, n1 D n2 D 1, D1 D D2 D C, A1 ´ D, †1 D †2 D
¿, †0

1 ´ ¿, †0
2 ´ f0g. Then X ´ X.D; A2I C;C/ D T , T 0 D X.D�; A2I C;C/.

Note that yX D C2.
Assume thatM � f0g�C is a closed (pluripolar) set. Then (C1)–(C7) are obviously

satisfied. Suppose that yM is a solution of the above extension problem with (P1)–(P4).
Put Y ´ X.D�; A2I C�;C/ � X nM . Observe that yY D C� �C. If f 2 Os.X n

M/, then f jY 2 Os.Y /. Thus, every f 2 Os.X nM/ extends to an Qf 2 O.C� � C/

with Qf D f in Y and, consequently, Qf D Of on .C� � C/ n yM . Since yM is singular,
we conclude that yM � f0g � C. Consider the following two particular cases.

(a) Let A2 D D, M ´ f0g � xD. Let f0 W X nM ! C,

f0.z; w/ ´
´
1=z if z ¤ 0;

0 if z D 0; jwj > 1;

and observe that f0 2 Os.X n M/. Since f0 extends to an Of0 2 O.C2 n yM/ with
Of0 D f0 on T 0 nM , we conclude that Of0.z; w/ D 1=z, .z; w/ 2 .C� �C/n yM . Hence

f0g � C � yM . Thus yM D f0g � C. Consequently, yM \ X D f0g � C 6� M , which
shows that, in general, yM \ X 6� M .

(b) Let A2 ´ fw 2 C W r < jwj < 1g, where 0 < r < 1,

M ´ f0g � fw 2 C W jwj D rg:
Now we look at the function f0 2 Os.X nM/ defined by

f0.z; w/ ´
´
w if z ¤ 0 or .z D 0 and jwj > r/;
0 if z D 0 and jwj < r:

Obviously, Of0.z; w/ D w, .z; w/ 2 C2 n yM . Observe that w D Of0.0; w/ ¤
f0.0; w/ D 0 for jwj < r , which shows that, in general, Of 6	 f on X nM (even if Of
is defined on X nM ).

In the special case (C5a) we can prove much more, namely we have the following
result.

Theorem 10.2.12 (Extension theorem for generalized crosses with analytic singulari-
ties). Assume that (C1)–(C4), (C5a) are satisfied. Let

F D F .T nM/ ´
´

Os.X nM/ if †1 D � � � D †N D ¿;
Oc

s .T nM/ otherwise:
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Then there exist an analytic set yM � yX and an open neighborhood U0 � U of T such
that:

(S1) yM \ U0 � S ,

(S2) for any f 2 F there exists an Of 2 O. yX n yM/ with Of D f on T nM ,

(S3) yM is singular with respect to the family f Of W f 2 F g,
(S4) if U D yX , then yM is the union of all one codimensional components of S ,

(S5) Of . yX n yM/ � f .T nM/; in particular:

• k Of k yXn yM D kf kT nM ,

• j Of .z/j � kf k1�PN
jD1 h�

Aj ;Dj
.zj /

c.T /nM
kf k

PN
jD1 h�

Aj ;Dj
.zj /

T nM
, z D .z1; : : : ; zN / 2 yX .

Notice that from the point of view of the above theorem it suffices to consider only
the following two configurations:

• (C1)–(C4), (C5a), (C7) with †j D ¿, †0
j minimal (as in Remark 10.2.1 (d)),

j D 1; : : : ; N , and F D Os.X nM/,
• (C1)–(C4), (C5a), (C7) with †0

j minimal, and F D Oc
s .T nM/.

Observe that condition (S5) follows from Lemma 2.1.14 with

.G;D;A0; A;F / D . yX n yM; yX n yM; c.T / nM;T nM;F .T nM//:

To get the inequality in (S5) we use Lemma 3.2.5 and Propositions 3.2.14, 3.2.28.
The proof that Theorem 10.2.9 implies Theorem 10.2.12 will be given in the next

section.
It is clear that Theorem 10.2.12 generalizes Siciak’s Theorem 10.1.3.

Remark 10.2.13. Let S   U � yX be an analytic subset of an open connected
neighborhood U of X . Put MX ´ S \ X , MT ´ S \ T , and let yMX , yMT be
constructed according to Theorem 10.2.9 with respect to F D Os.X n MX / and
F D Oc

s .T nMT /, respectively. Take an f 2 Os.X nMX / and let OfX 2 O. yX n yMX /

be such that OfX D f on X nMX . In particular, f jT nMT
D OfX jT nMT

2 Oc
s .T nMT /.

Let OfT 2 O. yX n yMT / be such that OfT D f on T n MT . By the identity principle
we have OfT D OfX on yX n . yMX [ yMT /. Since yMX is singular, we conclude that
yMX � yMT . ‹ We do not know whether yMX D yMT ‹

Observe that condition (S4) says that the above equality is satisfied if U D yX .

Remark 10.2.14. (a) ‹ It would be interesting to have results similar to Theorems

10.2.6, 10.2.9, 10.2.12 for .N; k/-crosses (cf. § 7.2) ‹
(b) We also mention that there are extension results for boundary crosses with

singularities – cf. [NVA-Pfl 2009], [NVA-Pfl 2010] for details.
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10.3 Proof of Theorem 10.2.12

> §§ 7.1, 10.2.

The aim of this section is to prove that Theorem 10.2.9 implies Theorem 10.2.12.
The proof is based on [Jar-Pfl 2011]. Roughly speaking, the main idea of the proof is
the following:

• We apply Theorem 10.2.9 with minimal†0
j , j D 1; : : : ; N (as in Remark 10.2.1)

and we get a relatively closed pluripolar set yM � yX and a generalized N -fold
cross T 0 with (P1)–(P3). In particular, (S3) is satisfied.

• By Remark 10.2.1(10.2.1), for any j 2 f1; : : : ; N g and .a0
j ; a

00
j / 2 .A0

j �A00
j /n†0

j ,

the fiberM.a0
j

;�;a00
j

/ is thin inDj . Thus, by (P4), yM is analytic, and consequently,

either yM D ¿ or yM is of pure codimension 1.
• By (P1) we know that yM \ T 0 � S .
• By Remark 10.2.1(10.2.1) and Lemma 10.2.7 we know that if yM \ T � M ,

then Of D f on T 0 nM D T nM . Thus (S2) is a consequence of (S1).
• In the first part of the proof (Lemmas 10.3.1, 10.3.2) we show that (S4) is a

consequence of (S1)–(S3).
• Next (Lemma 10.3.3) we prove that in fact we may assume that U D yX .
• Finally, we show that if yM ¤ ¿, then for any irreducible component yM0 of yM

we have ¿ ¤ ˝ \ yM0 � S for an open set ˝ � yX . Consequently, the identity
principle for analytic sets (cf. [Chi 1989], § 5.3) implies that yM0 � S , which
finishes the proof.

Lemma 10.3.1. Assume that (C1) and (C2) are satisfied. LetQ � yX be an arbitrary
analytic set of pure codimension 1 and let T 00 D T ..Aj ;Dj ; †

00
j /

N
j D1/ � X be a

generalized cross with †00
1; : : : ; †

00
N pluripolar. ThenQ \ T 00 ¤ ¿.

Proof. Suppose thatQ\T 00 D ¿. SinceQ is of pure codimension 1, yX nQ is a domain
of holomorphy, and therefore, there exists a g 2 O. yX n Q/ such that yX n Q is the
domain of existence of g. Since T 00 � yX nQ, we conclude that f ´ gjT 00 2 Oc

s .T
00/.

By Theorem 7.1.4 there exists an Of 2 O. yX/ such that Of D f on T 00. Consequently,
since T 00 is non-pluripolar, we conclude that Of D g on yX n Q. Thus g extends
holomorphically to yX ; a contradiction.

Lemma 10.3.2. Condition (S4) follows from (S1)–(S3).

Proof. Let S0 be the union of all irreducible components of S of codimension 1.
Consider two cases:

S0 ¤ ¿: Similarly as in the proof of Lemma 10.3.1, there exists a non-continuable
function g 2 O. yX n S0/. Then f ´ gjT nM 2 Oc

s .T nM/ and, therefore (by (S2)),

there exists an Of 2 O. yX n yM/ with Of D f on T n M � yX n .S0 [ yM/. The set
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T nM is non-pluripolar. Hence Of D g on yX n .S0 [ yM/. Since g is non-continuable,
we conclude that S0 � yM .

The set yM , as a non-empty singular set, must be of pure codimension 1. Since
yM \ U0 � S and Q \ U0 ¤ ¿ for every irreducible component Q of yM (by

Lemma 10.3.1), we conclude, using the identity principle for analytic sets, that yM � S .
Consequently, yM � S0.

S0 D ¿: Suppose that yM ¤ ¿. Then yM must be of pure codimension 1. The
above proof of the first part shows that yM � S . Since S0 D ¿, the codimension of S
is � 2; a contradiction.

Lemma 10.3.3. If Theorem 10.2.12 is true withU D yX (and arbitrary other elements),
then it is true in general.

Proof. It suffices to show that for every a 2 T there exists an open neighborhood
Ua � U such that yM\Ua � S . We may assume thata D .a1; : : : ; aN / D .a0

N ; aN / 2
.A0

N n†N /�DN . LetGN �� DN be a domain of holomorphy such thatGN \AN ¤
¿, aN 2 GN . Since fa0

N g � GN � fa0
N g � DN � T � U , there exist domains of

holomorphy Gj �� Dj , aj 2 Gj , j D 1; : : : ; N � 1, such that G1 � � � � �GN � U .
Consider the N -fold cross Xa ´ X..Aj \ Gj ; Gj /

N
j D1/ � X . We have yXa �

G1 � � � � � GN � U , a 2 yXa. Consequently, the analytic set S \ yXa satisfy all the
assumptions of Theorem 10.2.12 with .U;T / substituted by

. yXa;T ..Aj \Gj ; Gj ; †j \ .G0
j �G00

j //
N
j D1//:

Hence, yM \ yXa � S .

Proof that Theorem 10.2.9 implies Theorem 10.2.12. Recall that we may assume that
U D yX . We know that yM \ T 0 � M . We want to prove that yM � S .

Let yM0 be an irreducible component of yM . By the identity principle for analytic
sets we only need to show that ¿ ¤ ˝ \ yM0 � S for an open set ˝ � yX .

For every point a D .a1; : : : ; aN / 2 yM0 there exist an open neighborhood Ua and
a defining function ga 2 O.Ua/ for yM0 \Ua (cf. [Chi 1989], § 2.9). We may assume
that Ua D U 1

a1
� � � � � UN

aN
, where U j

aj �� Dj is a univalent neighborhood of aj ,

j D 1; : : : ; N . Using the Lindelöf theorem, we find a countable set I � yM0 such that
yM0 � S

a2I Ua. Let

Cj;a D .prD0
j

�D00
j
. yM0 \ Ua// \ ..A0

j � A00
j / n†0

j /; j D 1; : : : ; N; a 2 I:

Suppose that all the sets Cj;a are pluripolar. Put †00
j ´ †0

j [ S
a2I Cj;a. Then

†00
j is pluripolar, j D 1; : : : ; N . Let T 00 ´ T ..Aj ;Dj ; †

00
j /

N
j D1/. Observe that

yM0 \ T 00 D ¿, which contradicts Lemma 10.3.1. Thus there exists a pair .j; a/ such
that Cj;a is not pluripolar.

Consequently, the proof is reduced to the following lemma.
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Lemma 10.3.4. LetD � Cp ,G � Cq be domains. Let S 0
0 � D�G be an irreducible

analytic set of pure codimension 1. Let g 2 O.D � G/ be a defining function for
S 0

0 and let S ´ f.z; w/ 2 D � G W h1.z; w/ D � � � D hk.z; w/ D 0g, where
h1; : : : ; hk 2 O.D � G/. Assume that there exists a non-pluripolar set A � prDS

0
0

such that S 0
0 \ .A � G/ � S . Then there exists an open set ˝ � D � G such that

¿ ¤ S 0
0 \˝ � S .

Proof. Let V ´ fz 2 D W g.z; �/ 	 0g. Then V   D is an analytic set. Hence
A0 ´ A n V is not pluripolar. Fix a pluriregular point a0 2 A0 and let .a0; b0/ 2 S 0

0.
Write b0 D .b0

0; b0;q/. Using a biholomorphic mapping of the form

Cp � Cq 3 .z; w/ 7! .z; b0 C ˚.w � b0// 2 Cp � Cq;

where ˚ is a suitable unitary transformation, one can easily reduce the problem to
the case where g.a0; b

0
0; �/ 6	 0 in a neighborhood of b0;q . Consequently, there exist

neighborhoodsP of .a0; b
0
0/ andQ of b0;q such thatP �Q � D�G and the projection

prP W S 0
0 \ .P �Q/ ! P is proper. Thus, there exists an analytic set
   P such that

prP W .S 0
0 \ .P �Q// n pr�1

P .
/ ! P n

is an analytic covering. Observe that the set B ´ .A0 � Cq�1/ \ .P n 
/ is not
pluripolar. Fix a pluriregular point c 2 B . Then there exists an open set ˝ � P �Q,
an open connected neighborhoodW � P of c, and a holomorphic function' W W ! Q

such that
S 0

0 \˝ D f.z; w0; '.z; w0// W .z; w0/ 2 W g:
In particular, hj .z; w

0; '.z; w0// D 0, .z; w0/ 2 B\W . SinceB\W is not pluripolar,
we conclude that hj .z; w

0; '.z; w0// D 0, .z; w0/ 2 W , j D 1; : : : ; k, which implies
that S 0

0 \˝ � S .

10.4 Proof of Theorem 10.2.6 in a special case for N D 2

> §§ 1.4, 2.3, 2.4, 2.9, 3.2, 4.2, 5.1, 5.4, 9.2.3, 9.4, 10.2.

The aim of this section is to prove Theorem 10.2.6 forN D 2 in the case whereM
is relatively closed in X and F D F .X n M/ D Os.X n M/. We should point out
that this case is essentially simpler than the general one – recall that in the caseN D 2,
each generalized 2-fold cross is a 2-fold cross.

To simplify notation put p ´ n1, q ´ n2, D ´ D1, G ´ D2, A ´ A1 n †2,
B ´ A2 n†1, A0 ´ A1 n†0

2, B0 ´ A2 n†0
1. Recall our main assumptions:

(C21) D, G are Riemann domains of holomorphy.
(C22) A, B are locally pluriregular.
(C23) A n A0, B n B0 are pluripolar.
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(C24) X ´ .D � B/ [ .A �G/, X0 ´ .D � B0/ [ .A0 �G/.
(C25) M � X .
(C26) For any .a; b/ 2 A � B , the fibers M.a;�/, M.�;b/ are closed.
(C27) For any .a; b/ 2 A0 � B0, the fibers M.a;�/, M.�;b/ are pluripolar.

Our aim is to prove the following theorem.

Theorem 10.4.1 (Cross theorem with singularities). Let (C21)–(C27) be satisfied. As-
sume that M is relatively closed. Then there exists a relatively closed pluripolar set
yM � yX such that

(P1) yM \ X0 � M ,

(P2) for any f 2 Os.X nM/ there exists an Of 2 O. yX n yM/with Of D f on X0 nM ,

(P3) the set yM is singular with respect to the family f Of W f 2 Os.X nM/g,
(P4) if for any .a; b/ 2 A0 � B0 the fibers M.a;�/, M.�;b/ are thin in G and D,

respectively, then yM is analytic.

Cp

Cq

„ ƒ‚ …
A„ ƒ‚ …

D

B

8̂̂̂̂
ˆ̂<̂
ˆ̂̂̂̂:

G

8̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂̂
<̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂:

yXyM

M

A n A0

Figure 10.4.1. Extension theorem with singularities.

The main tool for the proof of Theorem 10.4.1 is the following result.
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Theorem 10.4.2 (Gluing theorem I). Let (C21)–(C27) be satisfied. Fix a family ¿ ¤
F � Os.X n M/. Let .Dk/

1
kD1

, .Gk/
1
kD1

be exhaustion sequences of Riemann
domains of holomorphy forD and G, respectively (cf. Definition 1.4.5), such that

¿ ¤ A0
k ´ A0 \Dk � A \Dk μ Ak; ¿ ¤ B0

k ´ B0 \Gk � B \Gk μ Bk :

We assume that for each k 2 N and .a; b/ 2 �k ´ .A0
k

� B0
k
/ nM , there exist

• polydiscs yP.a; rk;a/ � Dk , yP.b; sk;b/ � Gk ,

• relatively closed pluripolar sets

Sk;a � yP.a; rk;a/ �Gk μ Vk;a; Sk;b � Dk � yP.b; sk;b/ μ V k;b;

such that

• Sk;a \ .A0Œa; rk;a� �Gk/ � M , Sk;b \ .Dk � B0Œb; sk;b�/ � M ,

• for any f 2 F there exist Qfk;a 2 O.Vk;a n Sk;a/, Qf k;b 2 O.V k;b n Sk;b/ with

Qfk;a D f on .A0Œa; rk;a� �Gk/ nM; Qf k;b D f on .Dk � B0Œb; sk;b�/ nM:
Then there exists a relatively closed pluripolar set yM � yX such that

• yM \ X0 � M ,

• for any f 2 F there exists an Of 2 O. yX n yM/ with Of D f on X0 nM ,

• yM is singular with respect to the family f Of W f 2 F g,
• if all the sets Sk;a, Sk;b , .a; b/ 2 �k; k 2 N, are thin, then yM is analytic.

Proof. Step 10. We may assume that for any k 2 N and .a; b/ 2 �k the set Sk;a is
singular with respect to the family f Qfk;a W f 2 F g and Sk;b is singular with respect
to f Qf k;b W f 2 F g (cf. Remark 2.4.3). In particular, Sk;a (resp. Sk;b) is thin iff it is
analytic (cf. Proposition 2.4.6).

Step 20. Fix a k 2 N and define:

Vk ´
[

.a;b/2�k

Vk;a [ V k;b; Sk ´
[

.a;b/2�k

Sk;a [ Sk;b � Vk;

Xk ´ X.Ak; BkIDk; Gk/; X0
k ´ X.A0

k; B
0
k IDk; Gk/:

Step 30. Observe that X0
k

� Vk .
Indeed, let .z; w/ 2 X0

k
, e.g. z D a 2 A0

k
, w 2 Gk . Since M.a;�/ is pluripolar,

there exists a b 2 B0
k

n M.a;�/. Then .a; b/ 2 .A0
k

� B0
k
/ n M D �k and .z; w/ 2

yP.a; rk;a/ �Gk D Vk;a.
Step 40. Take an f 2 F . We want to glue the functions f Qfk;a; Qf k;b W .a; b/ 2 �kg

to obtain a global holomorphic function Qfk on Vk n Sk .
Let .a; b/ 2 �k . Observe Qfk;a D f D Qf k;b on the non-pluripolar set

.A0Œa; rk;a� � B0Œb; sk;b�/ nM
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(cf. Remark 10.2.1 (f)). Hence

Qfk;a D Qf k;b on .yP.a; rk;a/ � yP.b; sk;b// n .Sk;a [ Sk;b/:

Since Sk;a and Sk;b are singular with respect to f Qfk;a W f 2 F g and f Qf k;b W f 2 F g,
respectively, we conclude that

Sk;a \ .yP.a; rk;a/ � yP.b; sk;b// D Sk;b \ .yP.a; rk;a/ � yP.b; sk;b//:

Now let a0; a00 2 A0
k

be such that C ´ yP.a0; rk;a0/ \ yP.a00; rk;a00/ ¤ ¿. Fix a
b 2 B0

k
n .M.a0;�/ [M.a00;�//. We already know that

Qfk;a0 D Qf k;b D Qfk;a00 on .C � yP.b; rk;b// n .Sk;a0 [ Sk;b [ Sk;a00/:

Hence, by the identity principle, we conclude that

Qfk;a0 D Qfk;a00 on .C �Gk/ n .Sk;a0 [ Sk;a00/

and
Sk;a0 \ .C �Gk/ D Sk;a00 \ .C �Gk/:

The same argument works for b0; b00 2 B0
k

.

Step 50. Let Uk be the connected component of Vk \ yX0
k

with X0
k

� Uk . Recall

that yX0
k

D yXk (cf. Remark 5.1.8 (f)).
To summarize: we have constructed a relatively closed pluripolar set Sk � Uk such

that

• Sk \ X0
k

� M ,

• for any f 2 F there exists an Qfk 2 O.Uk n Sk/ with Qfk D f on X0
k

nM ,

• if all the sets fSk;a; S
k;b W .a; b/ 2 �kg are thin, then Sk is analytic.

Step 60. Recall that X0
k

� Uk � yXk . Observe that the envelope of holomorphy
yUk of Uk coincides with yXk .

In fact, let h 2 O.Uk/, then hjX0
k

2 Os.X
0
k
/. So, by virtue of Theorem 5.4.1, there

exists an yh 2 O. yXk/ with yh D h on X0
k

. Hence yh D h on Uk .

Step 70. Applying Theorem 9.4.2, we find a relatively closed pluripolar set yMk �
yXk such that

• yMk \ Uk � Sk ,
• for any f 2 F there exists an function Ofk 2 O. yXk n yMk/ with Ofk D Qfk on
Uk n Sk (in particular, Ofk D f on X0

k
nM ),

• the set yMk is singular with respect to the family f Ofk W f 2 F g,
• if all the sets fSk;a; S

k;b W .a; b/ 2 �kg are analytic, then yMk is analytic.
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Step 80. Recall that Xk % X and yXk % yX (cf. Remark 5.1.8 (c)). Since yMk is
singular with respect to f Ofk W f 2 F g, we get yMkC1 \ yXk D yMk . Consequently:

• yM ´ S1
kD1

yMk is a relatively closed pluripolar subset of yX with yM\X0 � M ,

• for each f 2 F , the function Of ´ S1
kD1

Ofk is holomorphic on yX n yM with
Of D f on X0 nM ,

• yM is singular with respect to the family f Of W f 2 F g,
• if all the sets fSk;a; S

k;b W .a; b/ 2 �k; k 2 Ng are thin, then yM is analytic.

We move to the proof of Theorem 10.4.1. The main idea is to apply Theorem 10.4.2.
Thus, in fact, we have to check the following lemma.

Lemma 10.4.3. Under the assumptions of Theorem 10.4.1, for any a 2 A0 and a
domain of holomorphy G0 �� G with B0 \ G0 ¤ ¿ there exist an r > 0 and a
relatively closed pluripolar set S � yP.a; r/ �G0 μ V � yX such that

• .A0Œa; r� �G0/ \ S � M ,

• for every function f 2 Os.X n M/ there exists an Qf 2 O.V n S/ such that
Qf D f on .A0Œa; r� �G0/ n S ,

• if all the fibersM.z;�/, z 2 A0, are thin, then S is analytic.

First, we reduce the proof of Lemma 10.4.3 to the following lemma.

Lemma 10.4.4. Suppose that the assumptions of Theorem 10.4.1 are satisfied. Let
.a; b/ 2 A0 � G, yP.a; r0/ �� D, yP.b; R0/ �� G be such that R0 > r0 and
M \ yP..a; b/; r0/ D ¿. Then for every 0 < R0 < R0 there exist 0 < r 0 < r0 and a
relatively closed pluripolar set S � yP.a; r 0/ � yP.b; R0/ μ V � yX such that

• .A0Œa; r 0� � yP.b; R0// \ S � M ,

• for every function h 2 Os.Y nM/, where

Y ´ X.A0Œa; r0�; yP.b; r0/I yP.a; r0/; yP.b; R0//

D yP..a; b/; r0/ [ .A0Œa; r0� � yP.b; R0//;

there exists an Qh 2 O.V n S/ such that Qh D h on .A0Œa; r 0� � yP.b; R0// nM ,

• if all the fibersM.z;�/, z 2 A0, are thin, then S is analytic.

Notice that, by Terada’s theorem (Theorem 4.2.2), the space Os.Y nM/ consists of
all functions h 2 O.yP..a; b/; r0/ such that h.z; �/ extends holomorphically to yP.b; R0/

for every z 2 A0Œa; r0�.

Proof that Lemma 10.4.4 implies Lemma 10.4.3. Let a andG0 be as in Lemma 10.4.3.
Fix a domain G00 �� G with G0 �� G00. Let ˝ be the set of all w 2 G00 such that
there exist rw > 0 with yP..a; w/; rw/ � yX \ .yP.a; r0/�G00//; and a relatively closed
pluripolar set Sw � yP..a; w/; rw/ such that
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• Sw \ .A0Œa; rw � � yP.w; rw// � M ,
• every f 2 Os.X nM/ extends to an Qfw 2 O.yP..a; w/; rw/nSw/with Qfw D f

on .A0Œa; rw � � yP.w; rw// nM ,
• Sw is singular with respect to the family f Qfw W f 2 Os.X nM/g,
• if all the fibers M.z;�/, z 2 A0, are thin, then S is analytic.

It is clear that ˝ is open. Observe that ˝ ¤ ¿.
Indeed, since B0 \G0 nM.a;�/ ¤ ¿, we find a point w 2 B0 \G0 nM.a;�/. Since

M is relatively closed, there is a polydisc yP..a; w/; r 0/ � yX nM . Put

Z ´ X.A0Œa; r 0�; B0Œw; r 0�I yP.a; r 0/; yP.w; r 0//:

Observe that for every f 2 Os.X nM/ the function f jZ belongs to Os.Z /. Let 0 <
rw < r 0 be such that yP..a; w/; rw/ � yZ . By Theorem 5.4.1, for any f 2 Os.X nM/

there exists an Qfw 2 O.yP..a; w/; rw// with

Qfw D f on yP..a; w/; rw/ \ Z � A0Œa; rw � � yP.w; rw/:
Consequently, w 2 ˝.

Moreover, ˝ is relatively closed in G00. Indeed, let c be an accumulation point
of ˝ in G00 and let yP.c; 3R/ � G00. Take a point w 2 ˝ \ yP.c; R/ n M.a;�/ and let
0 < � < minfrw ; 2Rg be such that yP..a; w/; �/ \ .M [ Sw/ D ¿. Observe that
Qfw 2 O.yP..a; w/; �// and

Qfw.z; �/ D f .z; �/ 2 O.yP.w; �/ nM.z;�//; z 2 A0Œa; ��:

Define

Y ´ X.A0Œa; ��; yP.w; �/I yP.a; �/; yP.w; 2R// D yP..a; w/; �/[.A0Œa; ���yP.w; 2R//

and put QQfw W Y nM ! C,

QQfw ´
´ Qfw on yP..a; w/; �/;
f on .A0Œa; �� � yP.w; 2R// nM:

Then QQfw is well defined and QQfw 2 Os.Y nM/. Now, by Lemma 10.4.4 (with b ´ w,
r0 ´ �,R0 ´ 2R,R0 ´ R), there exist 0 < r 0 < � and a relatively closed pluripolar
set S � yP.a; r 0/ � yP.w;R/ such that

• S \ .A0Œa; r 0� � yP.w;R// � M ,

• every f 2 Os.X n M/ extends to an Ofw 2 O..yP.a; r 0/ � yP.w;R// n S/ with
Ofw D QQfw on .A0Œa; r 0� � yP.w;R// nM ,

• S is singular with respect to the family f Ofw W f 2 Os.X nM/g,
• if all the fibers M.z;�/, z 2 A0, are thin, then S is analytic.
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Take an rc > 0 so small that yP..a; c/; rc/ � yP.a; �0/ � yP.w;R/ and put

Sc ´ S \ yP..a; c/; rc/; Qfc ´ Ofw jyP..a;c/;rc/nS
:

Obviously Qfc D Ofw D QQfw D f on .A0Œa; rc � � yP.c; rc// nM . Hence c 2 ˝.

Thus ˝ D G00.
There exists a finite set T � xG0 such that

xG0 �
[

w2T

yP.w; rw/:

Define r ´ minfrw W w 2 T g. Take w0; w00 2 T with

C ´ yP.w0; rw0/ \ yP.w00; rw00/ ¤ ¿:

Then Qfw0 D f D Qfw00 on .A0Œa; r� � C/ n M . Consequently, Qfw0 D Qfw00 on
.yP.a; r/ � C/ n .Sw0 [ Sw00/. Since Sw0 and Sw00 are singular, we conclude that they
coincide on yP.a; r/ � C and that the functions Qfw0 and Qfw00 glue together.

Thus we get a relatively closed pluripolar set S � yP.a; r/ � G0 μ V such that
S \ .A0Œa; r�/�G0/ � M and any function f 2 Os.X nM/ extends holomorphically
to an Qf 2 O.V n S/ with Qf D f on .A0Œa; r� �G0/ nM .

In the next step we reduce the proof of Lemma 10.4.4 to the following lemma.

Lemma 10.4.5. LetA � P.r0/ � Cp be locally pluriregular and letM be a relatively
closed subset of the cross Z ´ X.A;D.r0/I P.r0/;D.R0// with R0 > r0 such that

• the fiberM.z;�/ is polar for all z 2 A0 � A, where A n A0 is pluripolar,

• M \ .P.r0/ � D.r0// is pluripolar,

• B0 ´ fw 2 D.r0/ W M.�;w/ 2 PLP g (note that the set D.r0/ n B0 is polar).

Then there exists a relatively closed pluripolar set yM � yZ such that

• yM \ Z 0 � M with Z 0 ´ X.A0; B0I P.r0/;D.R0//,

• for every f 2 F ´ O..P.r0/ � D.r0// n M/ \ Os.Z n M/ there exists an
Of 2 O. yZ n yM/ such that Of D f on Z 0 nM ,

• if M \ .P.r0/ � D.r0// is analytic and all the fibers M.z;�/, z 2 A0, are thin,
then yM is analytic.
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Remark 10.4.6. Observe that ifM\.P.r0/�D.r0// ¤ ¿ andf 2 Os.Z nM/, thenf
need not belong to O..P.r0/�D.r0//nM/. For example: take p D 1, r0 D 1, assume
additionally thatA   D is closed in D, and letM ´ A�f0g. Define f W Z nM ! C,
f .z; w/ ´ 0 if w ¤ 0, f .z; 0/ ´ 1. Then f 2 Os.Z nM/ n O.D2 nM/.

Proof that Lemma 10.4.5 implies Lemma 10.4.4. See for example [Jar-Pfl 2003a] and
[Jar-Pfl 2003b]. Consider a configuration such as in Lemma 10.4.4. We may assume
that yP.a; r0/ D Pp.r0/ � Cp , yP.b; R0/ D Pq.R0/ � Cq . Put

Y ´ X.A0Œ0; r0�;Pq.r0/I Pp.r0/;Pq.R0// D PpCq.r0/ [ .A0Œ0; r0� � Pq.R0//:

LetR0
0 be the supremum of all 0 < R0 < R0 such that there exist an r D rR0 2 .0; r0/,

and a relatively closed pluripolar set S D SR0 � V ´ Pp.r/ � Pq.R
0/ for which:

• S \ .A0Œ0; r� � Pq.R0// � M ,

• for any function h 2 Os.Y nM/ there exists an Qh D zhR0 2 O.V n S/ such that
Qh D h on .A0Œ0; r� � Pq.R

0// nM ,

• the setS is singular with respect to the family f Qh W h 2 Os.Y nM/g (in particular,
S \ PpCq.r0/ D ¿),

• if all the fibers M.z;�/, z 2 A0, are thin, then S is analytic.

It suffices to show that R0
0 D R0. Suppose that R0

0 < R0. Fix R0
0 < R00 < R0

and choose 0 < R0 < zR0 < R0
0 such that

q
p
R0q�1R00 > R0

0. Let r ´ r zR0 , S ´ S zR0 ,
Qh ´ zh zR0 . Fix an R000 with R0

0 < R
000 < q

p
R0q�1R00. Put

Mq ´ �
S \ .Pp.r/ � xPq.R

0//
� [ �

M n .Pp.r/ � Pq.R
0//

�
:

Observe that

• the set Mq \ .Pp.r/ � Pq.R
0// D S \ .Pp.r/ � Pq.R

0// is pluripolar,

• Qh 2 O..Pp.r/ � Pq.R
0// nMq/ for every h 2 Os.Y nM/,

• Mq \ Y � M ,
• if all the fibers M.z;�/, z 2 A0, are thin, then the set Mq \ .Pp.r/ � Pq.R

0// D
S\.Pp.r/�Pq.R

0// is analytic and all the fibers .Mq/.z;�/ � M.z;�/, z 2 A0Œ0; r�,
are thin.

Write w D .w0; wq/ 2 Cq D Cq�1 � C. Let

C ´ f.z; w0/ 2 A0Œ0; r� � Pq�1.R
0/ W .Mq/.z;w0;�/ is polarg:

In the case where all the fibers M.z;�/, z 2 A0, are thin we put

C ´ f.z; w0/ 2 A0Œ0; r� � Pq�1.R
0/ W .Mq/.z;w0;�/ is discreteg:

By Proposition 3.2.21, C is locally pluriregular. Observe that for every c 2 C and for
every h 2 Os.Y nM/, the function Qh.c; �/ is holomorphic in D.R0/ n .Mq/.c;�/.
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Consequently, applying Lemma 10.4.5 to the cross

Zq ´ X.C;D.R0/I Pp.r/ � Pq�1.R
0/;D.R0//;

we conclude that there exists a relatively closed pluripolar set Sq � yZq such that

• Sq \ Z 0
q � Mq , where Z 0

q is constructed according to Lemma 10.4.5,

• any function h 2 Os.Y n M/ extends holomorphically to a Qhq 2 O. yZq n Sq/

with Qhq D h on Z 0
q nMq ,

• Sq is singular with respect to the family f Qhq W h 2 Os.Y nM/g,
• if all the fibers M.z;�/, z 2 A0, are thin, then Sq is analytic.

Using the product property of the relative extremal function (Theorem 3.2.17), we
get

yZq D f.z; w0; wq/ 2 Pp.r/ � Pq�1.R
0/ � D.R0/ W

h�
C;Pp.r/�Pq�1.R0/.z; w

0/C h�
D.R0/;D.R0/.wq/ < 1g

D f.z; w0; wq/ 2 Pp.r/ � Pq�1.R
0/ � D.R0/ W

h�
A0�Pq�1.R0/;Pp.r/�Pq�1.R0/

.z; w0/C h�
D.R0/;D.R0/.wq/ < 1g

D f.z; w0; wq/ 2 Pp.r/ � Pq�1.R
0/ � D.R0/ W

h�
A;Pp.r/.z/C h�

D.R0/;D.R0/.wq/ < 1g:

Consequently, since R00 < R0, we find an rq 2 .0; r/ such that

Pp.rq/ � Pq�1.R
0/ � D.R00/ � yZq :

Thus any function h 2 Os.Y n M/ extends holomorphically to a function Qhq on
.Pp.rq/ � Pq�1.R

0/ � D.R00// n Sq and Sq is singular with respect to the family
f Qhq W h 2 Os.Y nM/g.

Repeating the above argument for the coordinates w� , 	 D 1; : : : ; q � 1, and
gluing the obtained sets, we find an r� 2 .0; r/ and a relatively closed pluripolar set
S0 ´ Sq

j D1 Sj such that any function h 2 Os.Y nM/ extends holomorphically to a

function Qh0 ´ Sq
j D1

Qhj holomorphic in Pp.r�/ �W n S0, where

W ´
q[

j D1

Pj �1.R
0/ � P.R00/ � Pq�j .R

0/:

Observe that W is a complete Reinhardt domain in Cq . Let yW denote the envelope
of holomorphy of W (it is known that yW is a complete logarithmically convex Rein-
hardt domain in Cq – cf. § 2.9). Applying Theorem 9.4.2, we find a relatively closed
pluripolar subset yS0 of Pp.r�/ � yW such that
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• yS0 \ .Pp.r�/ � yW / � S0,

• any function h 2 Os.Y nM/ extends to an Qh 2 O.Pp.r�/ � yW n yS0/,

• yS0 is singular with respect to the family f Qh W h 2 Os.Y nM/g,
• if all the fibers M.a;�/, a 2 A0, are thin, then yS0 is analytic.

Since yW is logarithmically convex, we must have Pq.
q

q
R0q�1R0

0/ � yW . Con-

sequently, Pq.R
000/ � yW . Recall that R000 > R0

0. Let 0 < � < r� be such that
Pp.�/�Pq.R

000/ � Pp.r�/� yW . Put rR000 ´ �, S 0 D SR000 ´ yS0 \.Pp.�/�Pq.R
000//.

Then any function h 2 Os.Y nM/ extends holomorphically to .Pp.�/�Pq.R
000//nS 0.

To get a contradiction it remains to show that S 0 \ .A0Œ0; �� � Pq.R
000// � M .

Take .z; w/ 2 .A0Œ0; ���Pq.R
000//nM . SinceM.z;�/ is pluripolar, there exists a curve

� W Œ0; 1� ! Pq.R
000/ nM.z;�/ such that �.0/ D 0, �.1/ D w. We may assume that for

small " > 0 we have

Pp.z; "/ � .�.Œ0; 1�/C Pq."// �� .Pp.�/ � Pq.R
000// nM:

Put Vw ´ �.Œ0; 1�/C Pq."/. Consider the cross

W ´ X.AŒz; "�;Pq."/I Pp.z; "/; Vw/:

Then h 2 Os.W / for any h 2 Os.Y nM/. Consequently, by Theorem 5.4.1, .z; w/ 2
yW � Pp.r/ � Pq.R

000/ n S 0.

Thus, it remains to prove Lemma 10.4.5.

Proof of Lemma 10.4.5. We are going to apply Theorem 10.4.2 (with D ´ P.r0/,
G ´ D.R0/, B ´ D.r0/, B0 ´ fb 2 B W M.�;b/ 2 PLP g). Keep all the notation
from Theorem 10.4.2. Assume additionally that B D D.r0/ �� Gk for every k. Take
.a; b/ 2 �k D A0

k
� B0

k
nM .

The “horizontal” direction is simple: we take s D sk;b > 0 such that D.b; s/ �
D.r0/ and let zSk;b ´ M\.Dk �D.b; s// μ V k;b; zSk;b is relatively closed pluripolar.
Let Sk;b be the singular part of zSk;b with respect to the family ff jV k;bnM W f 2 F g
and let Qf k;b denote the extension of f jV k;bnM to V k;b n Sk;b .

The “vertical” direction is more complicated: we have to show that there exist an
r D rk;a > 0 and a relatively closed pluripolar set S � yP.a; r/ � Gk μ Vk;a such
that

• yP.a; r/ � Dk ,
• S \ .A0Œa; r� �Gk/ � M ,
• any function f 2 F extends to an Qf 2 O.Vk;a nS/ with Qf D f on .A0Œa; r��
Gk/ nM .

For c 2 D.R0/, let � D �c > 0 be such that D.c; �/ �� D.R0/ and M.a;�/ \
@D.c; �/ D ¿ (cf. Proposition 2.3.21). Take �� D ��

c > 0, �C D �C
c > 0 such
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that �� < � < �C, D.c; �C/ �� D.R0/, and M.a;�/ \ xP D ¿, where P D Pc ´
A.c; ��; �C/. Let � W Œ0; 1� ! G n M.a;�/ be a curve such that �.0/ D 0 and �.1/ 2
@D.c; �/. There exists an " D "c > 0 such that�

P.a; "/ � ..�.Œ0; 1�/C D."// [ P /� \M D ¿:

Put V D Vc ´ D.r0/ [ .�.Œ0; 1�/C D."// [ P and consider the cross

Y D Yc ´ X.AŒa; "�;D.r0/I P.a; "/; V /:

Then f 2 Os.Y / for any f 2 F . Consequently, by Theorem 5.4.1, any function from
F extends holomorphically to yY � fag � V . Shrinking P , " and V , we may assume
that any function f 2 F extends to a function Qf D Qfc 2 O.P.a; "/ �W /, where

W D Wc ´ D.r0 � "/ [ .�.Œ0; 1�/C D."// [ P:
In particular, Qf is holomorphic in P.a; "/ � P , and therefore may be represented by
the Hartogs–Laurent series

Qf .z; w/ D
1X

�D0

Qf�.z/.w � c/� C
1X

�D1

Qf��.z/.w � c/�� μ Qf C.z; w/C Qf �.z; w/;

.z; w/ 2 P.a; "/ � P;

where Qf C 2 O.P.a; "/�P.c; �C// and Qf � 2 O.P.a; "/�.CnxP.c; ��///. Recall that
for any z 2 A0Œa; "� the function Qf .z; �/ extends holomorphically to D.R0/ nM.z;�/.
Consequently, for any z 2 A0Œa; "� the function Qf �.z; �/ extends holomorphically to
C n .M.z;�/ \ xD.c; ��//. Now, by Theorem 9.2.24, there exists a relatively closed
pluripolar set S D Sc � P.a; "/ � xD.c; ��/ such that

• S \ .A0Œa; "� � xD.c; ��// � M ,

• any function Qf � extends holomorphically to an


f � 2 O.P.a; "/ � C n S/.

Since Qf D Qf C C Qf �, the function Qf extends holomorphically to a function
Of D Ofc 2 O.P.a; "/ � D.c; �C/ n S/. We may assume that the set S is singular

with respect to the family f Of W f 2 F g. In particular, if c0; c00 2 D.R0/ and C ´
D.c0; �C

c0 / \ D.c00; �C
c00/ ¤ ¿, then

Sc0 \ .P.a; �/ � C/ D Sc00 \ .P.a; �/ � C/; Ofc0 D Ofc00 on P.a; �/ � C;

where � ´ minf"c0 ; "c00g. Thus the functions Ofc0 , Ofc00 and sets Sc0 , Sc00 may be glued
together.

Now select c1; : : : ; cs 2 D.R0/ so that xGk � Ss
j D1 D.cj ; �C

cj
/. Put

r D rk;a ´ minf"cj W j D 1; : : : ; sg; Vk;a ´ P.a; r/ �Gk :
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Then S ´ Vk;a \ Ss
j D1 Scj gives the required relatively closed pluripolar subset of

Vk;a such that S \ .A0Œa; r� � Gk/ � M and for any f 2 F , the function Qf ´Ss
j D1

Ofcj extends holomorphically f to Vk;a nS with Qf D f on .A0Œa; r��Gk/nM .

The proof of Theorem 10.4.1 is completed.

Theorem 10.4.1 gives the following generalization of Theorem 9.2.24.

Theorem 10.4.7. Let D � Cp be a domain of holomorphy, let A � D be locally
pluriregular, and let ¿ ¤ 
0 � Cq be a domain. Assume that for each a 2 A we are
given a closed pluripolar setM.a/ � Cq withM.a/ \
0 D ¿. Define

� ´ ff 2 O.D �
0/ W 8a2A 9 Qfa2O.CqnM.a//
W Qfa.w/ D f .a;w/; w 2 
0g:

Then the �-envelope of holomorphy of D � 
0 is of the form .D � Cq/ n yM , where
yM is a pluripolar set such that

• yM \ .D �
0/ D ¿,

• yM.a;�/ � M.a/, a 2 A n P , where P � A is pluripolar,

• if all the setsM.a/, a 2 A, are thin, then yM is analytic.

Proof. By Lemma 9.1.5 there exists a pluripolar set P � A such that the set M ´S
a2AnP fag�M.a/ is relatively closed in .AnP /�Cq . Now we apply Theorem 10.4.1

to .D;G;A;A0; B; B0;M/ ´ .D;Cq; A n P;A n P;
0; 
0;M/; notice that � �
Os.X nM/.

10.5 Separately pluriharmonic functions III

Having Theorem 10.4.7 we may partially generalize Proposition 9.3.1.

Proposition 10.5.1. Let D � Cp be a domain of holomorphy, let A � D be locally
pluriregular, and let ¿ ¤ 
0 � Cq be a domain. Assume that for each a 2 A we are
given a closed thin setM.a/ � Cq withM.a/ \
0 D ¿. Define

F ´ fu 2 PH .D �
0/ W 8a2A 9 Qua2PH.CqnM.a// W Qua.w/ D u.a;w/; w 2 
0g:
Then there exists a pseudoconcave analytic set yM � D � Cq such that

• yM.a;�/ � M.a/, a 2 A n P , where P � A is pluripolar,

• every function u 2 F extends to a multivalued pluriharmonic function yu on
.D � Cq/ n yM .

Moreover, if A is dense inD, then yu is univalent (cf. [Sad 2005], [Sad-Imo 2006b]
for the case q D 1).
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‹ It is an open question what are “optimal” conditions on A, under which the

extension yu is univalent for each u 2 F ‹ (cf. Proposition 9.3.1).

Proof. We may assume that 0 2 
0. Observe that for each z 2 D the fiber yM.z;�/
is pluripolar. Let fj ´ @u

@wj
, j D 1; : : : ; q. Then fj 2 O.D � 
0/ and for each

a 2 A the function @ Qua
@wj

gives a holomorphic extension of fj .a; �/ to Cq n M.a/,
j D 1; : : : ; q. Thus, we may apply Theorem 10.4.7 and we get a pseudoconcave
analytic set yM � D � Cq such that

• yM.a;�/ � M.a/, a 2 A n P , where P � A is pluripolar,

• fj extends to an Ofj 2 O..D � Cq/ n yM/, j D 1; : : : ; q.

Define

F.z;w/ ´
Z w

0

qX
j D1

Ofj .z; �/d�j ; .z; w/ 2 .D � Cq/ n yM;

where the integral is taken over an arbitrary piecewise C1 curve � W Œ0; 1� ! Cq n yM.z;�/
with �.0/ D 0, �.1/ D w. Then F defines a multivalued holomorphic function in
.D � Cq/ n yM . Thus yu.z; w/ ´ 2Re.F.z; w// C u.z; 0/ defines a multivalued
pluriharmonic function on .D � Cq/ n yM . Observe that if a 2 A n P , then

yu.a;w/ D 2Re
�Z w

0

qX
j D1

@ Qua

@wj

d�j

�
C u.a; 0/

�jD
jCi�jD Re
�Z w

0

qX
j D1

�
@ Qua

@�j
d�j C @ Qua

@�j

d�j

�
� i

Z w

0

qX
j D1

�
@ Qua

@�j

d�j � @ Qua

@�j
d�j

��
C u.a; 0/ D Qua.w/:

Consequently, yu is an extension of u.
Now assume that A is dense in D. For any non-empty domain U � D and a

piecewise C1-curve � W Œ0; 1� ! Cq with �.0/ D �.1/ andU ��.Œ0; 1�/ � .D�Cq/n
yM , define

'U;� .z/ ´ Re
� Z

�

qX
j D1

Ofj .z; �/d�j

�
; z 2 U:

Then

• 'U;� 2 PH .U /;
• 'U;� D 0 on U \ .A n P / and so 'U;� 	 0.

So it remains to note that yu is univalent iff for all .U; �/ (as above) we have'U;� 	 0.
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10.6 Proof of Theorem 10.2.6 in the general case

> §§ 1.4, 2.3, 2.4, 5.1, 7.1, 9.1, 9.4, 10.2, 10.4.

As we already mentioned, the geometric structure of generalized N -fold crosses
with N � 3 is much more complicated than in the case N D 2. This will be reflected
through the proof. The main tool is again a gluing result (cf. Theorem 10.4.2).

Theorem 10.6.1 (Gluing theorem II). Assume that Theorem 10.2.6 was already proved
for all .N � 2/-fold crosses if N � 4.

Let Dj ; Aj ; †j ; †
0
j , j D 1; : : : ; N , X , T , T 0, M , F be as in Theorem 10.2.6

(with (C1)–(C8) from § 10.2).
Let .Dj;k/

1
kD1

be an exhaustion sequence forDj (cf. Definition 1.4.5) such that each
Dj;k is a domain of holomorphy and Aj;k ´ Aj \Dj;k ¤ ¿, k 2 N, j D 1; : : : ; N .
Put

A0
j;k ´ A1;k � � � � � Aj �1;k; A00

j;k ´ Aj C1;k � � � � � AN;k;

†j;k ´ †j \ .A0
j;k � A00

j;k/; †0
j;k ´ †0

j \ .A0
j;k � A00

j;k/;

Xk ´ X \ .D1;k � � � � �DN;k/ D X..Aj;k;Dj;k/
N
j D1/;

Tk ´ T \ .D1;k � � � � �DN;k/ D T ..Aj;k;Dj;k; †j;k/
N
j D1/;

T 0
k ´ T 0 \ .D1;k � � � � �DN;k/ D T ..Aj;k;Dj;k; †

0
j;k/

N
j D1/:

Assume that for any j 2 f1; : : : ; N g, k 2 N, and a 2 �k ´ c.T 0
k
/ n M , there

exist

• r D rk;a 2 .0; �a/,

• a relatively closed pluripolar set Sj;k;a � yP.a0
j ; r/�Dj;k � yP.a00

j ; r/ μ Vj;k;a,

• a pluripolar set Pj;k;a � .A0
j;k

� A00
j;k
/ n†0

j ,

such that

• yP.a; r/ � D1;k � � � � �DN;k ,

• Sj;k;a \ T 0
j;k;a

� M , where

T 0
j;k;a ´ f.z0

j ; zj ; z
00
j / 2 A0

j;kŒa
0
j ; r��Aj;k�A00

j;kŒa
00
j ; r� W .z0

j ; z
00
j / … †0

j;k[Pj;k;ag;

• for any f 2 F there exists an Qfj;k;a 2 O.Vj;k;a n Sj;k;a/ with Qfj;k;a D f on
T 0

j;k;a
nM .

Then there exists a relatively closed pluripolar set yM � yX such that

• yM \ c.T 0/ � M ,

• for any f 2 F there exists an Of 2 O. yX n yM/ with Of D f on c.T 0/ nM ,
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• yM is singular with respect to the family f Of W f 2 F g,
• if each set Sj;k;a is thin in Vj;k;a, then yM is analytic.

Proof. Step 10. If N � 4, then for any 1 � � < 	 � N , define an auxiliary .N � 2/-
fold cross

Y�;� ´ X..Aj ;Dj /j 2f1;:::;��1;�C1;:::;��1;�C1;:::;N g/:

We may assume that for each pair .k; a/ the number rk;a is so small that

yP..a1; : : : ; a��1; a�C1; : : : ; a��1; a�C1; : : : ; aN /; rk;a/ � yY�;� ; 1 � � < 	 � N:

Step 20. We may assume that each set Sj;k;a is singular with respect to the family
f Qfj;k;a W f 2 F g. In particular, Sj;k;a is thin in Vj;k;a iff Sj;k;a is analytic in Vj;k;a.

Step 30. Observe that

Sj;k;a \ c.T 0
k / � M; Qfj;k;a D f on .Vj;k;a \ c.T 0

k // nM: (10.6.1)

Indeed, fix a point b 2 .Vj;k;a \c.T 0
k
//nM . Let �b > 0, Qfb 2 O.yP.b; �b// be as in

(C8). So Qfb D f D Qfj;k;a on .yP.b; �b/\T 0
j;k;a

/nM . The set T 0
j;k;a

nM is locally pluri-

regular and b 2 T 0
j;k;a

nM (Remark 10.2.1 (f)). In particular, .yP.b; �b/\ T 0
j;k;a

/ nM
is not pluripolar and so, Qfb D Qfj;k;a on yP.b; �b/nSj;k;a. Hence yP.b; �b/\Sj;k;a D ¿
(because Sj;k;a is singular) and Qfj;k;a D f on yP.b; �b/ \ c.T 0

k
/ nM .

Step 40. Fix a k 2 N. Put

Vk ´
[

a2�k

Vj;k;a; Sk ´
[

a2�k

Sj;k;a:

Then T 0
k

� Vk .
Indeed, let c 2 T 0

k
, e.g. c D .c0; cN / 2 .A0

N �1;k
n†0

N;k
/ �DN;k . Since M.c0;�/ is

pluripolar, there exists an aN 2 AN;k nM.c0;�/. Then a ´ .c0; aN / 2 c.T 0
k
/ nM and

c 2 yP.c0; rk;a/ �DN;k D VN;k;a.
Step 50. The main problem is to show that

for arbitrary i; j 2 f1; : : : ; N g, a; b 2 �k with Wi;j;k;a;b ´ Vi;k;a \ Vj;k;b ¤ ¿
we have Qfi;k;a D Qfj;k;b on Wi;j;k;a;b n .Si;k;a [ Sj;k;b/ for all f 2 F . (10.6.2)

Suppose for a moment that (10.6.2) is proved. We finish the main proof.
Since the sets Si;k;a and Sj;k;b are singular, we conclude that

Si;k;a \Wi;j;k;a;b D Sj;k;b \Wi;j;k;a;b;

which implies that the function Qfk ´ S
a2�k

Qfj;k;a is well defined on Vk nSk . More-
over,
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• Sk is a relatively closed pluripolar subset of Vk ,
• Sk \ c.T 0

k
/ � M ,

• Qfk 2 O.Vk n Sk/,
• Qfk D f on c.T 0

k
/ nM ,

• Sk is singular with respect to the family f Qfk W f 2 F g,
• Sk is analytic provided that each set Sj;k;a is analytic.

Let Uk denote the connected component of Vk \ yXk that intersect T 0
k

. Then yXk is
the envelope of holomorphy of Uk .

Indeed, since yXk is a domain of holomorphy (Remark 5.1.8 (e)), we only need to
show that any function from O.Uk/ extends holomorphically to yXk . Take ag 2 O.Uk/.
Then gjT 0

k
2 Os.T

0
k
/ \ C.T 0

k
/. By Theorem 7.1.4, g extends to a yg 2 O. yXk/ with

yg D g on Tk . Observe that T 0
k

is locally pluriregular. In particular, Uk \ T 0
k

is not
pluripolar. Hence, by the identity principle, yg D g on Uk .

By virtue of the Chirka theorem (Theorem 9.4.2), there exists a relatively closed
pluripolar set yMk of yXk , yMk \ Uk � Sk , such that yXk n yMk is the envelope of
holomorphy of Uk n Sk . Moreover, if Sk is analytic, then so is yMk . In particular, for
each f 2 F there exists an Ofk 2 O. yXk n yMk/ with Ofk D Qfk on Uk n Sk .

We may assume that yMk is singular with respect to the family f Ofk W f 2 F g.
Hence, yMkC1 \ yXk D yMk . Recall that yXk % yX . Consequently:

• yM ´ S1
kD1

yMk is a relatively closed pluripolar subset of yX with yM \c.T 0/ �
M ,

• for each f 2 F , the function Of ´ S1
kD1

Ofk is holomorphic on yX n yM with
Of D f on c.T 0/ nM ,

• yM is singular with respect to the family f Of W f 2 F g,
• if each set Sj;k;a is analytic in Vj;k;a, then yM is analytic.

This completes the proof of Theorem 10.6.1 (modulo (10.6.2)).
Step 60. We move to (10.6.2). Fix i; j 2 f1; : : : ; N g and a; b 2 �k with

Wi;j;k;a;b ¤ ¿ and take an f 2 F . We have the following two cases:

(a) i ¤ j : We may assume that i D N � 1, j D N . Write

w D .w0; w00/ 2 .D1 � � � � �DN �2/ � .DN �1 �DN /:

Observe that

WN �1;N;k;a;b D .yP.a0; rk;a/ \ yP.b0; rk;b// � yP.bN �1; rk;b/ � yP.aN ; rk;a/:

Consider the following three subcases:
Subcase N D 2: Then we have W1;2;k;a;b D yP.b1; rk;b/ � yP.a2; rk;a/. We know

(cf. (10.6.1)) that Qf1;k;a D f D Qf2;k;b on the set B n M , B ´ W1;2;k;a;b \ c.T 0
k
/.
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Observe that

.A1;kŒb1; rk;b� n†0
2/ � .A2;kŒa2; rk;a� n†0

1/ � B:

Thus B n M is not pluripolar. Hence, by the identity principle, Qf1;k;a D Qf2;k;b on
W1;2;k;a;b n .S1;k;a [ S2;k;b/.

Subcase N D 3: Then W2;3;k;a;b D .yP.a1; rk;a/ \ yP.b1; rk;b// � yP.b2; rk;b/ �
yP.a3; rk;a/. We are going to show that

QfN �1;k;a D QfN;k;b on ..yP.a1; rk;a/ \ yP.b1; rk;b// � C/ n .S2;k;a [ S3;k;b/;

where C � yP.b2; rk;b/ � yP.a3; rk;a/ is a non-pluripolar set; then, by the identity
principle, we obtain Qf2;k;a D Qf3;k;b on W2;3;k;a;b n .S2;k;a [ S3;k;b/.

Let

C ´ fc 2 .A2;kŒb2; rk;b� � A3;kŒa3; rk;a�/ n†0
1;k W .S2;k;a/.�;c/ 2 PLP ;

.S3;k;b/.�;c/ 2 PLP g:
The set C is locally pluriregular (Remark 10.2.1 (f)). Fix a c D .c2; c3/ 2 C . Recall
that yP.a1; rk;a/ [ yP.b1; rk;b/ � D1;k . Thus, the functions Qf3;k;b.�; c/ and f .�; c/ are
holomorphic on

yP.b1; rk;b/ n ..S3;k;b/.�;c/ [M.�;c//:

Moreover, they are equal on the non-pluripolar setA1;kŒb1; rk;b�nM.�;c/. Hence, since
the set .S3;k;b/.�;c/ [M.�;c/ is pluripolar, we get

Qf3;k;b.�; c/ D f .�; c/ on yP.b1; rk;b/ n ..S3;k;b/.�;c/ [M.�;c//:

An analogous argument shows that

Qf2;k;a.�; c/ D f .�; c/ on yP.a1; rk;a/ n ..S2;k;a/.�;c/ [M.�;c//:

Hence, by the identity principle,

Qf2;k;a.�; c/ D Qf3;k;b.�; c/ on .yP.a1; rk;a/\ yP.b1; rk;b// n ..S2;k;a/.�;c/ [ .S3;k;b/.�;c//:

Consequently,

Qf2;k;a D Qf3;k;b on ..yP.a1; rk;a/ \ yP.b1; rk;b// � C/ n .S2;k;a [ S3;k;b/:

Subcase N � 4: We are going to show that

QfN �1;k;a D QfN;k;b on ..yP.a0; rk;a/ \ yP.b0; rk;b// � C/ n .SN �1;k;a [ SN;k;b/;

where C � yP.bN �1; rk;b/ � yP.aN ; rk;a/ is a non-pluripolar set; then, by the identity
principle, we obtain

QfN �1;k;a D QfN;k;b on WN �1;N;k;a;b n .SN �1;k;a [ SN;k;b/:
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Let

BN �1 ´ fcN �1 2 AN �1;kŒbN �1; rk;b� W .†0
N /.�;cN�1/ 2 PLP g:

By Proposition 2.3.31 the set BN �1 is locally pluriregular. Analogously, the set

BN ´ fcN 2 AN;kŒaN ; rk;a� W .†0
N �1/.�;cN / 2 PLP g

is locally pluriregular. Let

C ´ fc 2 BN �1 � BN W .SN �1;k;a/.�;c/ 2 PLP ; .SN;k;b/.�;c/ 2 PLP ;

.†0
�/.�;c/ 2 PLP ; 	 D 1; : : : ; N � 2g:

The set C is also locally pluriregular. Fix a c D .cN �1; cN / 2 C . Note that T 0
.�;c/

�
T 0

c , where
T 0

c ´ T ..A� ;D� ; .†
0
�/.�;c//

N �2
�D1 /:

Observe that the .N �2/-fold cross T 0
c , the sets .†0

�/.�;c/, 	 D 1; : : : ; N �2, the set
M.�;c/, and the family Fc ´ ff .�; c/jT 0c nM.�;c/

W f 2 F g satisfy all the assumptions
of Theorem 10.2.6 (with N � 2).

Indeed, put A000
� ´ A�C1 � � � � � AN �2, 	 D 1; : : : ; N � 2. Then:

• The sets .†0
�/.�;c/, 	 D 1; : : : ; N � 2, are pluripolar.

• For any 	 2 f1; : : : ; N � 2g and .�0
� ; �

000
� / 2 A0

� � A000
� we have

.M.�;c//.� 0
� ;�;� 000

� / D M.� 0
� ;�;� 000

� ;c/:

Consequently, if .�0
� ; �

000
� / … .†0

�/.�;c/, then .M.�;c//.� 0
� ;�;� 000

� / is closed and pluripo-
lar.

• f .�; c/ 2 Os.T
0

c nM.�;c//, f 2 F .

• For every � 2 c.T 0
c / n M.�;c/ � .c.T 0/ n M/.�;c/, the function Qf.�;c/.�; c/ 2

O.yP.�; �.�;c/// gives the required holomorphic extension of f .�; c/ with

Qf.�;c/.�; c/ D f .�; c/
on ..yP..�; c/; �.�;c// \ c.T 0// nM/.�;c/ � yP.�; �.�;c// \ c.T 0

c / nM.�;c/:

Since we have assumed that Theorem 10.2.6 is true for .N � 2/, we conclude that
there exists a relatively closed pluripolar set yM.c/ � yYN �1;N such that

• yM.c/ \ c.T 0
c / � M.�;c/,

• for any f 2 Fc there exists an Ofc 2 O. yYN �1;N n yM.c// with Ofc D f .�; c/ on
c.T 0

c / nM.�;c/.

Recall that yP.a0; rk;a/[ yP.b0; rk;b/ � yYN �1;N . Thus, the functions QfN;k;b.�; c/ and
Ofc are holomorphic on

yP.b0; rk;b/ n ..SN;k;b/.�;c/ [ yM.c//:
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Moreover, they are equal to f .�; c/ on the set .c.T 0
k
//.�;c/ \ c.T 0

c / n M.�;c/ μ L.
Observe that L is not pluripolar.

Indeed, put zA� ´ A�;kŒb� ; rk;b�, 	 D 1; : : : ; N � 2. First observe that

. zA1 � � � � � zAN �2/ n .†0
N /.�;cN�1/ � .c.T 0

k //.�;c/:

On the other hand, . zA1 � � � � � zAN �2/ nP � c.T 0
c /, where P is pluripolar. Hence, in

view of the definition of the set BN �1, we conclude that

. zA1 � � � � � zAN �2/ nQ � .c.T 0
k //.�;c/ \ c.T 0

c /;

where Q is pluripolar. In particular, the set

R ´ f� 2 zA1 � � � � � zAN �3 W Q.
;�/ … PLP g
is pluripolar. Moreover, for any � 2 . zA1 � � � � � zAN �3/ n .†0

N �2/.�;c/, the fiber
.M.�;c//.
;�/ D M.
;�;c/ is pluripolar. Thus, for any

� 2 . zA1 � � � � � zAN �3/ n .R [ .†0
N �2/.�;c//

the set .Q [ M.�;c//.
;�/ is pluripolar. Now we are in a position to apply Proposi-
tion 2.3.31 and to conclude that L is not pluripolar.

Hence, since the set .SN;k;b/.�;c/ [ yM.c/ is pluripolar, we get

QfN;k;b D Ofc on yP.b0; rk;b/ n ..SN;k;b/.�;c/ [ yM.c//:

An analogous argument shows that

QfN �1;k;a D Ofc on yP.a0; rk;a/ n ..SN �1;k;a/.�;c/ [ yM.c//:

Hence,

QfN �1;k;a.�; c/ D QfN;k;b.�; c/
on .yP.a0; rk;a/ \ yP.b0; rk;b// n ..SN �1;k;a/.�;c/ [ .SN;k;b/.�;c//:

Consequently,

QfN �1;k;a D QfN;k;b on ..yP.a0; rk;a/ \ yP.b0; rk;b// � C/ n .SN �1;k;a [ SN;k;b/:

(b) i D j : We may assume that i D j D N . Write

w D .w0; wN / 2 .D1 � � � � �DN �1/ �DN :

Observe that ¿ ¤ Wk;N;N;a;b D .yP.a0; rk;a/ \ yP.b0; rk;b// �DN;k . By (a) we know
that

QfN;k;a D QfN �1;k;a on .VN;k;a \ VN �1;k;a/ n .SN;k;a [ SN �1;k;a/;

QfN �1;k;a D QfN;k;b on .VN �1;k;a \ VN;k;b/ n .SN �1;k;a [ SN;k;b/:
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Hence QfN;k;a D QfN;k;b on

.VN;k;a \ VN �1;k;a \ VN;k;b/ n .SN �1;k;a [ SN;k;a [ SN;k;b/

D ..yP.a0; rk;a/ \ yP.b0; rk;b// � yP.aN ; rk;a// n .SN �1;k;a [ SN;k;a [ SN;k;b/;

and finally, by the identity principle,

QfN;k;a D QfN;k;b on WN;N;k;a;b n .SN;k;a [ SN;k;b/:

The proof of (10.6.2) is completed.

Proof of Theorem 10.2.6. Observe that we only need to apply inductively Theo-
rem 10.6.1 in such a way that if for all j 2 f1; : : : ; N g and .a0

j ; a
00
j / 2 .A0

j �A00
j / n†0

j ,
the fiber M.a0

j
;�;a00
j

/ is thin in Dj , then each set Sj;k;a is thin in Vj;k;a.
We keep notation from Theorem 10.6.1. Fix j 2 f1; : : : ; N g, k 2 N, and a 2

c.T 0
k
/ nM . Let yP.a; �a/ and Qfa 2 O.yP.a; �a// be as in (C8). We may assume that

yP.a; �a/ � Dk;1 � � � � �DN;k . For simplicity, assume that j D N .
For each b0

N 2 A0
N n †0

N , let zMN;b0
N

be the singular part of M.b0
N

;�/ with re-

spect to the family ff .b0
N ; �/ W f 2 F g (taken in the sense of § 2.4) and let QfN;b0

N

stand for the holomorphic extension of f .b0
N ; �/ to DN n zMN;b0

N
. Since QfN;b0

N
D

f .b0
N ; �/ D Qfa.b

0
N ; �/ on AN .aN ; �a/ nM.b0

N
;�/, we conclude that QfN;b0

N
D Qfa.b

0
N ; �/

on yP.aN ; �a/ n zMN;b0
N

. In particular, zMN;b0
N

\ yP.aN ; �a/ D ¿.

We are going to apply Lemma 9.1.5 with

• k ´ n1 C � � � C nN �1, ` ´ nN ,
• D ´ yP.a0

N ; �a/, G ´ DN , G0 ´ yP.aN ; �a/,
• A ´ A0

N .a
0
N ; �a/ n†0

N ,

• M.b0
N / ´ zMN;b0

N
, b0

N 2 A.

Notice that f Qfa W f 2 F g � � , where � denotes the set of all functions g 2
O.D�G0/ such that for every b0

N 2 A, the function g.b0
N ; �/ extends holomorphically

toGnM.b0
N /. Since the setM.b0

N / is singular with respect to the family f QfN;b0
N

W f 2
F g for every b0

N 2 A, it is obviously singular with respect to the family fyg.b0
N ; �/ W g 2

�g. Consequently, Lemma 9.1.5 applies and we get a pluripolar set P D PN;a � A

such that the set
MN;a ´

[
b0
N

2AnP

fb0
N g �M.b0

N /

is relatively closed in .A n P / �G. Consider the 2-fold cross

YN;a ´ X.A n P;G0ID;G/ D .D �G0/ [ ..A n P / �G/ � .D �G0/ [ T :

Since MN;a is relatively closed in YN;a, we may apply Theorem 10.4.1 and we get a
relatively closed pluripolar set SN;a � yYN;a such that
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• SN;a \ ZN;a � MN;a � M , where ZN;a ´ X.A n .P [Q/;G0 nRID;G/ for
certain pluripolar sets Q D QN;a � A n P , R D RN;a � G0,

• for any f 2 Os.YN;a nMN;a/ there exists an OfN;a 2 O. yYN;a n SN;a/ such that
OfN;a D f on ZN;a nMN;a,

• SN;a is singular with respect to the family f OfN;a W f 2 FN;ag, where

FN;a ´ fg 2 Os.YN;a nMN;a/ W 9f 2F W g D Qfa on D �G0gI

in particular, SN;a \ yP.a; �a/ D ¿,
• if all the fibers M.b0

N /, b
0
N 2 A n P , are thin (in fact, analytic), then SN;a is

analytic.

Since fa0
N g � G � yYN;a, there exists an � D rN;k;a 2 .0; �a/ so small that

VN;k;a ´ yP.a0
N ; �/ � DN;k � yYN;a. Define SN;k;a ´ SN;a \ VN;k;a, QfN;k;a ´

OfN;ajVN;k;anSN;k;a , and PN;k;a ´ QN;a \ yP.a0
N ; �/ (observe that T 0

N;k;a
� ZN;a).

Obviously, an analogous construction may be done for all j 2 f1; : : : ; N � 1g.
We set rk;a ´ minfrk;1;a; : : : ; rN;k;ag. This shows that all the assumptions of Theo-
rem 10.6.1 are satisfied.

The proof of Theorem 10.2.6 is completed.

10.7 Example and application

It is natural to ask how large is the class of setsM � T with pluripolar fibers (cf. (C7)),
that are not pluripolar.

Proposition 10.7.1. LetS be a d -dimensional C1-submanifold of an open set˝ � Cn

with 1 � d � 2n � 2. Then for every point z0 2 S there exist an open neighborhood
U and a C-affine isomorphism L W Cn ! Cn such that L.U / D Dn and if M ´
L.S\U/, then for any a D .a1; : : : ; an/ 2 Dn and j 2 f1; : : : ; ng, the fiberM.a0

j
;�;a00
j

/

is finite.

Remark 10.7.2. (a) M satisfies (C1)–(C7) for an arbitrary cross with Dj ´ D,
j D 1; : : : ; N D n.

(b) Notice that there are real analytic 2-dimensional submanifolds of C2 that are
not locally pluripolar. For example (cf. [Sad 2005]):

S ´ f.x1 C i.x1 C x2
2/; x2 C i.x2

1 C x2// W x1; x2 2 Rg � C2:

Consequently, one may easily produce examples of sets M satisfying (C1)–(C7) that
are not pluripolar.

Proof of Proposition 10.7.1. The idea of the proof is due to W. Jarnicki.
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Without loss of generality, we may assume that z0 D 0 and d D 2n�2 (Exercise).
We shall prove that there exists an X0 2 Cn such that .CX0/ \ T0S D f0g. Let
˛; ˇ 2 Cn ' R2n be two R-linearly independent vectors such that

T0S D fx 2 R2n W Reh˛; xi D Rehˇ; xi D 0g;
where h ; i denotes the standard Hermitian scalar product in Cn.

Assume that there exists a j 2 f1; : : : ; ng such that j̨ and ǰ are R-linearly
independent. Then, for any � 2 C� ' .R2/� we have Re. j̨

N�/ ¤ 0 or Re. ǰ
N�/ ¤ 0.

Hence, we get .CX0/ \ T0S D f0g for X0 ´ ej .
If such a j does not exist, then for any j 2 f1; : : : ; ng we have j̨ D ǰ D 0 or

there exists a �j 2 C� such that for any � 2 C ' R2 we have Re. j̨
N�/ D Re. ǰ

N�/ D
0 () � 2 R�j (Exercise). Fix j; k 2 f1; : : : ; ng with j ¤ k such that . j̨ ; ˛k/,
. ǰ ; ˇk/ 2 C2 are R-linearly independent. Obviously, . j̨ ; ǰ / ¤ 0 ¤ .˛k; ˇk/.
Take �j ; �k 2 C such that �j�k; �k�j are R-linearly independent (Exercise). Put
X0 ´ �j ej C�kek . Take a � 2 C and assume that �X0 2 T0S . We have ��j 2 R�j

and ��k 2 R�k . It follows that ��j�k 2 .R�j�k/ \ .R�k�j / D f0g, hence � D 0.
Let "0 > 0 be such that U0 ´ Pn."0/ �� ˝ and .CX/ \ TzS D f0g whenever

X 2 X0 C U0 and z 2 xU0 (Exercise). Take .X1; : : : ; Xn/ 2 .X0 C U0/
n with

det.X1; : : : ; Xn/ ¤ 0 and let L0 be a C-linear isomorphism with L0.Xj / D ej ,
j D 1; : : : ; n. Choose an " > 0 such that L�1

0 .Pn."// � U0 and put L ´ .1="/L0,
U ´ L�1.Dn/. Take a 2 Dn and j 2 f1; : : : ; ng and consider the set

A ´ f� 2 C W L�1.a1; : : : ; aj �1; �; aj C1; : : : ; an/ 2 Sg:
Observe that M.a0

j
;�;a00
j

/ D A\ D (Exercise). Hence, it suffices to show that A\ D is

finite. In order to do that we will show that each point ofA\ xD is an isolated point ofA.
Take a � 2 A \ xD. Let z ´ L�1.a1; : : : ; aj �1; �; aj C1; : : : ; an/. Since L�1.ej / D
"Xj and .CXj / \ TzS D f0g, there exists a ı > 0 with .z C D."ı/Xj / \ S D fzg
(Exercise) and hence A \ .�C D.ı// D f�g (Exercise).

As an application of Theorem 10.2.9 and Proposition 10.7.1 we get a simple proof
of the following extension theorem (cf. [Shi 1968], [Sto 1991]).

Theorem 10.7.3. Let S be a connected d -dimensional C1-submanifold of a domain
D � Cn with 1 � d � 2n � 2. Then every function f 2 O.D n S/ extends
holomorphically toD unless S is a complex submanifold of codimension 1.

Notice that an analogous result is also true for plurisubharmonic functions – com-
pare [Pfl 1980], [Kar 1991].

Proof. Take a point a 2 S . Using Proposition 10.7.1 we find a neighborhood Ua � D

of a and a C-affine isomorphism La W Cn ! Cn such that

• Ga D La.Ua/ D .I1 C iI2/� � � � � .I2n�1 C iI2n/, where I1; : : : ; I2n � R are
open intervals,
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• for any b D .b1; : : : ; bn/ 2 .I1 C iI2/�� � �� .I2n�1 C iI2n/ and j 2 f1; : : : ; ng,
the fiber .Ma/.b0

j
;�;b00
j

/ is finite, where Ma ´ La.S \ Ua/,

• Ma is the graph of a C1 mapping with respect to real variables xi1 ; : : : ; xid ,
1 � i1 < � � � < iid � 2n (in particular, Ma is connected).
Now we apply Theorem 10.2.9, with N ´ n, Dj D Aj ´ I2j �1 C iI2j ,
†j D †0

j ´ ¿, j D 1; : : : ; n (in particular, T 0 D c.T 0/ D X ), and we get an

analytic subset yMa of Ga with the following properties:
• yMa � Ma,
• every function g 2 O.Ga nMa/ extends to a yg 2 O.Ga n yMa/ with yg D g on
Ga nMa,

• yMa is either empty or of codimension 1.

It is clear that if d � 2n � 3, then each set yMa must be empty and consequently,
S is removable. Thus assume that d D 2n � 2. We have to prove that if there exists
an a 2 S such that yMa ¤ ¿, then S is a complex manifold (and, consequently,
yMa ¤ ¿ for every a 2 S ). Since S is connected, we only need show that for a fixed
a 2 S , either yMa D ¿ or yMa D Ma. Fix an a 2 S and suppose that yMa ¤ ¿.
Let †a ´ Sing. yMa/. Recall that †a is an analytic subset of Ga of codimension
� 2. In particular, the manifold Ma n†a is connected. Since Reg. yMa/ � Ma n†a,
we conclude that Reg. yMa/ D Ma n †a (Exercise). The set Ma n †a is dense in
Ma. Consequently, TxMa D T C

x Ma for every x 2 Ma (Exercise). Thus, by the
Levi–Civita theorem (cf. [Chi 1993], Appendix § 2.3), Ma is a complex manifold.



Chapter 11

Separately meromorphic functions

Summary. As an application of previous results we discuss various problems related to separately mero-

morphic functions. We begin with Rothstein’s theorems (Theorems 11.1.1, 11.1.2) which extend Proposi-

tion 1.1.10. The main result of the chapter is a cross theorem with singularities for separately meromorphic

functions (Theorem 11.2.1). In particular, we get a generalization of Hartogs’ theorem for separately holo-

morphic functions (Theorem 11.2.4). Some special cases are discussed in §§ 11.3, 11.4.

11.1 Rothstein theorem

> §§ 1.1.3, 2.4, 2.8, 5.1, 5.4, 9.1, 10.2.

Recall (cf. § 2.8) that a function f W ˝ n S ! C, where ˝ is a Riemann region
and S D S.f /   ˝ is an analytic set, is said to be meromorphic on ˝ (f 2 M.˝/)
if

• f 2 O.˝ n S/ and S is singular for f (consequently, either S D ¿ or S is of
pure codimension 1),

• for any point a 2 S there exist an open connected neighborhood U of a and
functions '; 2 O.U /,  6	 0, such that  f D ' on U n S .

Recall also (Theorem 2.8.4) that for any Riemann domain ˝ its envelope of holo-
morphy z̋ coincides with the envelope of meromorphy.

We begin with the following Rothstein theorem which may be considered as a
generalization of Proposition 1.1.10 for meromorphic functions.

Theorem 11.1.1 (Cf. [Rot 1950]). Let D, G be Riemann domains over Cp and Cq ,
respectively. Assume thatD is a Riemann domain of holomorphy and O.G/ separates
points in G. Let A � D be locally pluriregular and let ¿ ¤ G0 � G be a domain.
Define X ´ X.A;G0ID;G/ D .A�G/[ .D �G0/. Assume that f 2 M.D �G0/

is such that for each a 2 A the fiber S.f /.a;�/ is thin (equivalently, S.f /.a;�/ ¤ G0)
and the function f .a; �/ extends meromorphically toG, i.e. there exists an Qfa 2 M.G/

with S. Qfa/\G0 � S.f /.a;�/ and Qfa D f .a; �/ onG0 n S.f /.a;�/. Then there exists an
Qf 2 M. yX/ such that Qf D f onD �G0, i.e. S. Qf /\ .D \G0/ D S.f / and Qf D f

on .D �G0/ n S.f /.

Proof. Our proof is based on Theorem 10.2.6 (withN D 2) and is essentially different
than standard proofs.
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First, observe that we may assume thatG is also a Riemann domain of holomorphy.
Indeed, let zG be the envelope of holomorphy of G such that G is an open set in

zG. Then every function Qfa extends to an QQfa 2 M. zG/. Consequently, if the theorem
is true in the case of domains of holomorphy, then f extends to an Qf 2 M. yY / with
Y ´ X.A;G0ID; zG/. Clearly, yX � yY .

Notice that the setAmay be always substituted by a setAnP , whereP is pluripolar.
In particular, using Proposition 9.1.4, we may always assume that for each a 2 A the
set S.f /.a;�/ is singular for f .a; �/ and, consequently, S. Qfa/ \G0 D S.f /.a;�/.

Take N ´ 2, D1 ´ D, D2 ´ G, A1 ´ A,

A2 D B ´ fb 2 G0 W S.f /.�;b/ ¤ Dg;
†1 D †0

1 D †2 D †0
2 ´ ¿, T D T 0 ´ X.A;BID;G/,

M ´ S.f / [
[
a2A

fag � S. Qfa/;

F ´ ff0g, where

f0.z; w/ ´
´
f .z; w/ if .z; w/ 2 .D � B/ nM;
Qfz.w/ if .z; w/ 2 .A �G/ nM; .z;w/ 2 T nM:

Observe that G0 n B is pluripolar. In particular, yT D yX . One can easily check
(Exercise) that (C1)–(C8) are satisfied. Moreover, for any .a; b/ 2 A � B , the fibers
M.a;�/ D S. Qfa/,M.�;b/ D S.f /.�;b/ are thin. By Theorem 10.2.6 there exist an analytic

set yM � yT and an Of0 2 O. yT n yM/ such that yM \ .A � B/ � M , Of0 D f0 D f on
.A � B/ nM , and yM is singular for Of0.

Since the set .A�B/nM is not pluripolar (cf. Remark 10.2.1 (f)), we get Of0 D f on
.D�G0/n . yM [S.f //. Consequently, since S.f / is singular for f , we conclude that
S.f / D yM \ .D �G0/ and Of0 D f on .D �G0/ n S.f /. Moreover, S. Qfa/ � yM.a;�/
for a 2 A. Using once again Proposition 9.1.4 (and substituting A by A n P , where
P is pluripolar), we may assume that yM.a;�/ is singular for Of0.a; �/ for every a 2 A.

Thus S. Qfa/ D yM.a;�/ and Qfa D Of0.a; �/ on G n yM.a;�/ for a 2 A.

We only need to show that Of0 2 M. yT /. The case yM D ¿ is trivial. Thus, assume
that yM is of pure codimension 1.

Observe that the main problem is to show that Of0 2 M.˝/, where ˝ � yT is
an open connected neighborhood of T (recall that T as a 2-fold cross is connected –
cf. Remark 5.1.8 (a)).

Indeed, by Theorem 2.8.4, it is enough to show that the envelope of holomorphy of
˝ coincides with yT . Take a g 2 O.˝/. Then gjT 2 Os.T /. Thus, by the main cross
theorem (Theorem 5.4.1), there exists a yg 2 O. yT / with yg D g on T . Hence, by the
identity principle, yg D g on ˝.
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Let us start with the following “generic” situation, when yM is locally a special
graph of a holomorphic function. Suppose that .a0; b0/ 2 .A � G/ \ yM is such that
there exist 0 < r; rq < minfdD.a0/; dG.b0/g and a holomorphic function

' W P..a0; b
0
0/; r/ ! D.b0;q; rq/; '.a0; b

0
0/ D b0;q;

such that

yM \ .P..a0; b
0
0/; r/ � D.b0;q; rq// D f.z; w0; '.z; w0// W .z; w0/ 2 P..a0; b

0
0/; r/g;

where (using the standard identifications) we assume that yPD.a0/ � Cp , yPG.b0/ � Cq

and b0 D .b0
0; b0;q/ in local coordinates. Since Of0 2 O. yT n yM/, we have

Of0.z; w
0; wq/ D

1X
kD�1

fk.z; w
0/.wq � '.z; w0//k;

.z; w0/ 2 P..a0; b
0
0/; r/; jwq � '.z; w0/j < ".z; w0/ ´ rq � j'.z; w0/ � b0;qj;

where fk 2 O.P..a0; b
0
0/; r//, k 2 Z. Observe that for each

.z; w0/ 2 C ´ .A \ P.a0; r// � P.b0
0; r/;

the function Of0.z; w
0; �/ extends meromorphically to D.'.z; w0/; ".z; w0//.

Indeed, fix .z; w0/ 2 C . Recall that S. Qfz/ D yM.z;�/ and Qfz D f .z; �/ D Of0.z; �/ on

Bn yM.z;�/. SinceBn yM.z;�/ is not pluripolar, we get Qfz D Of0.z; �/ onGn yM.z;�/. Observe
that the function Qfz.w

0; �/ is meromorphic on D.'.z; w0/; ".z; w0// and S. Qfz.w
0; �/ �

f'.z; w0/g. Moreover, Qfz.w
0; �/ D Of0.z; w

0; �/ on D.'.z; w0/; ".z; w0// n f'.z; w0/g.
Thus for each .z; w0/ 2 C there exists an s.z; w0/ 2 N such that f�k.z; w

0/ D 0

for k � s.z; w0/. Let Cs ´ f.z; w0/ 2 C W s.z; w0/ � sg. It is clear that there exists
an s0 such that Cs0 is not pluripolar, which implies (via the identity principle) that
f�k 	 0 for k � s0. Thus Of0 is meromorphic in a neighborhood of .a0; b0/.

In the general case we proceed as in the proof of Theorem 10.2.12. Fix a point
.a0; b0/ 2 .A�G/\ yM and let g 2 O.yP..a0; b0/; �// be a defining function for yM \
yP..a0; b0/; �/. Since the fiber yM.a0;�/ D S. Qfa0/ is thin, we conclude that g.a0; �/ 6	 0

on yP.b0; �/. Choose a unitary operator U W Cq ! Cq such that Qg.a0; b
0
0; �/ 6	 0 near

b0;q , where Qg ´ gB˚ ,˚.z;w/ ´ .z; b0 CU .w�b0//, .z; w/ 2 yP.a0; �/� yP.b0; �
0/

and �0 > 0 is so small that b0 C U .w � b0/ 2 yP.b0; �/ for all w 2 yP.b0; �
0/. Put

H ´ ˚�1. yM/, h ´ Of0 B ˚ . Then h 2 O..yP.a0; �/ � yP.b0; �
0// nH/ and for each

a 2 A \ yP.a0; �// the function h.a; �/ extends meromorphically to yP.b0; �
0/. Using

the same argument as in the proof of Theorem 10.2.12, we find r; rq > 0 such that
P..a0; b

0
0/; r/ � D.b0;q; rq/ � yP.a0; �/ � yP.b0; �

0/ and the projection

prCp�Cq�1 W H \ .P..a0; b
0
0/; r/ � D.b0;q; rq//

�! P..a0; b
0
0/; r/



258 11 Separately meromorphic functions

is a ramified holomorphic covering. We may also assume that .P..a0; b
0
0/; r/ �

D.c; �// \ H D ¿ for certain D.c; �/ � D.b0;q; rq/. It is known that there exists
an analytic set †   P..a0; b

0
0/; r/ such that

�j��1.P..a0;b0
0

/;r/n†/ W ��1.P..a0; b
0
0/; r/ n†/ ! P..a0; b

0
0/; r/ n†

is an unramified holomorphic covering. Put C ´ .A \ yP.a0; r// � P.b0
0; r/. Ap-

plying the “generic” case shows that there exists an open neighborhood U of C n †
such that h 2 M.U � D.b0;q; rq//. It remains to show that the envelope of holo-
morphy of the domain ˝ ´ .U � D.b0;q; rq// [ .P..a0; b

0
0/; r/ � D.c; �// contains

a neighborhood of .a0; b0/ (and to use Theorem 2.8.4). Observe that ˝ � Y ´
X.C n†;D.c; �/I P..a0; b

0
0/; r/;D.b0;q; rq//. Consequently, every function holomor-

phic on ˝ extends holomorphically to yY and

h�
C n†;P..a0;b0

0
/;r/
.z; w0/ D h�

C;P..a0;b0
0

/;r/
.z; w0/

D maxfh�
A\yP.a0;r/;yP.a0;r/

.z/; h�
P.b0

0
;r/;P.b0

0
;r/
.w0/g D h�

A\yP.a0;r/;yP.a0;r/
.z/;

which implies that .a0; b0/ 2 yY .

In the case where A D D the result may be strengthened as follows.

Theorem 11.1.2 (Cf. [Rot 1950]). Let D, G, G0 be as in Theorem 11.1.1. Let f 2
M.D � G0/ be such that for every a 2 D with S.f /.a;�/ ¤ G0, the function f .a; �/
extends meromorphically to G, i.e. there exists an Qfa 2 M.G/ with S. Qfa/ \ G0 �
S.f /.a;�/ and Qfa D f onG0 nS.f /.a;�/. Then there exists an Qf 2 M.D�G/ such that
Qf D f onD �G0, i.e. S. Qf /\ .D �G0/ D S.f / and Qf D f on .D �G0/ n S.f /.

Proof. Let † ´ fz 2 D W fzg � G0 � S.f /g. We know that † is a proper analytic
set. Using locally Theorem 11.1.1 on .D n †/ � G, we easily prove that f extends
meromorphically to an Qf 2 M..D �G0/[ ..D n†/�G//. Using Proposition 2.4.4,
we conclude that the envelope of holomorphy of the domain .D�G0/[ ..D n†/�G/
contains D � G. Finally, Theorem 2.8.4 implies that Qf extends meromorphically on
D �G.

11.2 Cross theorem with singularities for meromorphic
functions

> §§ 1.1.3, 2.8, 5.4, 10.2.

After the Rothstein theorem (which may be considered as a generalization of Propo-
sition 1.1.10) it is natural to look for an analogue of the main cross theorem (Theo-
rem 5.4.1) and an extension theorem with pluripolar singularities (Theorem 10.2.9) for
meromorphic functions.
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Theorem 11.2.1 (Cross theorem with singularities for meromorphic functions). As-
sume that (cf. (C1)–(C7))

• Dj is a Riemann domain of holomorphy over Cnj ,

• Aj � Dj , Aj is locally pluriregular,

• †j � †0
j � A0

j � A00
j , †0

j is pluripolar, j D 1; : : : ; N ,

• X ´ X..Aj ;Dj /
N
j D1/, T ´ T ..Aj ;Dj ; †j /

N
j D1/,

• M � S � T ,M , S are relatively closed,

• for any j 2 f1; : : : ; N g and .a0
j ; a

00
j / 2 .A0

j � A00
j / n †0

j , the fiber S.a0
j

;�;a00
j

/ is
thin.

Let

G �
´

Os.X n S/ if †1 D � � � D †N D ¿;
Oc

s .T n S/ otherwise;

and assume that for all f 2 G , j 2 f1; : : : ; N g, and .a0
j ; a

00
j / 2 .A0

j � A00
j / n †0

j ,
the function f .a0

j ; �; a00
j / extends meromorphically toDj nM.a0

j
;�;a00
j

/, i.e. there exists a

function Qfj;a0
j

;a00
j

2 M.Dj nM.a0
j

;�;a00
j

// such that S. Qfj;a0
j

;a00
j
/ � S.a0

j
;�;a00
j

/ nM.a0
j

;�;a00
j

/

and Qfj;a0
j

;a00
j

D f .a0
j ; �; a00

j / on Dj n S.a0
j

;�;a00
j

/. Let yM � yX be constructed via Theo-

rem 10.2.9 with respect to the family

F .T nM/ ´
´

Os.X nM/ if †1 D � � � D †N D ¿;
Oc

s .T nM/ otherwise:

Then there exists a generalized cross T 0 D T ..Aj ;Dj ; †
0
j /

N
j D1/ with †0

j � †0
j , †0

j

pluripolar, j D 1; : : : ; N , such that for each f 2 G there exists an Qf 2 M. yX n yM/

with

• yM \ T 0 � M ,

• S. Qf / \ T 0 � S ,

• Qf D f on T 0 n S .

Definition 11.2.2. In the above situation we say that f is separately meromorphic on
T nM (f 2 Ms.T nM/).

In the case whereM D ¿ the theorem is a simultaneous generalization of some re-
sults presented in [Sak 1957], [Kaz 1976], [Kaz 1978], [Kaz 1984], [Shi 1986],
[Kaz 1988], and [Shi 1989], namely:

Theorem 11.2.3 (Cross theorem for meromorphic functions). Assume that X , T , and
†0

j , j D 1; : : : ; N , are as in Theorem 11.2.1. Let S � T be relatively closed such that

for any j 2 f1; : : : ; N g and .a0
j ; a

00
j / 2 .A0

j �A00
j / n†0

j , the fiber S.a0
j

;�;a00
j

/ is thin. Let

G �
´

Os.X n S/ if †1 D � � � D †N D ¿;
Oc

s .T n S/ otherwise;
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and assume that for all f 2 G , j 2 f1; : : : ; N g, and .a0
j ; a

00
j / 2 .A0

j � A00
j / n †0

j ,
the function f .a0

j ; �; a00
j / extends meromorphically to Dj , i.e. there exists a function

Qfj;a0
j

;a00
j

2 M.Dj / such that S. Qfj;a0
j

;a00
j
/ � S.a0

j
;�;a00
j

/ and Qfj;a0
j

;a00
j

D f .a0
j ; �; a00

j / on

Dj n S.a0
j

;�;a00
j

/. Then there exists a generalized cross T 0 D T ..Aj ;Dj ; †
0
j /

N
j D1/ with

†0
j � †0

j , †0
j pluripolar, j D 1; : : : ; N , such that for each f 2 G there exists an

Qf 2 M. yX/ with

• yM \ T 0 � M ,

• S. Qf / \ T 0 � S ,

• Qf D f on T 0 n S .

If Aj D Dj , †j D ¿, j D 1; : : : ; N , and M D ¿, then Theorem 11.2.3 gives the
following analogue of the Hartogs theorem for meromorphic functions.

Theorem 11.2.4 (Hartogs theorem for meromorphic functions). LetDj be a Riemann
domain of holomorphy over Cnj and let †0

j � D0
j � D00

j be a pluripolar set, j D
1; : : : ; N . Assume that S � D1 � � � � � DN is a closed set such that for all j 2
f1; : : : ; N g and .a0

j ; a
00
j / 2 .D0

j �D00
j / n†0

j , the fiber S.a0
j

;�;a00
j

/ is thin. Then there exist

pluripolar sets†0
j � D0

j �D00
j with†0

j � †0
j , j D 1; : : : ; N , satisfying the following

property.
If f 2 O..D1 � � � � �DN / n S/ is such that for all j 2 f1; : : : ; N g and .a0

j ; a
00
j / 2

.D0
j �D00

j / n†0
j , the function f .a0

j ; �; a00
j / extends meromorphically toDj , then there

exists an Qf 2 M.D1 � � � � � DN / such that for all j 2 f1; : : : ; N g and .a0
j ; a

00
j / 2

.D0
j �D00

j / n†0
j , we have Qf .a0

j ; �; a00
j / D f .a0

j ; �; a00
j / onDj n S.a0

j
;�;a00
j

/.

Proof of Theorem 11.2.1. Our proof is based on Theorem 10.2.9. Using this the-
orem we get an analytic set yS � yX and a generalized cross T 0 � T 0, T 0 D
T ..Aj ;Dj ; †

0
j /

N
j D1/, T 0 ´ T ..Aj ;Dj ; †

0
j /

N
j D1/, with †0

j � †0
j , †0

j pluripolar,

j D 1; : : : ; N ) such that for each f 2 G there exists an Of 2 O. yX n yS/ with

• yS \ .c.T 0/ [ T 0/ � S ,

• Of D f on .c.T 0/ [ T 0/ n S ,

• yS is singular with respect to f Of W f 2 G g,
• yM \ .c.T 0/ [ T 0/ � M ,
• for any j 2 f1; : : : ; N g and .a0

j ; a
00
j / 2 .A0

j � A00
j / n †0

j , the fiber yS.a0
j

;�;a00
j

/

is singular with respect to the family f Of .a0
j ; �; a00

j / W f 2 G g (cf. the proof of
Lemma 10.2.8).

Similarly as in the proof of the Rothstein theorem (Theorem 11.1.1), we only need
to show that there exists an open neighborhood ˝ � yX n yM of T 0 n yM such that

• every connected component of ˝ intersects T 0 n yM ,
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• for every f 2 G there exists an QQf 2 M.˝/ such that S.
QQf / � yS and QQf D Of on

˝ n yS (equivalently, QQf D f on T 0 n S ).

In fact, ifg 2 O.˝/, thengj
T 0n yM 2 Oc

s .T
0n yM/. Hence, by Theorem 10.2.12 there

exists a yg 2 O. yX n yM/ with yg D g on T 0 n yM . Consequently, yg D g on˝ n yM . This
shows that the envelope of holomorphy of ˝ coincides with yX n yM (Theorem 2.8.4)

and, therefore, for each f 2 G the function QQf extends to an Qf 2 M. yX n yM/ with
S. Qf / \ T 0 � S and Qf D f on T 0 n S .

Take an a 2 T 0 n yM . We may assume that a D .a0
N ; aN / 2 .A0

N n†0
N /�DN . Fix

a bN 2 AN n yS.a0
N

;�/ (recall that yS.a0
N

;�/ is pluripolar). Put b ´ .a0
N ; bN / 2 T 0 n yS .

Let r > 0 be such that yP.b; r/ �� yX n yS . In particular, Of 2 O.yP.b; r//, f 2 G .
Since yM.a0

N
;�/ is pluripolar, there exists a domain GN �� DN n yM.a0

N
;�/ with

faN g [ yP.bN ; r/ � GN . Take r 0 2 .0; r/ so small that yP.a0
N ; r

0/ � GN � yX n yM .
We going to apply the Rothstein theorem (Theorem 11.1.1) with D ´ yP.a0

N ; r
0/,

G ´ GN , G0 ´ yP.bN ; r/, A ´ .A0
N n †0

N / \ yP.a0
N ; r

0/. Observe that for every

f 2 G we have QfN;a0
N

D f .a0
N ; �/ D Of .a0

N ; �/ on DN n S.a0
N

;�/, which implies

that S. QfN;a0
N
/ \ yP.bN ; r/ D ¿ and QfN;a0

N
D Of .a0

N ; �/ on yP.bN ; r/. Put Ya ´
X.A; yP.bN ; r/I yP.a0

N ; r
0/; GN /. By the Rothstein theorem, for every f 2 G there

exists an QQf 2 M. yYa/ such that QQf D Of on yP.a0
N ; r

0/. Hence, by the identity principle,
QQf D Of in yYa n yS .

We put ˝ ´ S
a2T 0n yM yYa.

Remark 11.2.5. ‹ It is an open problem to characterize those closed sets S � D1 �
� � � �DN without the assumption that the fiber S.a0

j
;�;a00
j

/ is thin for all j 2 f1; : : : ; N g
and .a0

j ; a
00
j / 2 .D0

j � D00
j / n †0

j , for which Theorem 11.2.4 remains true ‹ Some
partial answers will be given in the next sections.

11.3 The case N D 2

> §§ 2.8, 3.6, 5.4, 10.4, 11.1, 11.2.

In the case where N D 2, Theorem 11.2.3 may be strengthened as follows.

Theorem 11.3.1 (Extension theorem for meromorphic functions). Let D, G be Rie-
mann domains over Cp and Cq , respectively, let ¿ ¤ A � D, ¿ ¤ B � G be locally
pluriregular sets, and let

X ´ X.A;BID;G/ D .A �G/ [ .D � B/:
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Let S � X be a relatively closed set. Assume that there exist exhaustions .Dk/
1
kD1

and .Gk/
1
kD1

ofD and G, respectively, by domains such that

(A) Ak ´ A \Dk ¤ ¿, Bk ´ B \Gk ¤ ¿,

(B) for every .a; b/ 2 Ak � Bk we have Bk n S.a;�/ ¤ ¿, Ak n S.�;b/ ¤ ¿, k 2 N,

(C) A � B � .A � B/ n S .

Then for every functionf 2 Os.X nS/\Ms.X/ there exists a function Of 2 M. yX/
such that S. Of / \ X � S and Of D f on X n S .

Remark 11.3.2. (a) Recall that if f 2 Os.X nS/\Ms.X/, then for all .a; b/ 2 A�B
there exist functions Qfa 2 M.G/, Qf b 2 M.D/ such that

• S. Qfa/ � S.a;�/ and Qf D f .a; �/ in G n S.a;�/,
• S. Qf b/ � S.�;b/ and Qf b D f .�; b/ in D n S.�;b/.

(b) Note that if h�
A;D 	 0 (e.g.DnA is of zero Lebesgue measure), then yX D D�G.

Exercise 11.3.3. Check that for N D 2 and M D ¿, Theorem 11.3.1 generalizes
Theorem 11.2.1.

Proof of Theorem 11.3.1. It suffices to prove that for each k there exists an open con-
nected neighborhood˝k � yXk of the cross Xk ´ X.Ak; BkIDk; Gk/ D .Ak�Gk/[
.Dk �Bk/ such that for each f 2 Os.X n S/\ Ms.X/ there exists an Qfk 2 M.˝k/

with S. Qfk/ \ Xk � S and Qfk D f on Xk n S .
Indeed, the envelope of holomorphy of ˝k coincides with yXk (cf. the proof of

Theorem 10.4.2). Hence, by Theorem 2.8.4, the function Qfk extends to a function
Ofk 2 M. yXk/ i.e. S. Ofk/ \ ˝k D S. Qfk/ and Ofk D Qfk on ˝k n S. Qfk/. Observe that
OfkC1 D Ofk on yXk (equivalently, OfkC1 D Ofk on yXk n .S. OfkC1/ [ S. Ofk//).

Indeed, we have OfkC1 D f D Ofk on .Ak � Bk/ n S . Hence, in view of (C), we
get OfkC1 D Ofk on .Ak � Bk/ n .S. OfkC1/ [ S. Ofk//. Thus, by the identity principle,
OfkC1 D Ofk on the non-pluripolar set yXk n .S. OfkC1/ [ S. Ofk//.

Now we glue the functions . Ofk/
1
kD1

and we get the required extension Of .

Fix a k 2 N. We are going to show that for any .a; b/ 2 �k ´ .Ak � Bk/ n S
there exists an ra;b > 0 with yP..a; b/; ra;b/ � Dk � Gk such that every function
f 2 Os.X n S/ \ Ms.X/ extends to an Ofa;b 2 M.˝a;b/, where

˝a;b ´ .yP.a; ra;b/ �Gk/ [ .Dk � yP.b; ra;b// � yX ;
i.e. S. Ofa;b/ \ Xk � S and Ofa;b D f on Xk \˝a;b n S . Moreover, Ofa;b D Ofc;d on
˝a;b \˝c;d .

Suppose for a moment that˝a;b , .a; b/ 2 �k , are already constructed. Put z̋
k ´S

.a;b/2�k
˝a;b . Observe that Xk � z̋

k .
Indeed, let .z; w/ 2 Xk , e.g. .z; w/ 2 Ak �Gk . By (B) there exists a b 2 Bk nS.z;�/.

Then .z; b/ 2 �k and .z; w/ 2 ˝z;b .
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For every f 2 Os.X nS/\ Ms.X/ the functions Ofa;b , .a; b/ 2 �k , may be glued
to an Ofk 2 M. z̋

k/ with S. Ofk/ \ Xk � S and Ofk D f on Xk n S . Thus, we may
define ˝k as the connected component of z̋

k that contains Xk . This will finish the
proof of the theorem

We move to the construction of ˝a;b and Ofa;b . Fix .a; b/ 2 �k and f 2 Os.X n
S/ \ Ms.X/. Let � > 0 be such that yP..a; b/; �/ � .Dk �Gk/ n S . Define

Ya;b ´ X.AŒa; ��; BŒb; ��I yP.a; �/; yP.b; �// � Xk :

Then f 2 Os.Ya;b/ and hence, by Theorem 5.4.1, f jYa;b extends holomorphically

on yYa;b . In particular, f extends holomorphically to an Qfa;b 2 O.yP..a; b/; �// with
� 2 .0; �/, yP..a; b/; �/ � yYa;b .

Observe that for each ˛ 2 AŒa; ��, Qf˛ D Qfa;b.˛; �/ on yP.b; �/. Thus all the
assumptions of the Rothstein theorem (Theorem 11.1.1) are satisfied, and consequently,

there exists an QQfa;b 2 M. yZa;b/with Za;b ´ X.AŒa; ��; yP.b; �/I yP.a; �/; G/ such that
QQfa;b D Qfa;b on yP..a; b/; �/. Notice that QQfa;b.˛; �/ D Qf˛ for every ˛ 2 AŒa; ��. We

take an r 2 .0; �/ so small that yP.a; r/�Gk � yZa;b . Repeating the same construction
in the “horizontal” direction gives ˝a;b and Ofa;b . It remains to show that Ofa;b D Ofc;d

on ˝a;b \˝c;d . Observe that

˝a;b \˝c;d D �
.yP.a; ra;b/ \ yP.c; rc;d // �Gk

� [ �yP.a; ra;b/ � yP.d; rc;d /
�

[ �yP.c; rc;d / � yP.b; ra;b/
� [ �

Dk � .yP.b; ra;b/ \ yP.d; rc;d //
�
:

Note that the main problem is to show that Ofa;b D Ofc;d on yP.a; ra;b/ � yP.d; rc;d /

(resp. yP.c; rc;d / � yP.b; ra;b/). Then the identity principle for meromorphic functions
immediately gives the equality on�yP.a; ra;b/ \ yP.c; rc;d /

� �Gk .resp. Dk � �yP.b; ra;b/ \ yP.d; rc;d /
�
/;

provided that this set is not empty.
To prove that Ofa;b D Ofc;d on yP.a; ra;b/� yP.d; rc;d / we may argue as follows. For

.˛; ˇ/ 2 .AŒa; ra;b� � BŒd; rc;d �/ n S we have

Ofa;b.˛; ˇ/ D Qf˛.ˇ/ D f .˛; ˇ/ D Qf ˇ .˛/ D Ofc;d .˛; ˇ/:

Hence, by (C), we get Ofa;b D Ofc;d on the non-pluripolar set

.AŒa; ra;b� � BŒd; rc;d �/ n .S. Ofa;b/ [ S. Ofc;d //:

Consequently, by the identity principle,

Ofa;b D Ofc;d on .yP.a; ra;b/ � yP.d; rc;d // n .S. Ofa;b/ [ S. Ofc;d //:
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Corollary 11.3.4 (Cf. [Sak 1957]). Let S � D � D be a relatively closed set such that

• int S D ¿,

• for every domain U � D � D the set U n S is connected (we say in brief that S
does not separate domains).

Let A (resp. B) denote the set of all a 2 D (resp. b 2 D) such that intC S.a;�/ D ¿
(resp. intC S.�;b/ D ¿). Put X ´ X.A;BI D;D/ D .A � D/ [ .D � B/.

Then for every function f 2 Os.X n S/ \ Ms.X/ there exists an Of 2 M.D � D/

such that Of D f on X n S .

Notice that the original proof of the above result is not correct – details may be
found in [Jar-Pfl 2003c], see also § 11.4.

Proof. We are going to apply Theorem 11.3.1. First we check that the sets A and B
are not plurithin at any point of D (in particular, they are dense in D).

Indeed, suppose that A is plurithin at a point a 2 D. By Remark 3.6.2 (e), there
exists a circle C � D such that C \ A D ¿. Let .Gj /

1
j D1 be a countable basis of the

topology of D consisting of relatively compact discs. PutCj ´ fz 2 C W Gj � S.z;�/g.
Observe that Cj is closed and C D S1

j D1 Cj . Using a Baire category argument, we
find a non-empty open arc � � C and a disc D.b; r/ such that† ´ � �D.b; r/ � S .
Since dim† D 3, the surface † separates domains. Hence, since S is nowhere dense,
we easily conclude that S separates domains; a contradiction.

Consequently, by Remark 3.6.2 (d), the setsA andB are locally regular and h�
A;D D

h�
B;D D 0. In particular, yX D D � D.

It remains to check (A)–(C) with arbitrary exhaustionsDk ´ D.rk/,Gk ´ D.rk/,
0 < rk % 1 (Exercise).

Corollary 11.3.5 (Cf. [Shi 1989]). LetD,G,A,B;X be as inTheorem 11.3.1. Assume
that S � X is a relatively closed set such that

• the setD n A is of zero Lebesgue measure,

• for every a 2 A the fiber S.a;�/ is pluripolar,

• for every b 2 B the fiber S.�;b/ is of zero Lebesgue measure.

Then for every function f 2 Os.X n S/\ Ms.X/ there exists an Of 2 M.D �G/
such that Of D f on X n S .

Proof. One can easily check that all the assumptions of Theorem 11.3.1 are satisfied
with arbitrary exhaustions and k 
 1 (Exercise).
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11.4 Counterexamples

> §§ 2.1.7, 2.3, 2.5.3, 3.2, 7.2, 11.3.

This section is based on [Pfl-NVA 2003].
In [Sak 1957], E. Sakai claimed (without proof) that the n-dimensional analogue of

Corollary 11.3.4 is also true. Unfortunately, this is false as Propositions 11.4.4, 11.4.5
will show. We need the following preparations.

Let v 2 �H .D.2// be such that v.0/ D 0 and the set v�1.�1/ is dense in D.2/.
For example,

v.z/ ´
1X

kD1

1

dk

log
jz � qkj
4

�
1X

kD1

1

dk

log
jqkj
4
;

where .Q C iQ/ \ D.2/ D fq1; q2; : : : g and .dk/
1
kD1

� R>0 is such that

1X
kD1

1

dk

log
jqkj
4

> �1:

Put

un.z/ ´
nX

kD1

v.zk/; z D .z1; : : : ; zn/ 2 Pn.2/;

An ´ fz 2 Dn W un.z/ < �1g:
Observe that An is an open set dense in Dn.

Lemma 11.4.1. If S1; : : : ; SN � Dn are relatively closed sets which do not separate
domains, then the set

SN
j D1 Sj does not separate domains.

Proof. Use finite induction on N and the equality

U n
N[

j D1

Sj D
�
U n

N �1[
j D1

Sj

�
n SN :

Lemma 11.4.2. Let S � Dn n An be relatively closed, n � 2. Then:
(a) S does not separate domains,
(b) for any closed sets F 0

p � Cp , F 00
q � Cq .p; q � 0/, the closed set F 0

p �S �F 00
q

does not separate domains in Cp � Dn � Cq .

Proof. (a) It suffices to show that for every open convex domainP D P1 �� � ��Pn ��
Dn, the set P n S is connected.

Indeed, let U � Dn be a domain and let a; b 2 U n S . Let � W Œ0; 1� ! U be a
curve such that �.0/ D a, �.1/ D b. Choose polydiscs Q1; : : : ;QN �� U such that
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�.Œ0; 1�/ � SN
j D1 Pj , a 2 Q1,Qj \Qj C1 ¤ ¿, j D 1; : : : ; N�1, b 2 QN . IfQj nS

is connected, j D 1; : : : ; N , and .Qj \Qj C1/nS is connected, j D 1; : : : ; N�1, then
.Qj [Qj C1/nS is also connected, j D 1; : : : ; N �1, and finally, .Q1 [� � �[QN /nS
is connected.

Take a D .a1; : : : ; an/, b D .b1; : : : ; bn/ 2 P n S . We are going to connect the
points a and b with a curve � W Œ0; 1� ! P nS . We may assume that v.aj / D v.bj / D
�1, j D 1; : : : ; n.

Indeed, as the set v�1.�1/ is dense, we finda0 D .a0
1; : : : ; a

0
n/, b

0 D .b0
1; : : : ; b

0
n/ 2

P with v.a0
j / D v.b0

j / D �1, j D 1; : : : ; n, such that the segments Œa; a0�, Œb; b0� are
contained in P n S .

Define

�.t/ ´ .b1; : : : ; bj ; .j C 1 � nt/aj C1 C .nt � j /bj C1; aj C2; : : : ; an/;

t 2
�
j

n
;
j C 1

n

�
; j D 0; : : : ; n � 1:

Observe that � W Œ0; 1� ! P is well defined, continuous, �.0/ D a, �.1/ D b, and
un.�.t// D �1 for every t 2 Œ0; 1� (because n > 1). Since

S � Dn n An D fz 2 Dn W u.z/ � �1g;
we conclude that � W Œ0; 1� ! P n S .

(b) As in (a), it suffices to show that P n .F 0
p � S � F 00

q / is connected for every
open convex domain P D P 0

p � Pn � P 00
q �� Cp � Dn � Cq . Fix .a0

p; a; a
00
q/,

.b0
p; b; b

00
q/ 2 P n .F 0

p � S � F 00
q /. Since v�1.�1/ is dense in D, we may assume that

a; b … S . By (a) there exists a curve � W Œ0; 1� ! Pn nS such that �.0/ D a, �.1/ D b.
Consequently, the curve

Œ0; 1� 3 t 7! ..1 � t /a0
p C tb0

p; �.t/; .1 � t /a00
q C tb00

q/

connects the points .a0
p; a; a

00
q/, .b

0
p; b; b

00
q/ in P n .F 0

p � S � F 00
q /.

Lemma 11.4.3. Let ˝ � Cn be a pseudoconvex domain, ' 2 P�H .˝/, ˝ 0 ´ fz 2
˝ W '.z/ < 0g. Assume that˝ 0   ˝. Then there exists an f 2 O.˝ 0/ that cannot be
extended meromorphically to ˝.

Proof. By Theorem 2.5.5 (e) ˝ 0 is pseudoconvex. Take an arbitrary f 2 O.˝ 0/ that
cannot be extended holomorphically beyond ˝ 0 (cf. Proposition 2.1.27) and suppose
that Of 2 M.˝/ is such that Of D f on ˝ 0. Then ˝ n S. Of / � ˝ 0. Since S. Of / is a
proper analytic set, we easily conclude (cf. Proposition 2.3.29) that ' � 0 on S. Of /; a
contradiction.

For a set S � Dn put

Sj ´ f.a0; a00/ 2 Dj �1 � Dn�j W intC S.a0;�;a00/ ¤ ¿g; j D 1; : : : ; n:
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Proposition 11.4.4. For all n � 3 there exist

• a relatively closed nowhere dense set S � Dn such that S does not separate
domains and Sj   Dn�1, j D 1; : : : ; n,

• a domain ˝ 0   Dn with T ´ T ..D;D; Sj /
n
j D1/ � ˝ 0, and

• a function f 2 O.˝ 0/ that cannot be extended meromorphically to Dn.

In particular, f jT nS 2 Oc
s .T n S/\ Ms.T / cannot be extended meromorphically

to Dn.

Proof. Let
B ´ fz 2 D W v.z/ < �1=.n � 1/g:

Note that B is dense in D and

.D n B/n�1 D .D n B/ � � � � � .D n B/„ ƒ‚ …
.n�1/-times

� Dn�1 n An�1:

Fix an arbitrary closed disc F � B . Then, by Lemmas 11.4.1 and 11.4.2, the closed
set

S ´ .F � .D n B/n�1/ [ � � � [ ..D n B/n�1 � F /
does not separate domains in Dn. SinceB is dense, we easily conclude that int S D ¿.
Observe that Sj D .D n B/n�1, j D 1; : : : ; n. Consequently,

T D .B � Dn�1/ [ � � � [ .Dn�1 � B/ D Xn;n�1..B;D/
n
j D1/ μ Xn;n�1

(cf. § 7.2); note that T is open. Define

˝ 0 ´ ˚
.z1; : : : ; zn/ 2 Dn W Pn

j D1 h�
B;D.zj / < n � 1� D yXn;n�1:

Observe that:

• ˝ 0   Dn.
Indeed, let C ´ supD v. Note that C > 0 (because v.0/ D 0). Put

w ´ v � C
C C 1=2

C 1:

Then h�
B;D � w. In particular,

h�
B;D.0/ � w.0/ D �C

C C 1=2
C 1 > 0:

Now it remains to apply Remark 5.1.6 (b).
• ˝ 0 is connected – cf. Remark 7.2.3 (f).

Finally, by Lemma 11.4.3, there exists an f 2 O.˝ 0/ that cannot be continued
meromorphically to Dn.
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For domains D � Cp; G � Cq and S � D �G put

AS ´ fa 2 D W intG S.a;�/ D ¿g; BS ´ fb 2 G W intD S.�;b/ D ¿g:
Proposition 11.4.5. Let D � Cp; G � Cq be bounded pseudoconvex domains
.p; q � 2/. Then there exist

• a relatively closed nowhere dense set S � D �G such that S does not separate
domains and AS , BS are locally pluriregular,

• a domain ˝ 0   D �G with X ´ X.A;BID;G/ � ˝ 0, and

• a function f 2 O.˝ 0/ that cannot be extended meromorphically toD �G.

In particular, f jXnS 2 Os.X nS/\ Ms.X/ cannot be extended meromorphically
toD �G.

Proof. We may assume that 0 2 D � Dp , 0 2 G � Dq . Fix closed polydiscs F 0
p ´

xP.rp/ �� D and F 00
q ´ xP.rq/ �� G. Recall that Ap D fz 2 Dp W up.z/ < �1g –

cf. the proof of Proposition 11.4.4. Put

S ´ ..D n Ap/ � F 00
q / [ .F 0

p � .G n Aq//:

It is clear that S is nowhere dense. Lemmas 11.4.1, 11.4.2 imply that S does not
separate domains. Moreover, AS D Ap \D and BS D Aq \ G; A D AS ; B D BS

are open, in particular, locally pluriregular. Let

˝ 0 ´ yX.A;BID;G/ D f.z; w/ 2 D �G W h�
Ap ;D.z/C h�

Aq ;G.w/ < 1g:

Observe that ˝ 0   D � G. Indeed, let C ´ supD up . Observe that C > 0 (because
up.0/ D pv.0/ D 0). Put

w ´ up � C
C C 1

C 1:

Then h�
Ap ;D � w. In particular,

h�
Ap ;D.0/ � w.0/ D �C

C C 1
C 1 > 0:

Hence, by Remark 5.1.6 (b), ˝ 0   D �G.
We conclude the proof as in Proposition 11.4.4.
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General symbols

N ´ the set of natural numbers, 0 … N; N0 ´ N [ f0g; Nk ´ fn 2 N W n � kg;
Z ´ the ring of integer numbers;
Q ´ the field of rational numbers;
R ´ the field of real numbers;
C ´ the field of complex numbers;
xC ´ C [ f1g D the Riemann sphere;
Re z ´ the real part of z 2 C, Im z ´ the imaginary part of z 2 C;
Nz ´ x � iy D the conjugate of z D x C iy;
jzj ´ p

x2 C y2 D the modulus of a complex number z D x C iy;
arg z ´ f' 2 R W z D jzjei'g;
C n f0g 3 z 7! Arg z 2 .��;C�� the main argument; Arg 0 ´ 0;
An ´ the Cartesian product of n copies of the set A, e.g. Cn;
x � y W () xj � yj ; j D 1; : : : ; n, where x D .x1; : : : ; xn/; y D .y1; : : : ; yn/ 2
Rn;
A� ´ A n f0g, e.g. C�; .Cn/�; An� ´ .A�/n, eg. Cn�;
AC ´ fa 2 A W a � 0g, e.g. ZC, RC; AnC ´ .AC/n, e.g. ZnC, RnC;
A� ´ fa 2 A W a � 0g;
A>0 ´ fa 2 A W a > 0g, e.g. R>0; An

>0 ´ .A>0/
n, e.g. Rn

>0;
A<0 ´ fa 2 A W a < 0g;
R�1 ´ f�1g [ R, RC1 ´ R [ fC1g;
AC B ´ faC b W a 2 A; b 2 Bg, aC B ´ fag C B , where A;B � X , a 2 X ;
A � B ´ fa � b W a 2 A; b 2 Bg, where A � C; B � Cn;

ıj;k ´
´
0; if j ¤ k

1; if j D k
D the Kronecker symbol;

e D .e1; : : : ; en/ ´ the canonical basis in Cn, ej WD .ıj;1; : : : ; ıj;n/, j D 1; : : : ; n;
1 D 1n ´ .1; : : : ; 1/ 2 Nn; 2 ´ 2 � 1 D .2; : : : ; 2/ 2 Nn;

hz; wi ´ Pn
j D1 zj xwj D the Hermitian scalar product in Cn;

xw ´ . xw1; : : : ; xwn/, w D .w1; : : : ; wn/ 2 Cn;
z � w ´ .z1w1; : : : ; znwn/, z D .z1; : : : ; zn/, w D .w1; : : : ; wn/ 2 Cn;
ez ´ .ez1 ; : : : ; ezn/, z D .z1; : : : ; zn/ 2 Cn;

kzk ´ hz; zi1=2 D
� Pn

j D1 jzj j2
�1=2 D the Euclidean norm in Cn;

kzk1 ´ maxfjz1j; : : : ; jznjg D the maximum norm in Cn;
kzk1 ´ jz1j C � � � C jznj D the `1-norm in Cn;

#A ´ the number of elements of A;
diamA ´ the diameter of the set A � Cn with respect to the Euclidean distance;
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�A ´ the characteristic function of A;
convA D conv.A/ ´ the convex hull of the set A;
A �� X W () A is relatively compact in X ;
prX W X � Y ! X , prX .x; y/ ´ x, or prX W X ˚ Y ! X , prX .x C y/ ´ x.

Euclidean balls
B.a; r/ D Bn.a; r/ ´ fz 2 Cn W kz � ak < rg D the open Euclidean ball in Cn with
center a 2 Cn and radius r > 0; B.a;C1/ ´ Cn;
xB.a; r/ D xBn.a; r/ ´ Bn.a; r/ D fz 2 Cn W kz � ak � rg D the closed Euclidean
ball in Cn with center a 2 Cn and radius r > 0;
B.r/ D Bn.r/ ´ Bn.0; r/; xB.r/ D xBn.r/ ´ xBn.0; r/;
B D Bn ´ Bn.1/ D the unit Euclidean ball in Cn;
D.a; r/ ´ B1.a; r/; D.r/ ´ D.0; r/;
xD.a; r/ ´ xB1.a; r/; xD.r/ ´ xD.0; r/;
D�.a; r/ ´ D.a; r/ n fag; D�.r/ ´ D�.0; r/;
D ´ D.1/ D f� 2 C W j�j < 1g D the unit disc;
T ´ @D.

Polydiscs
P.a; r/ D Pn.a; r/ ´ fz 2 Cn W kz � ak1 < rg D the polydisc with center a 2 Cn

and radius r > 0; Pn.a;C1/ ´ Cn;
xP.a; r/ D xPn.a; r/ ´ Pn.a; r/; xPn.a; 0/ ´ fag;
P.r/ D Pn.r/ ´ Pn.0; r/;

P.a; r/ D Pn.a; r/ ´ D.a1; r1/� � � � � D.an; rn/ D the polydisc with center a 2 Cn

and multiradius (polyradius) r D .r1; : : : ; rn/ 2 Rn
>0; notice that P.a; r/ D P.a; r �1/;

P.r/ D Pn.r/ ´ Pn.0; r/;
@0P.a; r/ ´ @D.a1; r1/ � � � � � @D.an; rn/ D the distinguished boundary of P.a; r/.

Annuli
A.a; r�; rC/ ´ fz 2 C W r� < jz � aj < rCg, a 2 C, �1 � r� < rC � C1,
rC > 0; if r� < 0, then A.a; r�; rC/ D D.a; rC/; A.a; 0; rC/ D D.a; rC/ n fag;
A.r�; rC/ ´ A.0; r�; rC/.

Laurent series
z˛ WD z

˛1
1 � � � z˛n

n ; z D .z1; : : : ; zn/ 2 Cn, ˛ D .˛1; : : : ; ˛n/ 2 Zn (00 ´ 1);
˛Š WD ˛1Š � � �˛nŠ, ˛ D .˛1; : : : ; ˛n/ 2 ZnC;
j˛j WD j˛1j C � � � C j˛nj, ˛ D .˛1; : : : ; ˛n/ 2 Rn;�

˛
ˇ

� ´ ˛.˛�1/���.˛�ˇC1/
ˇŠ

, ˛ 2 Z, ˇ 2 ZC;�
˛
ˇ

� WD �
˛1
ˇ1

� � � � �˛n
ˇn

�
, ˛ D .˛1; : : : ; ˛n/ 2 Zn; ˇ D .ˇ1; : : : ; ˇn/ 2 ZnC.

Functions
kf kA ´ supfjf .a/j W a 2 Ag, f W A ! C;
supp f ´ fx W f .x/ ¤ 0g D the support of f ;
P .Kn/ ´ the space of all polynomial mappings F W Kn ! K, K 2 fR;Cg;
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Pd .K
n/ ´ fF 2 P .Kn/ W degF � dg;

C".˝/ ´ the set of all upper semicontinuous functions u W ˝ ! R�1;
@f
@zj
.a/ ´ 1

2

�
@f
@xj
.a/ � i @f

@yj
.a/

�
, @f

@ Nzj .a/ ´ 1
2

�
@f
@xj
.a/ C i @f

@yj
.a/

�
D the formal

partial derivatives of f at a;
grad u.a/ ´ . @u

@ Nz1 .a/; : : : ;
@u
@ Nzn .a// D the gradient of u at a;

D˛;ˇ ´ . @
@z1
/˛1 B : : : B . @

@zn
/˛n B . @

@ Nz1 /
ˇ1 B : : : B . @

@ Nzn /
ˇn ;

Ck.˝; F / ´ the space of all Ck-mappings f W ˝ ! F , k 2 ZC [ f1g [ f!g (!
stands for the real analytic case);
Ck.˝/ ´ Ck.˝;C/;
Ck

0 .˝/ WD ff 2 Ck.˝/ W supp f �� ˝g;
LN ´ Lebesgue measure in RN ;
Lp.˝/ ´ the space of all p-integrable functions on ˝;
k kLp.˝/ ´ the norm in Lp.˝/;
L

p
loc.˝/ ´ the space of all locally p-integrable functions on ˝;

O.X; Y / ´ the space of all holomorphic mappings f W X ! Y ;
O.˝/ ´ O.˝;C/ D the space of all holomorphic functions f W ˝ ! C;
@f
@zj
.a/ ´ lim

C�3h!0

f .aChej /�f .a/

h
D the j -th complex partial derivative of f at a;

D˛ ´ . @
@z1
/˛1 B : : : B . @

@zn
/˛n D ˛-th partial complex derivative;

L
p

h
.˝/ ´ O.˝/\Lp.˝/ D the space of all p-integrable holomorphic functions on

˝;
L1

h
.˝/ ´ the space of all bounded holomorphic functions on ˝;

H .˝/ ´ the space of all harmonic functions on ˝, ˝ � C;
�H .˝/ ´ the set of all subharmonic functions on ˝, ˝ � C;
P�H .X/ ´ the set of all plurisubharmonic functions on X ;
Lu.aI �/ ´ Pn

j;kD1
@2u

@zj @ Nzk .a/�j
N�k D the Levi form of u at a.
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