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Preface

As aresult of the incorrect statement by A. Cauchy in his book Cours d’Analyse (1821)
that any separately continuous function on R x R is in fact continuous, a discussion was
generated as to whether certain separate regularity properties for functions in several
variables are in fact regularity properties with respect to all variables simultaneously.
While in the case of continuous functions this kind of implication fails to hold, the
situation of holomorphic functions is much better:

Any separately holomorphic function in several complex variables is automatically
holomorphic as a function of all variables.

This deep result was proved by Friedrich Hartogs in 1906. Since that time, gen-
eralizations of this result in various directions have been intensively pursued. Now,
more than a hundred years after the seminal work by Hartogs, we felt that the time had
come to gather some of the main streams of these developments into one single source
book. Since we have also been working in that area, we reached the conclusion that it
might even be our duty to complete such a project. The book may thus be understood
as a kind of hundredth anniversary of separate holomorphicity.

The book is divided into two parts. The first one, which is more elementary, deals
with separately holomorphic functions “without singularities”, while in the second part
the situation of existing singularities is discussed. For more details, the reader is asked
to consult the Introduction.

Holomorphic extension problems are important questions in several complex vari-
ables (SCV). Therefore, the book should be interesting for anyone seeking further
knowledge on this type of phenomena, in particular, for students (if they have attended
a course on SCV). We are confident that a part of this book will serve as a basis for
seminars on several complex variables and that other parts will lead to further research.

We do not claim that the text is easy (especially in Part II). However, to help the
reader as much as possible, much of the necessary prerequisite knowledge has been
collected in Chapter 3 (most of it without proofs but with hints on where to find them).
Moreover, most later sections begin with § ... showing which part of the previous
sections may be helpful in understanding the current one. As an orientation for the
reader, each chapter starts with a short summary of the topics one may find in it.

There are a few theorems for which no proofs are given; they are denoted by The-
orem*. Moreover, there are many points in the proofs that we have marked EXERCISE.
By this we mean that the reader is encouraged to write out the argument in more de-
tail than we have done. At the end of the book a list of general symbols with short
explanations is found; in addition, each chapter has its own list of symbols introduced
in it. Finally, from time to time we pose open problems (marked by ) that to
the best of our knowledge have not yet been solved. We encourage the reader to try to
solve them.



vi Preface

We want to point out that we, the authors, are responsible for all mistakes that may
be still in the text. It would be much appreciated by us if the readers could inform us
about any mistakes they have found, using our email addresses:

Marek.Jarnicki@im.uj.edu.pl, Peter.Pflug@uni-oldenburg.de.

Finally, it is our great pleasure to thank the following institutions for their support
during the writing of this book:

Jagiellonian University in Krakéw,

Carl von Ossietzky Universitdt Oldenburg,

Polish Ministry of Science and Higher Education — grant N N201 361436,

Deutsche Forschungsgemeinschaft — grant 436POL113/103/0-2.
Without this help it would have been impossible to finish this project.

We are deeply indebted to Dr. M. Karbe — Publishing Director of the EMS Publishing
House — for his constant help and to Dr. I. Zimmermann for taking care of the text.

Krakéw—Oldenburg, June 2011 Marek Jarnicki
Peter Pflug
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Introduction

Let us begin with the following (elementary) problem.
(S-€) We are given two domains D C R?, G C R? and a function

f:DxG—>R

that is separately continuous on D x G, i.e.,
* f(a,-) is continuous on G for arbitrary a € D,
* f(-,b) is continuous on D for arbitrary b € G.
We ask whether the above conditions imply that f is continuous on D x G.

It is well known that the answer is negative. However, recall that the answer was
not known for instance to A. Cauchy, who in 1821 in his Cours d’Analyse claimed that
f must be continuous.

L¢" Théoréme. Siles variables x, y, z, . .. ont pour limites respectives les quan-
tités fixes et déterminées X,Y, Z, . .., et que la fonction f(x,y,z,...) soit continue
par rapport a chacune des variables x,y, z, ... dans le voisinage du systéme des
valeurs particuliéres x = X,y =Y,z = Z,..., f(x,y,z,...) aura pour limite
f(X,Y,Z,...). A. Cauchy [Cau 1821], p. 39

See also [Pio 1985-86], [Pio 1996], [Pio 2000].
According to C. J. Thomae (cf. [Tho 1870], p. 13, [Tho 1873], p. 15, see also
[Rose 1955]), the first counterexample had been discovered by E. Heine:

sin(4 arctan ;—“) if y £0,

Soey)i= {0 if y = 0.

A simpler counterexample is the function

x—z):_yyz if (x, y) # (0,0),

0 if (x,y) = (0,0), )

f(x,y) ;:{

which was already known to G. Peano in 1884 (cf. [Gen 1884], p. 173).

Since the answer is in general negative, one can ask how big is the set Se(f) of
discontinuity points (a,b) € D x G of a separately continuous function f. A partial
answer was first given in 1899 by R. Baire ([Bai 1899], see also [Rud 1981]), who
proved that every separately continuous function f: R x R — R is of the first Baire
class, i.e. there exists a sequence (fx)7=, C €(R?, R) such that fy — f pointwise
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on R2. Consequently, if f: R x R — R is separately continuous, then f is Borel
measurable.

Several years ago I used to pose this question to randomly selected analysts. The
typical answer was something like this: “Hmm — well — probably not — why should
it be 7 The only group that did a little better were the probabilists. And there was
just one person who said: “Let’s see, yes, it is — and it is of Baire class 1 —and ...”.
He knew. W. Rudin [Rud 1981]

Moreover, S¢(f) must be of the first Baire category, i.e. Se(f) C Uz, Fk,» where
int F, = @,k € N. Bairealso proved thatif f: [0, 1]x[0, 1] — R is separately contin-
uous, then Se ( f) is an F,-set (i.e. a countable union of closed sets) whose projections
are of the first Baire category. Conversely, if S C [0, 1] x [0, 1] is an F5-set whose
projections are of the first Baire category, then there exists a separately continuous
function f: [0,1] x [0,1] — R with Se(f) = S (cf. [Ker 1943], [Mas-Mik 2000]).
Moreover, if S C [0, 1] x [0, 1] is an F,-set whose projections are nowhere dense,
then there exists a separately €°° function f: [0, 1] x [0, 1] — R with Se(f) = S
(cf. [Ker 1943]). Summarizing, the singularity sets S¢ () are small in the topological
sense. However, G. P. Tolstov ([Tol 1949]) showed that for any ¢ € (0, 1) there exists
a separately €°° function f: [0, 1] x [0, 1] — R such that the measure of Se(f) is
larger than e.

It is natural to ask whether the above results may be generalized to the case of
separately continuous functions f: R” — R, n > 3, i.e. those functions f for which
S, X1, Xj4+1, ..., Xn) € €(R) for arbitrary (x1,...,x,) € R" and j €
{1,...,n}. H. Lebesgue proved ([Leb 1905]) that every such a function is of the (n —1)
Baire class, i.e. there exists a sequence ( fx)7—, of functions of the (n —2) Baire class
such that fy — f pointwise on R”. In particular, every separately continuous function
f: R" — Ris Borel measurable. Moreover, H. Lebesgue proved that the above result
is exact, i.e. for n > 3 there exists a separately continuous function f: R” — R that
is not of the (n — 2) Baire class.

It is clear that one may formulate similar problems substituting the class € of
continuous functions by other classes ¥, e.g.:

o ¥ =€k = the class of €¥-functions, k € N U {oo, w}, where €% means the
class of real analytic functions,
e ¥ = H = the class of harmonic functions,
e F = S§H = the class of subharmonic functions (in this case we allow that
f:DxG — [—00, +00)).
Thus our more general problem is the following one.

(S-F) We are given two domains D C R?, G C R? and a function

f:DxG—>R
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that is separately of class ¥ on D x G, i.e.,
* f(a,-) € F(G) for arbitrary a € D,
e f(-,b) € F(D) for arbitrary b € G.

We ask whether f € ¥ (D x G).

Moreover, in the case where the answer is negative, one may study the set
S#(f):={(a,b) e DxG: f ¢ F(U) for every neighborhood U of (a, b)}.

Observe that the Peano function (*) is separately real analytic. Consequently, our
problem has a negative solution for ¥ = €¥ with arbitrary k € N U {co, } and,
therefore, one may be interested in the structure of Sex (). The structure of Seo (f)
was completely characterized in [StR 1990], [Sic 1990], and [Bto 1992] (cf. Theo-
rem 5.8.2). In particular, in contrast to Tolstov’s result, the set Sew ( /) must be of zero
measure.

Surprisingly, in the case of harmonic functions the answer is positive — every sep-
arately harmonic function is harmonic, cf. [Lel 1961] (Theorem 5.6.5).

In the case of separately subharmonic functions the answer is once again negative,
cf. § 5.8.2.

Analogous problems may be formulated in the case where D C C?, G C CY are
domains and f: D x G — C is a function that is separately of class ¥ with:

e ¥ = O = the class of all holomorphic functions,
e ¥ = M = the class of all meromorphic functions.

In the case of holomorphic functions the answer is positive — every separately holo-
morphic function is holomorphic (Theorem 1.1.7) — this is the famous Hartogs theorem
(cf. [Har 1906]). In the sequel we will be mostly concentrated on the holomorphic case.
We would like to point out that investigations of separately holomorphic functions be-
gan in 1899 ([Osg 1899]), that is almost at the same time as Baire’s first results on
separately continuous functions ([Bai 1899]).

Since the answer to the main question (S-() is positive, we may consider the
following strengthened problem.

(S-Oy) We are given two domains D C C?, G C C¥4, a non-empty test set B C G,
and a function f: D x G — C such that:
e f(a,’) € O(G) foreverya € D,
e f(-,b) € O(D) for every b € B (only in B).
We ask whether f € O(D x G).
The problem has a long history that began with M. Hukuhara [Huk 1942] (Theo-
rem 1.4.2). (We have to mention that there was a misunderstanding related to the year
of publication of [Huk 1942]. Many papers (including ours) name 1930, but the reader

may verify (pp. 281-283) that, in fact, it was 1942.) The problem has been continued in
[Ter 1967], [Ter 1972], see Theorems 4.2.2 and 4.2.5; compare also the survey article
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[Pl 2003]. Terada was the first to use the pluripotential theory — the newest tool at that
time. Roughly speaking, the final result says that the answer is positive iff the set B is
not pluripolar (i.e. B is not thin from the point of view of the pluricomplex potential
theory, cf. Definition 2.3.19).

The problem (S-Oy) leads to the following general question.

(S-O¢) We are given two domains D C C?,G C C9, two non-empty test sets ACD,
B C G. We ask whether there exists an open neighborhood X C D x G of
the cross X := (A x G) U (D x B) such that every separately holomorphic
Sunction f: (Ax G)U (D x B) — C, ie,

* f(a,’) € O(G) foreverya € A,
s f(-,b) € O(D) forevery b € B,
extends holomorphically to X.

Note that (S-Oy) is just the case where A = D (and, consequently, X = X =
D x G).

Investigations of (S-O¢) began with [Ber 1912] and have been continued for in-
stance in [Cam-Sto 1966], [Sic 1968], [Sic 1969a], [Sic 1969b], [Akh-Ron 1973],
[Zah 1976],  [Sic 1981a],  [Shi 1989],  [NTV-Sic 1991],  [NTV-Zer 1991],
[NTV-Zer 1995], [NTV 1997], [Ale-Zer 2001], [Zer 2002]. It turned out (Theo-
rem 5.4.1) that if the sets A, B are regular (i.e. every point of A (resp. B) is a density
point of A (resp. B) in the sense of the pluricomplex potential theory, cf. Defini-
tion 3.2.8), then such a neighborhood X exists.

Similar questions as above may be formulated for a boundary cross. To be more
precise:

(5-Op) Weare giventwo domains D C C?,G C C? and two non-empty sets A C 9D,
B C 0G. We ask whether there exists an open subset Xof DxGwithX C X
such that every function f: (A% (G U B)) U ((D U A) x B) — C for which

* f(a,’) € O(G) foreverya € A,
e f(-,b) € O(D) forevery b € B,
e f(a,b) = lim f(z,b)= lim f(a,w),(a,b) € Ax B (the limits
D>3z—a Gaw—b
are taken in a certain sense, e.g. non-tangential),

extends to an f € (9()? ) and

A

fla,b)= _ lim f(z,w), (a,b)e X,
X3(z,w)—(a,b)

cf. e.g. [Dru 1980], [Gon 1985], [PfI-NVA 2004], [PfI-NVA 2007], see Chap-
ter 8.

So far our separately holomorphic functions f: X — C had no singularities on X .
The fundamental paper by E. M. Chirka and A. Sadullaev ([Chi-Sad 1987]) and next
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some applications to mathematical tomography ([Okt 1998], [Okt 1999]) showed that
the following problem seems to be important.

(S-0s) Suppose that X is a solution of (S-Oc¢). We are given a relatively closed “thin”
set (in a certain sense, e.g. pluripolar) M C X := (A x G) U (D x B). We
ask whether there exists a “thin” relatively closed set M C X such that every
separately holomorphic function f: X \ M — C, i.e,

¢ f(a,-) is holomorphic in {w € G : (a,w) ¢ M} forevery a € A,
¢ f(-,b) is holomorphicin {z € D : (z,b) ¢ M} forevery b € B,
extends holomorphically to X \ M.

The problem (S-Og) has been studied for example in [Sic 2001], [Jar-Pfl 2001],
[Jar-Pfl 2003a], [Jar-Pfl 2003b], [Jar-Pfl 2003c], [Jar-Pfl 2007], [Jar-Pfl 2010a],
[Jar-Pfl 2010b], [Jar-Pfl 2011], see Chapter 10. Observe that the case where M = &
reduces to (S-Oc¢).

Analogous problems may also be stated for separately meromorphic functions,
but their solutions are essentially more difficult. For example, the Hartogs problem
corresponds to the following question for separately meromorphic functions.

(S-M) We are given two domains D C C?, G C C4, a “thin” (in a certain sense)
relatively closed set S C D x G, and a function f: D x G \ S — C that is
separately meromorphic on D x G, i.e.,

¢ f(a,-) extends meromorphically to G for “almost all” (in a certain sense)
aeD,

* f(-,b) extends meromorphically to D for “almost all” b € B.

We ask under what assumptions on S the function f* extends meromorphically
to D xG.

The problem has been studied for instance in [Kaz 1976], [Kaz 1978], [Kaz 1984],
[Shi 1989], [Shi 1991], [Jar-Pfl 2003c], [Pl-NVA 2003], see Chapter 11.

All the above problems may be formulated also for more general objects than crosses
and in the category of Riemann domains over C” and/or complex manifolds.

Notice that, instead of complex-valued functions f: X — C, we may discuss
mappings f: X — Z with values in a complex manifold or even a complex space
Z. We will not go in this direction. Let us only mention that in this general case
results may be essentially different than for complex-valued functions. For example
([Bar 1975]), let f: C x C — C be given by

(z1+22)*
T if z1 # 25,

f(z1,22) == {00 ifz; =2, #0,
0 ifZ]ZZZZO.

Then f is separately holomorphic but nevertheless, it is not continuous at the origin.
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On the other hand we have the following positive result (cf. [Gau-Zer 2009]). Let
P™ be an m-dimensional complex projective space, let D C C” be a domain, and let
f: D — P™ be such that for any (a1,...,a,) € D and j, k € {1,...,n}, j <k, the
function

(zj,zr) = flar,....aj—1.Zj, 041, ..., 0k—1, 2k, Ak+1,- -+ qn)

is holomorphic in an open neighborhood of (a;, ax). Then f is holomorphic on D.

See also [Shi 1990], [Shi 1991], [LMH-NVK 2005] for characterizations of those
complex spaces Z for which Hartogs’ theorem on separately holomorphic mappings
f: D — Z hold.
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Cross theorems without singularities






Chapter 1
Classical results I

Summary. The chapter has an introductory character and collects those fundamental results related to
separately holomorphic functions which can be proved by using only “classical” methods of complex analysis,
without pluripotential theory. The main result is the famous Hartogs theorem (Theorem 1.1.7) which says
that every separately holomorphic function is in fact jointly holomorphic. The key tool used in the proof is
the Hartogs lemma (Lemma 1.1.6). We present two (rather non-standard) independent proofs of this lemma
based on Leja’s polynomial lemma (Lemma 1.1.8) and Koseki’s lemma (Lemma 1.1.9). Subsection 1.1.4
contains counterexamples to certain “weakened” versions of the Hartogs lemma. Observe that, in contrast
to the holomorphic case, separately continuous functions need not be jointly continuous. This leads to
certain intermediate “separately continuous-holomorphic” problems. One of them is presented in § 1.2. As
an application of the Hartogs lemma, in § 1.3 we present a characterization of separately pluriharmonic
functions. Finally, in § 1.4, we begin our discussion of the so-called Hukuhara problem related to those
functions that are holomorphic in all “vertical” directions but only in certain “horizontal” ones. The complete

answer needs pluripotential theory and will only be possible in § 4.2.

1.1 Osgood and Hartogs theorems

Definition 1.1.1. For an open set @ # 2 C C” let O(£2) be the space of all functions
holomorphic on §2.

We say that a function f: 2 — C is separately holomorphic on £2 (we write
f € O4(£2)) if for any a = (a1,....a,) € £2 and j € {1,...,n}, the function
¢~ flar,...,a;-1,8,aj41,...,ay) is holomorphic in an open neighborhood of a;
(as a function of one complex variable).

For f: 2 — C, let So(f) denote the set of all points a € §2 such that f ¢ O(U)
for every open neighborhood U C §2 of a.

Clearly, O(£2) C 0O4(£2) and Se(f) is closed in §2. The natural problem is
whether O5(£2) = O(£2), i.e. whether every separately holomorphic function is jointly
holomorphic. In other words, we ask whether Sg(f) = @ for arbitrary f € O5(52).

At the end of the 19™ century, due to the Cauchy integral representation, the fol-
lowing equivalence was well known.

Theorem 1.1.2. Let 2 C C" be open and let f: 2 — C. Then the following
conditions are equivalent:

(1) f is complex differentiable at any point of $2;
(i) f € 0(£2);
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(iii) f € O5(82) N E(£2).
Proof. EXERCISE. O

Thus O5(£2)NE(2) = O(£2). The first result dealing with separately holomorphic
functions without the continuity assumption was the following one.

Theorem 1.1.3 (Osgood). (a) [Osg 1899] If f € O5(82) is locally bounded, then f is
continuous. Consequently, by Theorem 1.1.2, O5(82) N L2 (82) = O(£2).

(b) [Osg 1900] Suppose thatn = p + q and f: 2 — C is such that for every
(a,b) € 2 C C? xC1 the functions z — f(z,b) and w — f(a,w) are holomorphic
in neighborhoods of a and b, respectively (e.g, n =2, p = q = 1, f € 05(£2)).
Then the set So(f) is nowhere dense in 2.

Define (cf. Symbols, p. 285)

|zlloo := max{|zi|,....,|znl}, 2z =(z1,...,2n) € C",
Pla,r) = Py(a,r) :={zeC": |z—a|oo <7}, a€C" 0<r < +4oo,
P(r) = Pu(r) := Py(0,7),
D(a,r) := Pi(a,r), D(r):=Pi(r), D:=D(l), T =aD.

Proof. (a) Nowadays standard proofs of (a) are based on the Schwarz lemma. If
| f(z)] < C forz € P(a,r) C £2, then

[ f(2) = f@)| < 1f(z1,22.23,....20) — f(a1,22,23, ..., 2p)|
+ | f(ay,z2,23,...,24) — f(ai,az2,23,...,2,)|
+”.+ |f(ala'--’an—lvzn)_f(alv"'van—lvan)l

C
< T(|Z] —ai|+|z2—az| + -+ |zn — anl),

and consequently f is continuous at a.
(b) follows from a Baire argument. Let P,(a,r) x Py(b,r) CC £2 be arbitrary.
Define

Ax i={z € Pp(a,r) : Vyep, ) : | f(z,w)| <k}, keN

Then Ay is closed in P,(a, r) and P,(a, r) = | Jr—, Ax. Hence, by Baire’s theorem,
there exists a ko such that Ay, has a non-empty interior. Thus f is bounded on a non-
empty open set U = P,(c,8) x Py(b,r) C Py(a,r) x Py(b,r). By (a), f € O(U).
Hence U C 2\ So(f). O

Remark 1.1.4. Another proof of Theorem 1.1.3 (a), based on Montel’s theorem, may
be done by induction on 7.

Indeed, suppose the result is true for n — 1 and let f € O5(£2) be locally bounded.
We only need to show that f is continuous.
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Take a polydisc P(a,r) CC £2. Write z = (z/, z,) € C"~! x C. Take a sequence
P(a,r) > a* — a such that f(a¥) — o € C. We want to show that « = f(a).
Since f is locally bounded in £2, the sequence (f((a*)’, Niey € O(D(ay,r)) is
locally bounded. By Montel’s theorem, there exists a subsequence (k;)$2; such that
f((@®sY,-) — g locally uniformly in D(a,, r) with g € O(D(ayn,r)).

By the inductive assumption, f'(-,z,) € O(P,—1(a’,r)) for all z,, € D(ay,r). In
particular, f(-,z,) € €(Py,—1(a’,7)) for all z, € D(a,,r). Thus g = f(d’,-) and,

finally, @ = lims— 400 f((@*), ax’)) = g(an) = f(a).

Remark 1.1.5. Observe that the assumption in Theorem 1.1.3 (a) may be weakened,
namely:

If f € O5(82) is locally integrable, then f is continuous. Consequently, by Theo-
rem 1.1.2, O5(2) N L\ .(2) = O(£2).

Indeed, take a polydisc P(a,r) CC £2. Then the one-dimensional Cauchy integral
formula gives

1 fCr.z2,...,2n)
=5 ——d
O = oz @) S1—21 3
oL nE f(& . ) 1
B 2w BD(al,r)('“(zni /B[D(an,r) $n—Zn d{n)---)zl_mdé],

z =(z1,...,2n) € P(a,r).

Since f is integrable on dgP(a,r) := 0D(ay,r) X --- x dD(ay,r), we may apply
Fubini’s theorem, which gives

(LY S@ieln)
f(Z) - (27Tl) /Z;OIP(a,r) (é‘l _Zl)...(é-n —Zn)dé-l dénv
z=(z1,...,2zy) € P(a,r),

and consequently, f is continuous on P(a, r).

W. Osgood also observed that the proof of Theorem 1.1.3 (b) gives more. Namely,
it shows that in order to prove that O;(£2) = O($2) for an arbitrary open set £2 C C”",
it suffices to check the following lemma.

Lemma 1.1.6. Let f: D(r) x Py, (r) — C be such that
e f(a,-) € O(Py(r)) for every a € D(r),
e £ eO(D(r) x Py(8)) for some O < § <r.
Then f € O(D(r) x Pp(r)).
Proof that Lemma 1.1.6 implies that O5(52) = O(5§2). We use induction on n. For

n = 1 the theorem is trivial. Suppose that O5(2) = O (£2) for an arbitrary open
set 2 C C"L.
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Fix 2 C C" =C xC" !and f € O4(£2). It is sufficient to show that f is holo-
morphic in a neighborhood of an arbitrary point (zg, wg) € §2. Let P, ((zo, wo), 27) C
§2 and let

A ={w € Po_1(wo,7) : Vzen(zo,r) : | f(zow)] <k}, keN.

Since f(z,:) € €(P,—1(wo,2r)) for arbitrary z € D(zg,2r) (by the inductive as-
sumption), the sets Ax are closed in P,—1(wo, 7). Moreover, we have | ;¢ Ak =
Pn—1(wo, 7). Using Baire’s property we conclude that int Az, # @& for some ko. Let
Pr—1(£0,68) C Ag,. Inparticular, by Theorem 1.1.3 (a), f € O(D(zo,7)xPy—1(%0.9)).
Now we apply Lemma 1.1.6 (with m := n — 1) to the function

D(r) x Pp—1(r) 3 (z,w) = f(z0 + 2,50 + w),

and we conclude that f € O(P,((zo, &), r)). It remains to observe that (zg, wg) €
P ((20.80). 7). [

Finally, F. Hartogs, based on the above remark by Osgood, finished the discussion
on the equality O;(£2) = O($2) and proved in [Har 1906] the following theorem.

Theorem 1.1.7 (Hartogs’ theorem). Lemma 1.1.6 is true. Consequently, O5(82) =
O (82) for an arbitrary open set 2 C C".

In his proof Hartogs used for the first time methods from potential theory in complex
analysis. Nowadays there exist various proofs of Lemma 1.1.6. We present below two
of them:

* Leja’s proof [Lej 1950], based on Leja’s polynomial lemma (Lemma 1.1.8),

» Koseki’s proof [Kos 1966], based on an elementary version of the Hartogs lemma

for special subharmonic functions (Lemma 1.1.9).

We like to point out that both proofs are based on classical complex analysis and
are independent of the Hartogs lemma for plurisubharmonic functions (cf. Proposi-
tion 2.3.13).

1.1.1 Leja’s proof

Let $(C") denote the space of all complex polynomials of n complex variables. For
A C C, letdiam A := sup{|z — w| : z, w € A} be the diameter of A.

Lemma 1.1.8 (Leja’s polynomial lemma, cf. [Lej 1933a], [Lej 1933b]). Let K C C
be a compact set such that

inf{diam S : S is a connected component of K} > 0
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(e.g. K is a compact connected set having more than one point (continuum)). Let
F C P(C) be such that

Vzex : sup |p(z)| < 400,
pPEF

i.e. ¥ is pointwise bounded on K. Then

VaEK Vw>1 EIM=M(K,a,a),‘?7)>O E]n=17(K,a,w)>O Vpe.?' : sup |P(Z)| = deegp’
z€D(a,n)

or equivalently (EXERCISE),

. d
Vos1 IM=MEK.0,%)>0 32=02(K.0) open VpeF 1 sup [p(z)| < Mw™e?.
KCc zER

Notice that 7 and §2 are independent of % .

Proof. Let r > 0 be such that diam S > 2r for every connected component S of K.
Step 1°: Let A C [0, 7] be a closed set with m := £'(A4) > 0. Then for every

d € N there existtg,...,t5 € A,0 <1ty <--- <ty <r,such that

kZ _ j2

=tz —:

m, jk=0,....d j<k

Proof of Step 1°. Let to = min 4, s := fo + J3m. Then Ay := A\ [0, 5o). Observe

that A is closed and non-empty (if A C [to, So), thenm = £1(A) < 59—ty = ;—zzm <
m — a contradiction).

. 2_12 2_02
Put#; ;= min 44, 51 := 11 + 2d21 m. Thent; —ty > sg —tp = 1d20 m. Let

Ay := A\ [0, s1); A is again closed and non-empty (if A C [to, 50) U [t1, 51)), then
2 . . .
m<sog—ty+s—1H = %m < m - a contradiction). Let #, := min A,. Then
22_12
d2

We continue and we get tg, ..., f7—1 ;= min Ag_1, Sg—1 ‘= t4—1 + m,

Ag = A\ [0,54—1). Suppose that A; = @. Then A C [to, o) U -+ U [tg—1,54—1)
2 ..

and hence m < sg —fo + -+ + Sg_1 —tg_1 = Z—zm = m — a contradiction. Thus

d?—(d—1)?
a2

bh—hhz8—hH=
d2—(d—1)?
2

ty :=min Az is well defined and t; —ty_1 > sq_1 —t4—1 = m.
Step 2°: Forany B C K and a € K, let
7a(B) :={t €[0,r] : BN dD(a,t) # T}.

Observe that if B is closed, then so is 7, (B) (EXERCISE).
Step 3%: Let

1 2 2
I(a) :=exp (/ log #dx), a>0.
0 X



14 1 Classical results I

Observe that log /(o) = log(1 + o?) + 2« arctan(1/a) (EXERCISE). In particular,
log I(ar) < (7w + ).
From now on p is an arbitrary polynomial from the family ¥ and d = deg p.

Step 4°: For any closed set B C K, a € K, and n > 0 we have

125y < IlpllBI@)]%.

where

+r—m
IPlle = suplpl. 4= ma(B). mi= £1(A), @i= [T ==

In particular, if B = K, then A = [0, ] and, consequently,

Iplxor < IplxlI(v/n/r1¢,
where K := Usex P, (a, n); notice that K ) s also compact (EXERCISE).

Proof of Step 4°. The case where m = 0 is obvious. Assume that m > 0. Let
to,...,tq be as in Step 1°. Take arbitrary zx € B N dD(a, k), k = 0,...,d. Let
Ty :={z0,...,24},

d
L&, Ty) = ]_[ sz—Zz] . k=0,... .4,
J

J?ék

be the Lagrange interpolation polynomials with nodes at T;. If z € D(a, 1), then
2
|z —zj| <|z—al|+ |z] —a| < n+t;. Moreover, since r —t; > td —t >

d
- d2 m7
wegett; <r—m+ ﬁm, and, consequently, |z — zj| < (® + d—z)m, j=0,....d.

2_:2 . =
On the other hand, |zx —z;| > |tx — tj| > “‘d—zjlm. Thus, if z € D(a, 1), then

a2 d 2 j2
+ L 3 (*) —2 (k)
IL® (2, Ty)| < 1‘[ e 1‘[ S = 2l@)
Jj=0 d2 =1 dz

J#k
where () follows from the inequality ]_[‘Jl-zo |j2=k? = 2(d +k)(d —k)! = 1(d!)?
j2k

(EXERCISE), and () follows from the fact that the function [0, 1] > x + log
is decreasing and, therefore (EXERCISE),

a2 4x2
X2

1 o2+ Lo 1 24 42
- E log_—zd 5/ log %dx = log I (@).
N 0 X



1.1 Osgood and Hartogs theorems 15

Observe that p*(z) = Zid:() P (zr) LY (z, Tyq), z € C. Hence, for z € D(a, 1),
we have

sd
PP = | > P ELPE Ta)| < Iplsd + D201 @),
k=0

which implies that
lp@)| < llplls¥/2(sd + DI ()]’
It remains to let s — +o00.
Step 5°: Let (K. s)5=; be a sequence of compact subsets of K such that Ky C K1,

K = |52, K. Then for every n > 0 there exists a sequence (m;(1))52, C [0,7]
with mg(n) — r such that

Ipllken < IpI&[I(/n/r)(as)]?,

as = L’/ns(n)’ S € D\]'
m (1)

Proof of Step 5°. Take a;....,ay € K such that K C {Ji_, D(agx.n) =: L. Let
A5 = 74, (Ks). Then A s /' [0,r]whens /' +oo, whichimplies that £!(4x 5) /
rwhens /" 400,k =1,...,N.Putmg(n) := ming—y,._ N cf(il(Ak,s). It is clear that
mg(n) — r. Fix an s € N. Then, by Step 4° (with B := Kj), we get

where

1215y < PNk (@rs)]? < lIpllx, [T (),

a — U*‘V—'il(AkJ)
fos - ' (Ary)

where

Hence,
Pl < llpl&, (@)’
and, finally, by Step 4°, we get the required inequality.
Step 6°: Let
Ky :={ze K :Vpex :|p(2)| <s}, seN

Observe that K is compact, Ky C Ks4+1,and K = U;’il K (because ¥ is pointwise
bounded on K). Let Fy 4 = {zs,0,...,Zs,4} be the d-th system of Fekete points for
Ky, i.e. F 4 realizes the maximum of the continuous function

K;Hl > (z0y...,2q) > l_[ |zj — zk|.
0<j<k=<d
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Observe that |[L%)(z, Fy.4)| < 1forz € K,. Hence, by Step 5°, we get

d
P =| Y P LD Fa)| < s + DUG/ D)
k=0

where z € KM s € N.

Step 7°: We move to the main proof. Fix an w > 1. Let dy = do(w) € N
be such that ¥d +1 < ¥w ford > dy. Let n = n(r,w) > 0 be so small that
I(\/n/_r < /w. Finally, let so = so(r, w) € N be such that I(ag) < 3w fors > so.
In view of Step 50 if d > d,, then

Ipllgon < s(d + D[I(/n/r)I(e)]? < s

It remains to find an estimate for d < do. Let S := {zo,...,z4,} C K be an arbitrary
set of dyp + 1 pairwise distinct points. Put

My := max sup |p(zx)| < 4o0.
k=o,..., d0p€.77

Then, for d < dy we get

do
Wm=QHMM®@$§%M§%MM,mKW
k=0

where M := max, e g(n |L(k)(z, S)|. It remains to put M := max{so, MOM}. O

Proof of Lemma 1.1.6 via Leja’s polynomial lemma (cf. [Lej 1950]). Letn := 1+m.
Observe that it is sufficient to show that f € O (P, (r’)) for arbitrary 0 < r’ < r. Thus
we may assume that | f| < C < 4o00in D(r) x P, (8) and f(z,-) is bounded for any
z € Py (r). We have

few)= )" fu@uw® zeDr), we Py(r),

m
an+

where
fa(z) = —(D"‘f(z 9)(0) = (D("“’f)(z 0, zeD(), aeZ?.

The last equality follows from the fact that f € O(D(r) x P, (8)). In particular,
fo € O(D(r)) for arbitrary or. Moreover, by the Cauchy inequalities, we obtain

|fu(2)| < C/8°, zeD(r), a eZ?. (1.1.1)
Applying once more the Cauchy inequalities (for the function f(z,-)), we have

[PACP) [

r|0‘|

| fa(2)] < , zeD(r), a €. (1.1.2)
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Consequently,
limsup | fo ()| < 1/r, z € D(r).

|| =400

Our aim is to show that the series Zaeziﬁ fa(z)w® converges locally normally in
D(r) x Py (7).

Take an arbitrary 6 € (0, 1) and let @ > 1 be such that § := @26 < 1. Fix a point
aeD(r)and0 < p <r —Ja|. Let 0 < pg < p be so small that rpy < wdp. Write

Ju(2) =) fux(z—a)*, zeD(a.r—|al),
k=0

||

pa(2) =Y fukz— )k, F = (/@) pa 0 € 77,
k=0

In view of (1.1.1), the Cauchy inequalities imply that

|fa,k

<
8|a|p

Consequently, in view of (1.1.2), if z € D(a, po), then

o Jee] C le|
P = 1@+ Y ket =co)(2)" + 0 (2) " g
o

r
k=|al+1 P

<co(2)+ () <o (D) (D)

7 e, 7

Hence, the family % is pointwise bounded on D(a, po). By Leja’s polynomial lemma
there exist 0 < < pp and M > 0 such that

(r>|a\ <M || D Zm
5 |pa(2)| — w ’ ARS (Cl, 77)7 o € +-

Finally, for (z, w) € D(a, n) x Py, (6r) we get
o
fa@u®] = (1P + €1 (Z) ) @r)
< M(@2%0)® + C1(00) < (M + €10/,

which implies that the series ) _, ez Jfo(z)w® converges normally in D(a, n)x P, (07).
O
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1.1.2 Koseki’s proof

The main ingredient of Koseki’s proof is the following lemma (cf. Proposition 2.3.13).

Lemma 1.1.9 (Koseki’s lemma, cf. [Kos 1966]). Let 2 C C be open, ¢, € O(£2),
pv > 0,v > 1. Assume that the sequence (|¢y|PV)5, is locally uniformly bounded in
2 and

limsup |, (2)|PY <c¢, z €.
v—>+00

Then for any K CC §2 and ¢ > 0 there exists a vy such that
low(@)[PY <c+e z€K, v=wp.

Proof. The result is local — it is sufficient to show that for any ¢ > 0 and a € £2 there
exist a disc D(a, 1) C £2 and vy such that

lpv(2)|PY <c+e zeD(a,n), v=v.

We may assume that 2 = D(2),a = 0. Let C > 0 be such that |p,|?* < C in D for
arbitrary v. We may also assume that ¢, %% 0, v > 1. Write ¢, = B, ¥, in D, where
B, is a finite Blaschke product and v, has no zeros in D. Let y,, € @ (D) be a branch
of 2" in D. Given arbitrary ¢ € dD, we have

limsup |, (2)] = lim sup [y, ()|* = lim sup ¢, ()| < C.

D>z—¢ D3z—¢ Daz—¢

and so |yy| < C in D, v € N. In particular, the family (x,)}Z; is equicontinuous in
D. Fix ane > O and let 0 < 1 < 1 be such that |y, (z) — x»,(0)| < &/2 for z € D(n)
and v > 1. Then

oo )P < [Yu(2)” = Ix(2)] < &/2+ [(u(0)], 2z €D, v =1,

It remains to estimate y,(0). Observe that

1 2w 0
O 5 [l ds. vz,

27 0

Let _
Ap :=1{6 €[0,2n]: |g0v(e‘9)|p“ <c+e/4, v=>k}.
The sets Ay are closed, Ax C Ag+1,and ey Ak = [0,27]. For v > k we have
1 . .
([ teeniras [ jgetyiras)

27\ Ja, [0,271\ Ay

(e + /L (A) + COm — L(AR) =+ /4,

IA

[xv(0)]

IA

where £! denotes the Lebesgue measure in R. Hence |y, (0)| < ¢ + &/2 forv > 1.
O
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Proof of Lemma 1.1.6 via Koseki’s lemma. We begin as in the proof based on Leja’s
polynomial lemma:

fEw)= )" fu@u®, zeD(), we Py,

aEZ'ﬁ
where
Ju € O(D(). |fu(2)| =C/8*. zeD(r). acZ?,
lim sup |f0,(z)|1/|°‘| <1/r, zeD(r).
|a| =400
Write 7% = {a1,a2,...} so that |o,| < |ay4+1], v = 1,2,.... Let 2 := D(r),

@v = fa,» pv = 1/]ay|. Fixa 6 € (0, 1) and let & > 0 be such that (1 + re)6 < 1.
Applying Lemma 1.1.9to K := D(6r), we obtain |¢, (z)|P < 1/r +¢eforz € D(0r)
and v > vg. This means that

|fa@] < (1/r +), zeD®r), o > 1.
Hence
| fu(D)w®| < (1 +re)®)®, 2z e D@Or), w e Pu(0r), || > 1.

Consequently, the series Zaezqn_ fo(z)w*® is convergent normally in P, (6r), which

implies that f € O(P,(6r)). Since 8 was arbitrary, we conclude that f € O(P,(r)).
O

1.1.3 Applications

Theorem 1.1.7 permits us to generalize Lemma 1.1.6 to the following useful form.

Proposition 1.1.10. (a) Let D C C?, G C CY? be domains and let @ # B C G be
open. Let f: D x G — C be such that

e f(a,) € O(G),a € D,

* f(-wb) e O(D), b € B.

Then f € O(D x G).

(b) Let D C C?, 2 C D x C? be domains such that for every a € D the fiber
@,y :={w € C7 : (a,w) € 2} is connected. Let U C §2 be an open set such that
for every a € D the fiber U, .y is non-empty. Let f: 2 — C be such that

s f(a,’) € O(2@,)), a €D,

e fel).

Then f € O(£2).
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Proof. (a) Observe that Hartogs’ Theorem 1.1.7 implies that f € O(D x B).

First, consider the case where D = D?, G = D9, and B = P,;(5). We apply
induction on p. The case p = 1 reduces to Lemma 1.1.6. Assume that p > 2.

By virtue of Hartogs’ theorem, it suffices to prove that f € O5(D?*9). In fact,
we only need to check that f(-, w) € O4(D?) for every w € D?. Fix a € D? and
j €{l,..., p}. Define

gt w) = f(ar,....aj-1.{,aj41,....ap,w), (¢, w) e DxDI.

Then g satisfies all the assumptions of the lemma with p = 1. Consequently, g €
O (D x DY), which shows that f is holomorphic as a function of z;.

In the general case let £2 denote the setof all (a, b) € D xG suchthat f € O (U) for
an open neighborhood U C D x G of (a, b). It is clear that £2 is open and non-empty.
The first part of the proof shows that if (a,b) € 2, then {a} x G C £2 (EXERCISE).
Thus 2 = D x G.

(b) EXERCISE. O

Exercise 1.1.11. (a) Find a counterexample showing that Proposition 1.1.10 (b) may
be not true if the fibers §2(, . are disconnected for some a € D.

(b) Prove that Proposition 1.1.10 (b) remains true for arbitrary open 2 C D x G if
for all a € D each connected component of 2, .) intersects U, ..

As afirstelementary application of Hartogs’ Theorem 1.1.7 we present the following
remark on separately polynomial functions; more developed results will be presented
in § 5.3.

Corollary 1.1.12. Let f: C" — C be separately polynomial, i.e. for any (ay, ...,
ay) € C"and j € {1,...,n}, the function

Cozjw flai,....aj-1,.2j,aj41,...,4p)
is a polynomial. Then f € P(C").

Proof. We use induction on n. The case n = 1 is trivial. Suppose that the result is true
forn—1. By Hartogs’ theorem f must be holomorphic. Write f in the form of the Har-
togs series f(z',zy) = Y ooy f5(2))z5, (z/,24) € C"" ! x C, where f; € O(C"™1),
s €Zy. Put Ay :={z' € C" ' : Vosi 1 f5(z') = O}, k € Z; notice that each Ay
is closed. Since f is separately polynomial, we get | Jg—, Ax = C"~1. Consequently,
Baire’s theorem implies that int Ay # @ for a d, which, by the identity principle
for holomorphic functions, gives fy = 0, s > d. Thus f(z/,z,) = Zfzo fs(2)z,
(z',zy) € C" ! x C. Observe (EXERCISE) that the functions f,..., f; must be
separately polynomial in C*~!. Thus, by the inductive assumption, they are also
polynomials. O
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1.1.4 Counterexamples

Proposition 1.1.10 (a) is not true without the assumption that f € @ (D x B) for some
open set @ # B C G (even if f satisfies some additional regularity conditions). This
was already observed by Hartogs [Har 1906]. Other counterexamples were constructed
for example by Leja ([Lej 1950]) and Fuka ([Fuk 1983]).

Following T. T. Tuichiev [Tui 1985] (see also [Sad-Tui 2009]), let us consider the
following more general problem. We are given a domain D C C? and a function
f: D xD(R) - C (0 < R < +00) such that f(z,:) € O(D(R)) for every z € D.
Write

few) =Y fewk, (z.w) e D x D(R).
k=0

and assume that f; € O(D), k € N. Notice that this condition is automatically
satisfied if f € O (D x D(§)) for certain 0 < § < R (cf. the proofs of Lemma 1.1.6).

Using Lemma 1.1.6 one can easily prove that So(f) = S x D(R) (EXERCISE). In
the sequel we will be able to show that S is nowhere dense (Theorem 4.1.1).

Remark 1.1.13. Observe that not every relatively closed nowhere dense set S C D is
such that S x D(R) = Sp(f) for a certain f.

For example, it is excluded that there exists adomain G CC D suchthat SNG # @
and S NG = @.

Infact, since f is holomorphic in a neighborhood of dG xD(R), we may assume that
| f] < C ondG xD(r) foran 0 < r < R. Consequently, by the Cauchy inequalities,
| fi]| < C/r* on dG, k € N. Thus, by the maximum principle, | fx| < C/r* in
G, k € N. In particular, the series > 3>, fx(z)w* converges locally uniformly in
G x D(r). Thus f € O(G x D(r)); a contradiction.

In particular, if p = 1, then S N D(a, po) is not polar for every disc D(a, pg) C D
such that S N D(a, po) # 2.

In fact, suppose that S N D(a, pg) is polar. Then there exists a p € (0, pg) such that
dD(a, p) NS = @ (cf. Proposition 2.3.21). Thus we may take G := D(a, p).

We are interested in those cases where So(f) # @. Following ideas from
[Tui 1985], we get the following general result.

Example 1.1.14. Let D := C, R := 400, and let S C C be a closed nowhere dense
set such that U := C \ § is connected and simply connected. Then there exists a
sequence of polynomials (Pg)7—, C #(C) such that:

(a) the series f(z,w) := Y po; Pk (z)w* pointwise convergent on C x C, and
locally uniformly convergentin U x C (so f € O(U x C)),

(b) So(f) =S xC.

Indeed, using the Riemann mapping theorem, we have a biholomorphic mapping
¢: U — D. Put K = (p_l(I]_D(kk?)), k € N. Then Kj is compact, U \ Ky is
connected, Ky C int K41, and U = U/io=1 K. Let ri > 0 be such that K C @(rk)
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andry /' +oo. Let S := SND(r). Observe thatforeachk € N the set C\ (KxUSy)
is connected. For, take two points a,b € C \ (K U Sg) and try to find a connecting
curve y: [0,1] - C\ (Kx U Sy). Ifa, b € U, then we may find such a curve because
the set U \ K is connected. Thus, suppose that e.g. @ € S. Then |a| > ri. Since
S is nowhere dense, there exists an a’ ¢ S such that [a,a’] N (Kx U D(r¢)) = @ (in
particular, [a,a’] C U \ (K U Si)). If also b € S, then we may construct in a similar
way a point b’ € U \ K. If b € U, then we take b’ := b. Now it remains to connect
a’ with b’ in U \ K.

Since S is nowhere dense, there exists a sequence (ax)y~; C U such that a; €
U\ Ki, k € N, and each point of S is an accumulation point of this sequence
(EXERCISE).

Making use of Runge’s approximation theorem, we find a sequence of polynomials
(Pr)3>; C P(C) such that for each k € N we have |Px| < 1/k! on K; U Si and
|Pr(ar)] = k! + Y¥2H Poap)

Then (a) is obviously satisfied. To get (b), we only need to show that f is unbounded
near every point (zg, 1) € S, x Cy. Indeed, for k > ko we have

k—1 00 00

1
|[f (@, D = |Pelan)] = Y IPs(ai)| = 30 IPsla)l = k= 37 < >kl —e.

s=1 s=k+1 s=k+1

Note that T.T. Tuichiev in [Tui 1985] (see also [Sad-Tui 2009]) stated that an anal-
ogous example is possible for closed nowhere dense sets S C C such that each point
from C \ S may be “connected to co with a curve”. As we have seen in Remark 1.1.13,
under such weakened assumptions, the above example is in general impossible.

1.2 Separately continuous—holomorphic functions

Starting from Hartogs’ theorem one may discuss the following more general problem:
Let D C C?,G C CY be domains. We say that a function f: D x G — C
belongs to O€ (D x G) if:

e f(z,r) €e€(G),z e D,
e f(hw)e O(D),weG.
The question now is under which conditions an f € Q€ (D x G) belongsto €(D x G).
Example 1.2.1. Let D = G = D. By Runge’s theorem we find a sequence of
polynomials (Py)xen such that
e Pr(z) — 0,zeD,
k—00

* forany x € DN R, any r € [0, 1) the sequence (Pk|p(x,r))ken is not uniformly
convergent.
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Put

Pr(2) ifw=1/k, k>2,
fz,w):=140 ifw =0,
tPr(2) + (1 =) Pry1(2) if|lw|=r(t,k), 0<t <1, keN,

where r(t,k) =t/k + (1 —1t)/(k + 1). Then f € O€(D x D) but f ¢ €(D x D)
(EXERCISE).

A characterization of those functions in @€ (D x D) which are holomorphic is
contained in the following result which is based on an observation by Rothstein in
[Rot 1950].

Proposition 1.2.2 ([Wil 1969]). Let f € O€(D x D). Then f € €(D?) if and only if
—Ry € $H (D) = the set of all functions subharmonic on D, where

Ry(z) :=inf{lw|: w € D, (weD = f isnot continuous at (z,w))}, z €D.

Proof. Assume that there is a point zg € D with R¢(z9) = k < 1 and fix k" € (k, 1).
Let D(z,r) cC D. Then the family of functions (f (-, w))jw|<k’ is pointwise
bounded on D(z, r). Therefore, there exists a disc D(z’, ") C D(z,r) and a positive
constant ¢ such that | | < ¢ on D(z’, ") x D(k’). Hence, by Vitali’s theorem, f is
continuous there (EXERCISE).
Set

D :=int{z € D : f is continuous at all points of {z} x D(k)}.

Then, D is an open dense subset of D and Ry > k" on D. Denote by D;,jeJ CN,
the different connected components of D. Take a disc K9 = D(zg,7r9) CC D. Put
M := 0D N Ky. Then M # @. Applying again the Baire argument, now for M, leads
toadisc K; = D(z;, 1) C Ko withz; € M suchthat | f| < d on (M N K;) x D(k’).
Obviously there is a point z* € K such that R (z*) < k'.

Now fix an arbitrary point a € K; with Rr(a) < k’. Take a sequence of points
(an)n C Ky with a, — a and choose connected components Dj, > a,. We need the
following lemma which is due to Rothstein (see [Rot 1950]).

Lemma* 1.2.3. Let h: D — (0, +00) a superharmonic function (i.e. —u € SH#(D)).
Let (zj) C D(s) with z; — zg € D(s), 0 < s < 1. Moreover, let (w;); C D(s) with
|lwj — zo| = d > 0. Assume that there are Jordan arcs J; C D(s) connecting z; and
w; such thatu > o on all J;’s. Then u(zp) > a.

Applying this lemma it follows that diam D;, — 0 if n — +oo. Therefore, for
large n, we have dD;, C K;. By the maximum principle we conclude that | /| < d
on Dj, x D(k’); in particular | f(a,, w)| < d, |w| < k'. Therefore, | f(a,-)| < d on
D(k’). Since a was arbitrarily chosen, we conclude that | /| < d on K;. By Vitali’s
theorem, Ry > k' on Ky, but Rs(z*) < k'; a contradiction.

The converse implication is obvious. O
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1.3 Separately pluriharmonic functions I

Definition 1.3.1. Let £2 be an open subset of C*. A function u € €2(£2,R) is
pluriharmonic on 2 (u € PH(£2)) if

9%u

8zj82k

(z2)=0, ze®, jk=1,...,n. (M)

Remark 1.3.2. (a) If n = 1, then PH(£2) = H(§2) = the space of all functions
harmonic on 2.
(b) Equations () in real variables mean
0%u 0%u 0%u 0%u
(2). (z) +
y;jdyk

zef, j,k=1,...,n,

(z) =0,

0x; 0yx @ = dxx Ay, dx;j 0xg

which in particular shows that each pluriharmonic function is harmonic and, conse-
quently, of class €.
©If f =u+iveO(2),thenu € PH(L2).

Proposition 1.3.3. If D C C” is a starlike domain with respect to a point a € D, then
for any u € PIH (D) there exists an | € O(D) such that u = Re f.
Consequently

* any pluriharmonic function is locally the real part of a holomorphic function,
s if F € O(82,R2), where 2 C C™ is open, then u o F € PH(§2') for any
u € PH(S2).

A proof may be found in [Jar-Pfl 2008], Proposition 1.14.28.

In the case of pluriharmonic functions Proposition 1.1.10 gives the following result.
Proposition 1.3.4 (Cf. [Sad 2005]). Let u: P,(r) x Py(r) — R be such that

* u(a,-) € PH(Py(r)) for every a € Py(r),

e u € PH(Py(r) x Py(8)) for some 0 < § < r.
Thenu € PH (P, (r) x Py(r)).

The result will be generalized in Proposition 9.3.1.

Proof. Using Proposition 1.3.3 we get a function f: P,(r) x P;(r) — C such that

* f(a,) € O(P4(r)) for every a € P,(r),

* [ e O(By(r) x Py (6)),

eu=Ref.
Using Proposition 1.1.10 we conclude that f € O (P, (r) x P4 (r)), which immediately
implies that u € PH (P, (r) x Py(r)). O
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As a direct consequence we get (EXERCISE) the following result (cf. Proposi-
tion 1.1.10).

Proposition 1.3.5. (a) Let D C C?, G C C? be domains and let @ # B C G be
open. Letu: D x G — R be such that

* u(a,-) € PH(G),a € D,

s ue PH(D x B).

* Thenu € PH (D x G).

(b) Let D C C?, 2 C D x C? be domains such that for every a € D the fiber
$2(a,) is connected. Let U C £2 be an open set such that for every a € D the fiber
U, is non-empty. Let u: §2 — R be such that:

cu(a,-) € PH (24, a €D,

e ue PHU).

Then u € PH($2).

The reader is asked to formulate and solve an analogue of Exercise 1.1.11 for
separately pluriharmonic functions.

1.4 Hukuhara and Shimoda theorems

Theorem 1.1.7 and Proposition 1.1.10 suggest the following problem, called the Huku-
hara problem.
(S-Oy) Given two domains D C C?, G C C4, a non-empty test set B C G, and a
function f: D x G — C that is separately holomorphic in the sense that
e f(a,’) € O(G) foreverya € D,
e f(-,b) € O(D) forevery b € B,
we ask whether f € O(D x G).
In the above situation we write f € O4(X) with X := (D xG)U(D x B). Notice
that from the set-theoretic point of view the set X is nothing other than the Cartesian

product D x G which is, of course, independent of B. Writing X = (D xG)U (D x B)
we point out the role played by the set B.

Remark 1.4.1. (a) Theorem 1.1.7 and Proposition 1.1.10 (a) guarantee that the answer
is positive (i.e. O5(X) = O(D x G)) whenever B is open.

(b) Observe that the answer must be negative if B is too “thin”. For example, if
B := g7 1(0), where g € O(G), g # 0, then, for an arbitrary functionp: D — C, the
function f(z,w) := ¢(2)g(w), (z,w) € D x G, belongs to O;(X) (and, of course,
may be not holomorphic on D x G).

The discussion of (S-Oy) started with the paper by M. Hukuhara [Huk 1942].
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Theorem 1.4.2 (Hukuhara). If p = q = 1 and B has an accumulation point in G,
then every locally bounded function f € Os(X) is holomorphic on D x G.

Below (Theorem 1.4.4) we present a more general result (cf. [Ter 1972]) whose
proof uses the same ideas as the original proof by Hukuhara.

Definition 1.4.3. We say that a set B C CY is analytically thin at a point by € B if
there exist a connected open neighborhood U of by and a function ¢ € O(U), ¢ # 0,
such that BN U C ¢~ 1(0).

Observe that (EXERCISE):

e ifg = 1 and a set B C C has an accumulation point by € C, then B is not
analytically thin at by,

 if B C C? is open and non-empty, then B is not analytically thin at each point
bo € E,

* for every by € C? there exists a sequence (b,)S2, converging to bg such that the
set B := {by, ba, ...} is not analytically thin at by.

Theorem 1.4.4. For arbitrary p and q, if B is not analytically thin at a point by €
G N B, then every locally bounded function f € Os(X) is holomorphic on D x G.

The following notion will be very useful in the sequel.

Definition 1.4.5. Let §2 be a topological space (e.g. an open set in C"). We say
that a sequence (£2x)7=, of open subsets of §2 is an exhaustion sequence for §2 if
2k CC 241 CC 2,k € N,and 2 = | g2, 2. In the case where £2 is connected
we additionally require that each £2; is connected.

Proof of Theorem 1.4.4. Let (Dg)7~, and (Gx)p2, be exhaustion sequences for D
and G, respectively, with by € G1. It suffices to prove that f is holomorphic on each
Dy x Gp. Thus, we may additionally assume that f is bounded.

Observe that f must be continuous. Indeed (cf. Remark 1.1.4), let

D xG 3 (zx,w) = (zg,wo) € D XG

and f(zg,wr) — o € C. By a Montel argument we may assume that f(zg,:) — g
locally uniformly in G with g € O(G). In particular, f(zr,wr) — g(wp) = .
Recall that if b € B, then f(-,b) € O(D). Hence, f(zx,b) — f(z0,b) = g(b),
b € B. Since B is not analytically thin, we conclude that f(z¢,-) = g. Thus
a = g(wo) = f(20, wo)-

Fix an arbitrary polydisc P = P(a,r) CC D and define

S w)
(2]Ti)p P Z _é‘

Then f € O;(P xG)NE(P x G) and so f € O(P x G). Moreover, by the Cauchy
integral formula, f(z,b) = f(z,b) for (z,b) € P x B. Since B is not analytically

thin at bg, we conclude that f = f in P x G, which finishes the proof. O

fz,w) =

d¢, (z,w)e P xG.
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It took another 25 years before I. Shimoda came back to the Hukuhara problem. He
proved in [Shim 1957] an analogous result to the one of Osgood (Theorem 1.1.3 (b)).

Theorem 1.4.6 (Shimoda). If p = g = 1 and B has an accumulation point in G, then
for every function f € O5(X) the set So(f) is nowhere dense.

Below we present a more general result (cf. [Ter 1972]) whose proof follows the
same ideas as the original proof by Shimoda.

Theorem 1.4.7. For arbitrary p and q, if B is not analytically thin at a point by €
G N B, then for every function f € O5(X) the set 2o 1= (D x G) \ So(f) is dense
in D x G. Moreover, 29 = Uy x G, where Uy is an open dense subset of D.

Proof. Firstobserve thatif P,(a,r)xPy(b,r) C $2¢p and P,(a,r)xPy(b, R) C DxG,
then Proposition 1.1.10 (a) implies that P, (a,r) x Py (b, R) C §29. Consequently, £29
must be of the form 29 = Uy X G.

Take an arbitrary polydisc P = P(a,r) C D andapointh € G. Let Gy CC G
be a subdomain of G such that b, by € Gy. Define

A :={z € P :Vyeg,: |f(z,w)| <k}, kel

Then P = UZOZI Ag. Moreover, each Ay is closed in P (EXERCISE — cf. the proof
of Theorem 1.4.4). Now a Baire argument implies that there exists a ko such that
U :=int Ay, # @. Consequently, by Theorem 1.4.4, f € O(U x Gy). O



Chapter 2
Prerequisites

Summary. For the reader’s convenience we collect various auxiliary results. Most of them may be found
(with proofs) in [Jar-Pfl 2000]. The reader familiar with basic facts from several complex variables may

continue reading with Chapter 3 and come back to Chapter 2 in the case of need.

2.1 Extension of holomorphic functions

Riemann domains appear in a very natural way while discussing problems related to
holomorphic continuation. Recall that there exists an example of a bounded domain
D c C? such that every function f* € (D) extends beyond D, but there is no domain
D C C2 such that D C D and each function f € O(D) extends holomorphically to
D (cf. [Sha 1976]).

2.1.1 Riemann regions

See [Jar-Pfl 2000], § 1.1.

Definition 2.1.1. A pair (X, p) is called a Riemann region over C" (in brief (X, p) €
R(CH))if
* X is a topological Hausdorff space,

e p: X — C" islocally homeomorphic, i.e. each point @ € X has an open neigh-
borhood U suchthat p(U)isopenin C” and p|y: U — p(U) ishomeomorphic.

For z € p(X) the set p~!(z) is called the stalk over z. A subset A C X is said to
be univalent if plg: A — p(A) is homeomorphic.

If X is connected, then we say that (X, p) is a Riemann domain over C* ((X, p) €
Re (C)).

If X is o-compact, i.e. X = U30=1 K, where each K, is compact, then we say
that (X, p) is countable at infinity (X, p) € Roo(C)).

We say that a Riemann region (X, p) € R(C") is relatively compact ((X, p) €
Ry (C™)) if there exists (X', p’) € R(C") such that X is a relatively compact open
setin X' and p = p'|x.

Remark 2.1.2. (a) If £2 C C” is an open set, then (£2,id) € R (C™?). This is the
standard identification of open sets in C" with Riemann regions.
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(b) If (X, p) € R(C"), then p is an open mapping. In particular, the set p(X) is
open in C". For any a € p(X) the stalk p~!(a) is a discrete subset of X.

(©) If (X, p) € R(C™), then the family (U, p|y)v, where U runs over all univalent
open subsets of X, introduces on X an atlas of an n-dimensional complex manifold.

(A If (X, p) € R(C™), (Y,q) € R(C™), then (X x Y, p xq) € R(C*™™), where

(P xq)(x.y) := (p(x).q(»)).
(e) Let (X, p) € R.(C") and let Y be an open univalent subset such that p(Y) =
p(X). ThenY = X.

() R (C") C Roo(C™). Consequently, a Riemann region is countable at infinity
iff it has an at most countable number of connected components.

Definition 2.1.3. Let (X, p) € R(C"). Fora € X and0 < r < 400, we introduce on
X the notion of a polydisc centered at a of radius r as an open univalent neighborhood
P(a,r) = Px(a,r) of a such that p(Px(a,r)) = P,(p(a),r). Notice that Py (a, r)
exists for small » > 0. We define

« the distance to the boundary dx : X — (0, +o¢],
dx (a) := sup{r € (0, +0o0] : @X(a,r) exists}, a e X;

e the maximal polydisc centered at a pointa € X :@X (a) = @X (a,dx(a));
Pa = Plpy @y

e dx(A) :=inf{dx(a) :a € A}, A C X;

¢ AV =, o Px(x.7),0 < 7 < dx(A);

e Xoo:=1{a € X :dx(a) = +o00}.

Remark 2.1.4. (a) The set X is the union of all connected components ¥ C X such
that p|y: ¥ — C” is homeomorphic (cf. Remark 2.1.2 (e). Moreover,

|dx (x) = dx (@)] < [|p(x) = (@)oo, @ € X \ Xoo, x € Px(a).

In particular, the function dy is continuous.
(b) If K C X is compact, then the set K is compact for any 0 < r < dx (K).
(c) If K is compact and univalent, then K (") is univalent for small r > 0.

Definition 2.1.5. For z,£ € C" and 0 < r < 400 let Ag(z,r) := z + D(r)§. For
apointa € X,0 <r < +o00,and £ € C", we introdu(ie on X the notion of a disc in
direction & centered at a of radius r as a univalent set A¢(a, r) containing a such that

p(AAE (a,r)) = Ag(p(a),r). We define the distance to the boundary in direction §:
Sxe: X — (0,4+00], 8xgla):=sup{r >0: AAg(a,r) exists}, a € X.

Observe that A g(a, r) exists for small r > 0. Note that Ao (a,r) = {a} for every
r>0.
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Remark 2.1.6. (a) The function
X xC" > (x,8) — 8x¢(x) € (0, +00]

is lower semicontinuous. R
(b) The polydisc Px (a, r) exists iff the disc Ag (a, r) exists forany & with [[§]|o = 1.
Moreover,

Px(a,r) = |  Aela.r). dxy =inf{Sys:£€C", |§]o =1}
£€C, Elloo=1

Definition 2.1.7. For f: X — C and a € X, we define the formal derivatives of f

ata
af I(f ©pat) af I(fopa') .
5, (@ = === (p@), (@) == (p(@). j =L,
Zj 8zj 82,- 8zj
provided that the right-hand sides exist, where % and % on the right-hand side are

taken in the classical sense. If f is of class € in an open neighborhood of a and
a, B € Z" are such that |a| + [B] < k, then we may define the derivatives

D%’ f(a) := ((i)oll 0o (%)an o (a;;)ﬂ1 00 (%)ﬂn f)(a),

821

D%f(a) := D*°f(a).

2.1.2 Holomorphic functions on Riemann regions

See [Jar-Pfl 2000], § 1.1.

Definition 2.1.8. Let (X, p) € R(C"). A function f: X — C is said to be holomor-
phic (f € O(X)) if for each open univalent subset U C X the function f o (p|y)~!
is holomorphic (in the standard sense) on the open set p(U) C C”.

For k € R4 put

OB (X):={f cO(X): I/ lowx) = sug |f(x)|5§(x) < 400},

where 8y := min{dy, (1 + || p||*)~"/2}. Functions from O ® (X) are called tempered
of order < k (see [Jar-Pfl 2000], Example 1.2.5).

If (Y,q) € R(C™), then a continuous mapping F: X — Y is said to be holomor-
phic (F € O(X,Y))ifgo F € O(X,C™).

For f € O(X) and a € X, we define the Taylor series of f ata:

D%f(a)

ol

Taf(2) = Z (z = p@)* =Ty (f o pz)z), zeC"

n
an+
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and its radius of convergence Ty f,
d(T, f) :=sup{r > 0: T, f(z) is convergent for z € P(p(a),r)}.

Notice that d(T, f) > dx(a) and f(x) = T, f(p(x)) for x € [IADX(a). Moreover,

1 1 1/k

= limsu (max—D“ a) .

AT, )~ e\ gy o1 P (@)
lee|=k

Proposition 2.1.9 (Identity principle). Let (X, p) € R (C"), (Y,q) € R(C™), F,
G € O(X,Y), and assume thatint{x € X : F(x) = G(x)} # @. Then F = G on X.

2.1.3 Lebesgue measure on Riemann regions

Let (X, p) € Ro(C™). Aset A C X is called (Lebesgue) measurable if for any open
univalent set U C X the set p(A N U) is Lebesgue measurable in C” (in the classical
sense). Then

 any Borel subset of X is measurable,

* aset A C X is measurable iff any point ¢ € X has an open univalent neighbor-

hood U such that p(A N U) is Lebesgue measurable in the classical sense.

Since X is countable at infinity we may write X = U}”;l U;, where each U; is open
and univalent. Put By := Uy, Bj := U; \ (U U---UUj_1), j € Np. For any
measurable set A C X put

oo

X (4) 1= 2> (p(AN B))),

j=1

where £2" denotes the standard Lebesgue measure in C”. One can prove that £¥ is
a regular measure which is independent of the choice of the sequence (U; );";1. Itis
called the Lebesgue measure on X. If f: A — [0, +00] is a measurable function, then

o0

X _ o ‘ —1 2n
[ razx —ZL(AﬂBj)f (plo,)"td 22",

J=1

If U C X is univalent, then

fdL* =/ fo(ply)tde?,
UNA p(UNA)
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For1 < p < +o00, let L?(X) be the space of all measurable functions f: X — C
with [y | f|7d£X < +00. Then L?(X) endowed with the norm

f = fller = (/X |f|pd$X)l/p

is a Banach space. Moreover, L?(X) endowed with that scalar product

(f.g) > /X fadeX

is a Hilbert space. Put Ly (X) := L?(X) N O(X). Then, L} (X) is closed in L?(X).

2.1.4 Sheaf of I-germs of holomorphic functions

See [Jar-Pfl 2000], Example 1.6.6.
Let / be an arbitrary non-empty set of indices. For a € C” define

O := {(U. f) : U is an open neighborhood of a, f = (f;)icr C O(U)}.

For (U, f),(V,g) € (55 we define an equivalence relation

a .
(va) x~ (va) L= EIW—neighborhoodofa: wcunvy, fllW :gilWa iel

Put 4

ol .=0l/~.
The class fa = [(U, f)]a is called the I-germ of f ata. Notice that the value offa
at a understood as B

fa(@) = (fi@)ier
is well defined.
Let fRé be the ring of all families (S;);e; of power series centered at a that are
convergent in a common (independent of i € I') neighborhood of @, which may depend
on the family (S;);er (i.e. inf{d(S;) : i € I} > 0). Then the mapping

Ol 5 fo— (Tuf)ier € RE @.1.1)

is an isomorphism. This gives an equivalent description of (9[{ , which also introduces
on O (5 a structure of a commutative ring with the unit element — the ring of I -germs of
holomorphic functions at a. Put

07 := \/ 0! = the disjoint union of the family (9!),ccn
aeCn

and let 77 : @1 — C" be given by the formula nl(fa) =a.
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For fu = [(U. f)]g put
Y(fa.U) = {[U. )], :b € U},

One may easily check that the system {W(fa, U): fa e 0!, (U f) e fa} is a
neighborhood basis of a Hausdorff topology on @ such that

n1|wfa’U): V(fa,U) > U

is homeomorphic. Thus (@7, n!) € R(C"). It is called the sheaf of I-germs of
holomorphic functions in C". One can easily prove that

doi (fa) = inf{d(T, f;):i €1}.
For iy € I define [F;, : 0! > C, [F,-O(fa) := f;,(a). Then
Fig © (””v(ﬁ“(]))_l = fiponU.

This shows that [;, € 0.

2.1.5 Holomorphic extension of Riemann regions

See [Jar-Pfl 2000], § 1.4.

Definition 2.1.10. Let (X, p), (Y,q) € R(C"). A continuous mapping ¢: X — Y is
said to be a morphism if g o ¢ = p.

If o: (X, p) — (Y,q) is a morphism such that ¢ is bijective and ¢~!: ¥ — X is
also a morphism, then we say that ¢ is an isomorphism.

Observe that if £21, £2, C C" are open and ¢ : (£21,1id) — (§2;,1d) is a morphism,
then £2; C £2, and ¢ is the inclusion operator.

Remark 2.1.11. Let ¢: (X, p) — (Y, q) be a morphism.
@ Ify: (X, p) = (Y, q) is amorphism with ¢(a) = ¥ (a) for some a € X, then
¢ = ¥ on the connected component of X that contains a.
(b) ¢ is locally biholomorphic. In particular, ¢ is an open mapping.
(c) ¢ is an isomorphism iff ¢ is bijective.
(d) If A C X is univalent, then ¢(A) is univalent. In particular:
* ¢(Bx(a.r) =Py (p(@.r).a e X0 <r < dy(a)
s dyog >dx,
e if ¢ is an isomorphism, then dy o ¢ = dx.
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(e) If every connected component of Y intersects ¢(X) and dy o ¢ = dx, then
p(X)=7Y.
(f) The mapping

" O(Y) = O(X), ¢*(g):=gog,

is injective iff every connected component of Y intersects ¢(X).
@) Toyg =Tu(gow),g € O(Y),a € X. Inparticular, d(T, f) > dy (¢(a)) for
anya € X and f € ¢*(O(Y)).

Definition 2.1.12. Let (X, p) € R(C") and let @ # F C O(X). We say that a
morphism¢: (X, p) — (Y, q) isan F -extensionif ¢* isinjectiveand ¥ C ¢*(O(Y)),
i.e. for each f € F there exists exactly one g =: f% € O(Y) suchthat go g = f.
Put

FO={f? . feF}={gecOX):gope F}.

Notice that if X is connected, then Y must be connected.
If ¥ = O(X), then we say that ¢: (X, p) — (Y, q) is a holomorphic extension.

Remark 2.1.13. Let (X, p) € R(C") andlet & # F C O(X). We define a morphism
(cf.§2.1.4with I := F):
¢ =97 (X,p) > (O, 7)),
¢(x) = [(Ba(p(x). dx (0)). (f © Py Dpes)p- X € X.

After the identification (2.1.1), the mapping ¢ may be written as
p(x) == (Tx f)fer. x€X.

Then ¢ is a morphism and [y o = f forany f € ¥. Consequently, if X denotes the
union of those connected components of @¥) that intersect ¢(X) and p := 7¥)| £
then

01 (X,p) = (X, p)

is an ¥ -extension.
The following lemma will be frequently used in the sequel.

Lemma 2.1.14. Let G be a Riemann domain, let D C G be a subdomain, and let
Ao C A C G be such that Ao C D. Assume that Ao is not analytically thin at a point
bo € D N Ay (cf. Definition 1.4.3). For a family ¥ of functions f: A — C consider
the following conditions:

(1) Vyer ero(D) : f = fon Ag (f is uniquely determined),

(i) Vres Yacorf): 7o € F,
(') Yres YaeC: jal>|fll4 - ﬁ S
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(a) If (i) and (ii) are satisfied, then f (D) C f(A) for every f € & (in particular,
Ifip < 1 flla for every f € F) R

(b) If (i) and (ii’) are satisfied, then || f |p < || f |4 for every f € ¥

In particular, if ¢: (X, p) — (Y, q) is a holomorphic extension, then f(X) =
fe(Y) forevery f € O(X).

Observe that in the case (b) it may happen that f (D) ¢ f(A) (EXERCISE).

Proof. (a) Suppose that there exists an xo € D such that f (x0) ¢ f (A). Then
8= 12 f(xo) F. Wehave g+ (f — f(x0)) = 1 on A. Thus g+ (f — f(x)) = 1
on D; a contradiction.

(b) Suppose that there exists an xo € D such that | f (xo)| > I fla. Then g :=
€ ¥ and we continue as above. O

1
f=F(x0)
Proposition 2.1.15. Let ¢: (X, p) — (Y, q) be a holomorphic extension. Then the
extension operator

OX)> f f?e0)
is continuous in the topologies of locally uniform convergence. Moreover; for every
compact L. CC Y there exists a compact K CC X such that

/9 = 1 f k. f € OX).

2.1.6 Regions of existence

See [Jar-Pfl 2000], § 1.7.

Deﬁnition 2.1.16. Let (X, p) e R(C*) andlet @ # F C O(X). We say that (X, p)
is an F -region of existence if

dx(@)=inf{d(T,f): feF}, aclX;

equivalently, for any r > dx (a) there exists an f € ¥ such that d(T, f) < r.

If ¥ = {f}, then we say that (X, p) is a region of existence of f.

If ¥ = O(X), then we say that (X, p) is a region of existence.

If X is connected, then we say that (X, p) is an & -domain of existence, domain of
existence of f, and domain of existence, respectively.

Remark 2.1.17. (a) (X, p) is an ¥ -region of existence if and only if for any ¥ -ex-
tension ¢: (X, p) — (Y,q) we have dy o ¢ = dx (i.e. ¢ is surjective — cf. Re-
mark 2.1.11 (e)).

(b) If (X, p) = (£2,1id), where £2 is an open set in C", then (§2, id) is an ¥ -region
of existence iff there are no domains 2, Q~ C C" with @ # 20 C 2N .(5, Q Z 2,
such that for each f € ¥ there exists an f € O(2) with f = f on £2.

(c) (X, p) is an F -region of existence iff there exists a dense subset A C X such
that dy (a) = inf{d(T, f): f € F},a € A.
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2.1.7 Maximal holomorphic extensions

See [Jar-Pfl 2000], § 1.8.

Deﬁnition 2.1.18. An ¥ -extension ¢: (X, p) — ()? , p) is called maximal if for
any ¥ -extension ¥ : (X, p) — (Y, q) there exists a morphism o: (Y,q) — (X, P)
such that 0 o ¥ = ¢. The maximal ¥ -extension is uniquely determined up to an
isomorphism. In the above situation we say that¢: (X, p) — ()? , p)isthe ¥ -envelope
of holomorphy of (X, p). f ¥ = O(X), then we simply say that ¢ : (X, p) — (X, p)
is the envelope of holomorphy of (X, p).

We say that (X, p) is an F -region of holomorphy if for every ¥ -extension

¢: (X, p)— (Y,q)

the mapping ¢ is an isomorphism.

If (X, p) is an @O (X)-region of holomorphy, then we say that (X, p) is a region of
holomorphy. If X is connected, then we say that (X, p) is an ¥ -domain of holomorphy
and domain of holomorphy, respectively.

Remark 2.1.19. If ¢: (X, p) — (X, p) is the maximal F -extension, then (X, p) is
an ¥ ?-region of holomorphy.

Theorem 2.1.20 (Thullen theorem). Let (X, p) be a Riemann region over C" and let
D #F C OX). Then (X, p) has an F -envelope of holomorphy.

Proof. 1t suffices to prove that the ¥ -extension

o5 (X, p) — (X, p),

constructed in Remark 2.1.13, is maximal. Let ¢: (X, p) — (Y, ¢) be another ¥ -
extension. By the same method as in Remark 2.1.13 we construct a morphism
v v
ggv: (V.q) > (OF ) 7).
Observe that ((9(‘?1[/);\71'(‘?1//)) ~ (OF), 7)), Moreover, pzv o = @gz. Conse-
quently, v (Y) C X (up to an isomorphism). O

Definition 2.1.21. We say that ¥ separates points in X if for any x;,x, € X with
X1 # X5 there exists f € & such that f(x1) # f(x2).

We say that ¥ weakly separates points in X if for any xq,x, € X with x; # x5
and p(x1) = p(x2) there exist f € ¥ and o € Z" such that D*f(x1) # D%f(x2),
i.e. there exists an f € ¥ such that Tx1 S # T, f.

We say that ¥ is d-stable if: f € ¥ = D*f € ¥,a € 7.

Observe that if & is d-stable and p € ", then ¥ separates points in X iff &
weakly separates points in X .
If (X, p) is univalent, then every family ¥ weakly separates points in X .
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Remark 2.1.22. The morphism ¢g is injective iff ¥ weakly separates points in X.
Recall that d ¢ (p7 (x)) = inf{d(Ty ) : f € F},x € X.

Proposition 2.1.23. Let ¢: (X, p) — (Y, q) be an F -extension such that (Y, q) is an
F®-domain of holomorphy. Then the extension is maximal.

Remark 2.1.24. Let (X, p) be an F -region of holomorphy and let U C X be a
univalent domain for which there exists a domain V' O p(U) such that for every
f € F there exists a function Fy € O(V) with Fr = f o (p|y)~" on p(U). Then
there exists a univalent domain W D U with p(W) = V.

Indeed, by Thullen’s theorem (Theorem 2.1.20) we may assume that (X, p) coin-
cides with ()? , p) constructed in Remark 2.1.13.

Proposition 2.1.25. Let (X, p) € R(C"), @ # F C O(X). Then the following
conditions are equivalent:
(1) (X, p) is an F -region of holomorphy;
(1) F weakly separates points in X and (X, p) is an F -region of existence;
(iii) there exists a dense subset A C X with A = p~'(p(A)) such that
o forany x', x" € A with x' # x" and p(x') = p(x") there existsan f € F
such that Ty | # Tyr f,
cdx(x)=inf{d(Tx f): f € F}, x € A.

Proposition 2.1.26. If (X, p) € Roo(C") is an F -region of holomorphy, then there
exists a finite or countable subfamily ¥y C ¥ such that (X, p) is an Fy-region of
holomorphy.

Proof. We may assume that X is connected. The case where (X, p) ~ (C",id) is
trivial. Thus assume that dy (x) < 400, x € X. Let A C X be a countable dense
subset suchthat A = p~!(p(A)). By Proposition 2.1.25, forany x € Aandr > dx (x)
there exists an fy , € ¥ such that d(Tx fy,r) < r, and for x’, x” € A, with x" # x”
and p(x’) = p(x”), there exists an fy x» € F such that Ty fy/ x # Ty fxr x7. Now
we may take

Fo:={fxr:xe€A Qor>dy(x)}
U{farx xox"e A x"# X", p(x) = p(x")}. O
Proposition 2.1.27. Let (X, p) € Roo(C"). Then the following conditions are equiv-
alent:
(1) (X, p) is a region of holomorphy;
(i) NOX)) :={f € O(X) : (X, p) is an { f }-domain of existence} # &;
(iii) M(O(X)) is of the second Baire category in O (X).

Remark 2.1.28. The above result remains true if we substitute @ (X) by a natural
Fréchet space ¥ , i.e. a vector space ¥ C (X)) endowed with a structure of a Fréchet
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space such that if fz — f in &, then fr — f locally uniformly in X. For example:
F = L;°(X) := the space of all bounded holomorphic functions on X with the
topology of uniform convergence.

Recall (cf. [Jar-Pfl 2008], Remark 1.10.6(b)) that it is an open problem whether
there exist Fréchet spaces ¥ C (9(X) that are not natural

2.2 Holomorphic convexity

See [Jar-Pfl 2000], § 1.10.

Definition 2.2.1. Let (X, p) € R(C"). For a compact set K CC X put
KOX = {x e X :Vreom): 1/ < I f Ik}

We say that K is holomorphically convex if K = KOX) . We say that (X, p) is
holomorphically convex if K©®) is compact for every compact K CC X.

Proposition 2.2.2. Let (X, p) € Roo(C"). Then X is holomorphically convex iff
there exists a sequence (K; );”;1 of holomorphically convex compact sets such that

KicintKjyq, j €N, and X = U]Oil K;.

Theorem 2.2.3 (Cartan—Thullen theorem). Let (X, p) € Roo(C"). Then the following
conditions are equivalent:
(1) (X, p) is a region of holomorphy;
(ii) O(X) separates pointsin X and dx (I/(\O(X)) = dx (K) for every compact K CC
X;
(iii) O(X) separates points in X and dx (EO(X)) > 0 for every compact K CC X;
(iv) O(X) separates points in X and for any set A C X with dx (A) = O there exists
an f € O(X) such that sup, | f| = 400,
(v) O(X) separates points in X and X is holomorphically convex;

(vi) O(X) separates points in X and for any infinite set A C X with no limit points
in X there exists an f € ¥ such that supy | f| = +o0.

Notice that in fact, if X is holomorphically convex, then @ (X)) separates points in
X —cf. Theorem 2.5.9.

Definition 2.2.4. Any (X, p) € Roo(C") satistying (vi) is called a Riemann—Stein
region over C".
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2.3 Plurisubharmonic functions

See [Jar-Pfl 2000], § 2.1.
Let (X, p) € R (C™) (notice that in fact the majority of results remains true for
arbitrary (X, p) € R(C")).

Definition 2.3.1. Foru: X — R_o, 1= [—00, +0),a € X, and § € C", we put

2 o p7)(pla) + Af).

A function u: X — R_ is called plurisubharmonic (psh) in X (u € PSH (X)) if

* u is upper semicontinuous on X,
* foreverya € X and £ € C" the function u, ¢ is subharmonic in a neighborhood
of zero (as a function of one complex variable).

Notice that the above definition has a local character. Consequently, whenever we are
interested in local properties of psh functions, we may assume that (X, p) = (D, id),
where D is a domain in C”.

We say that a function u: X — Ry is logarithmically plurisubharmonic (log-psh)
iflogu € PSH(X).

For I C R_oo we put PSH (X, 1) :={u € PSH(X) :u(X) C I}.

Remark 2.3.2. (a) For an upper semicontinuous function u: X — R_q the following
conditions are equivalent:

(1) u e PSH(X);
(il) Yaex VeeCr:|glloo=1 Jo<R<dy (a):

1 2m .
u(a) = ug g(0) < —/ uge(re'®)ds, 0<r <R;
27[ 0
(i) Yaex Yeecr:|gloo=1 Jo<R=dx (@)
1
u(a) < —2/ uge(Q)d (), 0<r<R;
Tr D(r)

(iv) Vaex Yeecn:|tloo=1 J0<R<dy (@) Yo<r<R Yfep(c): if uge < Re f on dD(r),
then u(a) < Re f(0) (where & (C) stands for the space of all complex polyno-
mials of one complex variable);

(V) Vaex Yeecn:|gloo=1 Jo<Rzdx (@ Yo<r<R Vheg@@ynedey: if Uag < hon
dD(r), then u(a) < h(0);

(vi) forany a € X and & € C” the function

D(Sx.e(@) 3 A > (40 (pl 30.6) ) (p(@) + AE)

1s subharmonic;
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(vii) u o (ply)~! € PSH (p(U)) for any univalent open set U C X.

(b) PSH(X) + PSH(X) = PSH(X), Rso- PSH(X) = PSH(X).

(¢) | f]islog-psh on X forany f € O(X).

(d) If (uy)S2, C PSH(X) and u, \( u pointwise on X, then u € PSH (X).

In particular, if (1,)52; C PSH (X, [—00,0]), then > 12 | uy, € PSH(X).

(@) If (uy)s2, C PSH(X)andu, — ulocally uniformlyin X, thenu € PSH (X).

) Ifuy,...,uy € PSH(X), then max{uy,...,uy} € PSH(X) (cf. Proposi-
tion 2.3.11).

(g) (Liouville type theorem) If u € PSH (C"*) and supcr u < 400, thenu = const.

(h) Let I C R be an open interval and let ¢ : I — R be convex and increasing.
Then ¢ o u € PSH(X) for every u € PSH (X, I). Consequently:

Ifu € PSH(X), then e¥ € PSH (X) (in particular, any log-psh function is psh).

Ifu e PSH(X,R4), then u? € PSH (X) for every p > 1.

(1) If uy, up are log-psh, then u; + u, is log-psh.

() Maximum principle) If X is connected, u € PSH (X), and u < u(a) for some
a € X, then u = u(a). Consequently, if ¥ CC X is a domain, u € PSH(Y), and
u # const, then

u(x) < sup{limsupu(y):fe€d¥Y}, xeV.
Yoy—¢
Let 2 C C" be open and let u € €2(£2, R). We define the Levi form of u at a:
Lu(a;§) = Z 82 Goas @k, @€ R E=(E . E)eC”
J

Observe that

Lu(a;£) = 8Mﬁ’f()

If u € €2(X, R), then we put

Lula;§) == Lo p;)(pa)§), acX EeC"
Consequently, we have the following

Proposition 2.3.3. Let u € €2(X, R). Then
U € PSH(X) < Vaex. secn : Lu(a:€) = 0.
Remark 2.3.4. Let (Y,q) € R(C™), F € O(Y, X),u € €(X, R). Then
Lo F)(bin) = Lu(Fb);(po F) (b)), beY neC™

Consequently, if u € PSH(X) N €3(X,R), thenu o F € PSH(Y) — cf. Proposi-
tion 2.3.16.
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Definition 2.3.5. We say that a function u € €2(X, R) is strictly plurisubharmonic if

Van’ £€(C)y - éﬁu(a,f) > 0.
Proposition 2.3.6. Let Y C X be open, v € PSH(Y), u € PSH (X). Assume that

limsupv(y) <u({), ¢eaY.
Yay—¢

Put
. {max{v(x),u(x)}7 xey,
u(x) :=
u(x), xeX\Y.

Then ii € PSH (X).

To simplify notation we will use the following abbreviations:

e? = (e?',...,e"), z-w:=(z1w1,...,ZpWy),
z=1(21,....2n), W= (Wy,...,w,) € C".
Leta = (ar,...,an) € C",r =(r1,...,1) € RL,If

doP@.r) > R_oo
is bounded from above and measurable, i.e. the function
[0,27)" 3 0 — u(a +r - €'%)

is Lebesgue measurable, then we define

P(u,a,r;z) = / (ﬁ r].2—|zj—aj|2 )u(a+r ¢'9d £™(0)
@ Joame N e’ — (=) ’

z =(z1,...,2n) € P(a,r),

J:a,r) = Pu;a;r;a) = u(a + r-e')d £"(9).

Q2m)" Ji0,27)

If u: P(a,r) - R_s is bounded from above and measurable, then we define

1 1
ud$2n_

i - ude".
(71'}"12) <o (JT}’,%) P(a,r) iZn([P(a’ r)) P(a,r)

Au;a,r) =

Proposition 2.3.7. Let 2 C C" be open, u € PSH (S2), a € 2. Then

Jw;a,r)y\ u@), A@;a,r)\ u(a) whenr N\ 0.
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Proposition 2.3.8. Let uy,u; € PSH(X). If uy < uy almost everywhere in X, then
Uy < uj everywhere.

Proposition 2.3.9. Let 2 C C" be open, u € PSH(82), P(a,r) CC 2, r € RL,,.
Then

u(z) < P(u;a,r;z), zeP(a,r),
ua) < J(u;a,r),
ua) < A(u;a,r).

Proposition 2.3.10. If X is connected, u € PSH (X ), and u # —oo, then u is locally
integrable; in particular, the set u~'(—o0) is of zero measure.

Proposition 2.3.11. If a family (u;j)ie; C PSH(X) is locally bounded from above,
then the function u = (sup;c; u;)* is pshin X.

Here v* denotes the upper regularization of v, v*(x) := lim sup,_,, v(y), x € X.

Proposition 2.3.12. Ifa sequence (u,)52, C PSH (X) is locally bounded from above,
then the function u := (lim sup,_, o, Uy)* is pshon X.

Proposition 2.3.13 (Hartogs’ lemma for plurisubharmonic functions). Assume that a
sequence (ug)z—, C PSH(X) is locally bounded from above and, for some m € R,
we have lim supy _, , o ux < m. Then for every compact subset K C X and for every
e > 0, there exists a ko such that

mla{lxukfm+8, k > ko.

Definition 2.3.14 (Regularization). Let
D(zy,...,2p) = W(z1) -+ Y(zy), z=1(z1,...,2,) € C",
where ¥ € €5°(C, Ry ) is such that:

supp¥ =D, W¥(z) =¥(|z]), z € C, /wf =1.
Put
®.(z) = g%qs(g), 2eC", Xei={xeX:dy(x)>¢), &>0.
For every function u € L!(X,loc), define

o (x) = j[P OB = PN L)

— [ o oe +ewed e w). x e X.
|Dn

The function u, is called the e-regularization of u.
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Proposition 2.3.15. [fu € PSH (X), u # —oo, then u, € PSH (X,) N €*®(X,) and
U \y U pointwise in X when g \ 0.

Proposition 2.3.16. Let (Y,q) € R(C™), F € O(Y,X). Thenu o F € PSH (Y ) for
any u € PSH(X).

Corollary 2.3.17. Let u: X — R_o be upper semicontinuous. Then u is psh on X
iff for any analytic disc ¢ : D — X the function u o ¢ is subharmonic in D.

Proposition 2.3.18. (a) Let Q: C" — R4 be an arbitrary complex seminorm. Then
log Q € PSH (C").
(b) Let h: C" — R4 be an upper semicontinuous function with

h(rz) = [Alh(z), AeC, zeC"
Then h € PSH(C) ifflogh € PSH(TM).

Definition 2.3.19. A set M C X is called (locally) pluripolar (M € PLP) if any
point @ € M has a connected neighborhood U, and a function v, € PSH (U,) with
Vg # —00, M NU, C v (—00).

If n = 1, then pluripolar sets are called polar. For A C X put

PELP(A) :={P € PLP(X): P C A}.
By Proposition 2.3.10, if M is pluripolar, then £X (M) = 0.

Definition 2.3.20. A set M C X is thin in X if for any a € X there exist a connected
neighborhood U C X of a and a holomorphic function ¢ € O(U), ¢ # 0, such that
PNU C ¢71(0),i.e. M is analytically thin at each pointa € M (cf. Definition 1.4.3).

Note that every thin set is pluripolar.

Proposition 2.3.21 ([Arm-Gar 2001], Theorem 7.3.9 (cf. Remark 3.6.2 (e))). If M C D
is polar, then there exists anr € (0, 1) such that M N dD(r) = @.

Proposition 2.3.22. (a) Let (u;)ie; C PSH (X) be locally bounded from above. Put
U = sup;¢s Ui. Then the set {x € X : u(x) < u*(x)} is of zero measure.

(b) Let (uy)pyen C PSH(X) be a sequence locally bounded from above. Put
u :=limsup,_, . uy. Thenthe set {x € X :u(x) < u*(x)} is of zero measure.

Notice that in fact the set {x € X : u(x) < u*(x)} is pluripolar — cf. Theo-
rem 2.3.33.

Theorem 2.3.23 (Josefson’s theorem; cf. [Jos 1978]). If M C C" is pluripolar, then
there exists a v € PSH (C"), v # —oo, such that M C v~ (—o0).

Proposition 2.3.24. Let M; C C" be pluripolar, j € N. Then M := U;’;l M; is
pluripolar.
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Theorem 2.3.25. Let M C X be pluripolar. Then there exists a v € PSH (X),
v # —o0, such that M C v=!(—o0).

Proof. We may assume that X is connected. Let X = | J;—, Ui be an open covering
by univalent sets (cf. Remark 2.1.2 (f). Then each set A; := p(M N Uy) is pluripolar,
and consequently, by Proposition 2.3.24, the set A := | ;= A is pluripolar. Hence,
by the Josefson theorem (Theorem 2.3.23), there exists a u € PSH (C"), u £ —oo,

such that u = —oo on A. By Proposition 2.3.10, u|,(x) # —oc. Now we only need
toput v := u o p. Then v € PSH (X) (Proposition 2.3.16), v £ —oo, and v = —00
on M. O

Exercise 2.3.26. Let X be a countable at infinity complex manifold on which global
holomorphic functions give local coordinates. Using the method of the above proof,
show that every locally pluripolar set M C X is globally pluripolar.

Remark 2.3.27. Theorems 2.3.23 and 2.3.25 may be strengthened by requiring that
the plurisubharmonic function v has restricted growth — cf. [El 1980], [Sic 1983].

Proposition 2.3.28. Let M; C X be pluripolar, j € N. Then M = U;";l M; is
pluripolar.

Proposition 2.3.29 (Removable singularities of psh functions). Let M be a closed
pluripolar subset of X .

(@) Let u € PSH (X \ M) be locally bounded from above in X, i.e. every point
a € X has a neighborhood V, such that u is bounded from above in V, \ M. Define

u(z) := limsup u(w), zeX
X\M>w—z

(notice that u is well defined). Then it € PSH (X).
(b) For every function u € PSH (X) we have

u(z) = limsup u(w), ze X.
X\M>3w—z

(¢) The set X \ M is connected.

Corollary 2.3.30. Let M be a closed pluripolar subset of X. Let f € O(X \ M) be
locally bounded in X. Then f extends holomorphically to X.

Proposition 2.3.31. Ler (Y,q) € Roo(C™).
(@) If A C X x Y is pluripolar, then

P:={zeX: Ay, ¢ PLPY)} € PLP(X).

where
Ay ={weY :(z,w) € 4}.
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(b)If A C X XY is thin, then
P:={zeX:Ag,isnotthininY} € PLP(X).

(c)Let O C X x Y besuchthat Q) € PLP(Y),a € X. Let C C X xY be

such that
{zeX :Cyy ¢ PLP(Y)} ¢ PLP(X)

(eg. C = C'xC" C X xY, where C' ¢ PLP(X), C" ¢ PLP(Y)). Then
C\Q ¢ PLP(X xY).
Proof. We may assume that X = D and Y = G are domains in C” and C™, respec-
tively.

(a)Letv € PSH (D xG),v # —o0, besuchthat A C v~ (—o0) (Theorem 2.3.23).
Fix a compact K CC G with int K # @. Define

u(z) :=sup{v(z,w) :we K}, zeD.

Then u € PSH (D) and u # —oo. If z € P, then A(;,) ¢ PLP. Hence, v(z,) =
—o00, and consequently, u(z) = —oo. Thus A C u™'(—00).
(b) Using the definition of a thin set, we get

o0
AC U{(Z,w) € Up X Vi : g (z,w) = 0},
k=1

where U X Vi C D x G is connected, ¢ € O(Uy x V), and ¢ % 0. Observe that
for any k the set

Poi={zeU:g(z.) =0} = () {z € Up:gu(z.w) =0}

weVy

is analytic in Ug. Hence the set Py := U,(;ozl Py, is pluripolar. If a ¢ Py, then

A@, C U {we Vi :px(a,w) =0},
keN: aeUy

and consequently, the set A(g,.) is thin.

(c) Suppose that C \ Q is pluripolar. Then, by (a), there exists a pluripolar set
P C D such that the fiber (C \ Q). is pluripolar, a € D \ P. Consequently, the
fiber C(,,. is pluripolar, a € D \ P; a contradiction. O

Exercise 2.3.32. The set P in Proposition 2.3.31 (b) need not be thin. Complete details
of the following example. Let X =Y := D,

A= {0y x {Jw| =174 U [ {1/k} x {lw] = 1= 1/k}.

kENz

Then P = {0} U{l/k :k € N, k > 2}.
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Theorem 2.3.33 (Bedford—Taylor theorem; cf. [Kli 1991], Theorem 4.7.6). (a) Assume
that a family (u;)ie; C PSH (X) is locally bounded from above. Put u := sup;¢; u;.
Then the set {x € X : u(x) < u*(x)} is pluripolar.

(b) Assume that a sequence (u,)52, C PSH(X) is locally bounded from above.
Put u := limsup,_, ; o uy. Then the set {x € X 1 u(x) < u*(x)} is pluripolar.

2.4 Singular sets

See [Jar-Pfl 2000], § 3.4.
Let (X, p) € R(C"), let M be a closed subset of X satisfying the condition

for any domain D C X the set D \ M is connected and dense in D,

andlet @ # F C O(X \ M).
Notice that
e intM = @,
e every pluripolar set (cf. Definition 2.3.19) satisfies (2.4);
* consequently, every thin set (cf. Definition 2.3.20) satisfies (2.4);
e in particular, every analytic set of dimension < n — 1 satisfies (2.4).

Definition 2.4.1. We say that a point a € M is non-singular with respect to ¥ (a €
M, %) if there exists an open neighborhood U of a such that for each f* € ¥ there
exists a function f € O(U) with f = fon U \ M.

Ifa e My := M \ M, #, then we say that a is singular with respect to ¥ . If
M, 5 = @, ie. My = M, then we say that M is singular with respect to ¥ . If
F = O(X \ M), then we simply say that M is singular and we skip the index .

Remark 2.4.2. Notice the difference between the notion of “the singular analytic subset
M of X and “the singular points Sing(M ) of an analytic subset M of X”. Recall that
if M is an analytic subset of X, then a pointa € M is called regular (a € Reg(M)) if
there exists an open neighborhood U of a such that M N U is a complex manifold. If
a € Sing(M) := M \ Reg(M), then we say that a is singular — cf. [Chi 1989], § 2.3.

Remark 2.4.3. (a) The set M, # is closed in M and satisfies (2.4).

(b) Each function f € ¥ has a holomorphic extension f € O(X \ My, 7).

() My v = (Ms’jr)s’je, where ¥ = {f . f € ¥}, ie. Mg g is singular with
respect to 7.

(d) M5 NU = (M NU)s, 7|, forevery openset U C X.

(e) If M is an analytic subset of X, then {a € M : dimy M < n —2} C My
(cf. [Chi 1989], Appendix I). In other words, if M # & is singular, then M is of pure
codimension 1.
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Proposition 2.4.4. Let M C X be an analytic subset of pure dimension (n—1), and let
M = J;c; Mi bethe decomposition of M into irreducible components (cf. [Chi 1989],
Section 5.4). Then

Mg = ) M= U M;.

itM;CM, & i:M; "Reg(M)NM ¢ D

In particular:

* the set My ¢ is also analytic,
e ifall functions from & extend holomorphically through one point ay € M;,, then

they extend through every point from M;,.

0’

Proposition 2.4.5. Let X and M be as in Proposition 2.4.4. If, in addition, X is a
domain of holomorphy and J C I, then X \ \J;c; M; is a domain of holomorphy.

Proposition 2.4.6. If M is a closed thin set (cf. Definition 2.3.20), then M g is
analytic.

Proof. Take ana € M and a connected neighborhood U C X ofa suchthat M NU C
¢ 1(0) =: Sforap € O(U), ¢ # 0. By Remark 2.4.3 (e) and Proposition 2.4.4, the
set S, 7|, 18 analytic in U. By Remark 2.4.3(d), M7 NU = (M N U)s,f\U\M'

O

It remains to observe that (M N U)s,'}r‘U\M = S5.F s

2.5 Pseudoconvexity

See [Jar-Pfl 2000], § 2.2.

Definition 2.5.1. Let § C PSH (X). For a compact set K C X we put

K’ = {x € X : Vyes 1 u(x) < supu}.
K

We say thata Riemannregion (X, p) € Roo(C") is pseudoconvex if for any compact
set K C X the set K75%(X) is relatively compact.

We say that (X, p) is hyperconvex if there exists a function u € PSH (X, R_) such
that

{xeX :ulx)y<tjccX, t<0O.

Remark 2.5.2. (a) KP5#X) < KOX)  Consequently, if (X, p) € Roo(C") is
holomorphically convex, then (X, p) is pseudoconvex.
(b) If (X, p) is hyperconvex, then (X, p) is pseudoconvex.



48 2 Prerequisites

2.5.1 Smooth regions

Let (X, p) € Roo(C"), let 2 CC X be open, and let k € N U {oo} U {w}.

Definition 2.5.3. We say that 052 is smooth of class €k (or €*-smooth) at a point
a € 082 if there exist an open neighborhood U of @ and a function u € € (U, R) such
that

2NU={xeU:ukx)<0}, U\Q={xeU:u(x) >0},
gradu(x) #0, xeUNoas2,

where

9 5
grad u(x) = (a_;l(x)’ o 8?“()()).

The function u is called a local defining function for §2 at a. We say that §2 is €k _smooth
if 982 is €*-smooth at any point a € 3£2. Put

TE(0R):={teC": Y7, E;’T@(X)g,- =0}, xeUnaw.

The space T.& (352) is called the complex tangent space to 352 at x. The definition of
TE(32) is independent of u. If n = 1, then 7L (382) = {0}.

We say that 052 is strongly pseudoconvex at a point a € 952 if there exist an open
neighborhood U of a and a local defining function u € €2(U, R) such that

Lu(x;§) >0, xeUNi, £eTTOR)\{0}.

The definition is independent of u. We say that £2 is strongly pseudoconvex if 052 is
strongly pseudoconvex at any point @ € d£2. If n = 1, then any €2-smooth open set
§2 CC X is strongly pseudoconvex.

2.5.2 Pseudoconvexity in terms of the boundary distance

Theorem 2.5.4. Let (X, p) € Roo(C"). Then the following conditions are equivalent:
(1) for any compact K C X the set K PSHX)NE=(X) compact;
(ii) (X, p) is pseudoconvex;
(iii) for any & € C" the function —log 8y ¢ is psh on X ;
(iv) —logdx € PSH (X),
(V) there exists an exhaustion function u € PSH (X) N €(X), i.e. foranyt € R
the set {x € X : u(x) <t} is relatively compact;
(vi) there exists an exhaustion function u € PSH (X);
(vii) there exists a strictly psh exhaustion function u € €®(X) (cf. Definition 2.3.5).
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2.5.3 Basic properties of pseudoconvex domains

Theorem 2.5.5. Let (X, p) € Roo(C?), (Y, q) € Roo(C™).

(@) If Xo = U,en Xv, where X, is a pseudoconvex open subset of X with X,, C
Xv+1, vV € N, then Xy is pseudoconvex.

®) If Xo = int ﬂvew Xy, where X, is a pseudoconvex open subset of X, v € N,
then X is pseudoconvex.

© If (X, pj) € Ro(C) is pseudoconvex, j = 1,..., N, then X1 x ---x Xn
is pseudoconvex.

(d) Any Riemann region over C is pseudoconvex.

(e) If X is pseudoconvex and u € PSH (X), then {x € X : u(x) < 0} is pseudo-
convex.

() If X is pseudoconvex and Xy C X is an open set such that for any pointa € 0Xg
there exists an open neighborhood U, such that X N U, is pseudoconvex, then X is
pseudoconvex.

(g) If X is pseudoconvex and M is an analytic subset of X of pure codimension 1,
then X \ M is pseudoconvex.

(h) If X is pseudoconvex and H C C" is a complex L-dimensional affine subspace,
then (p~'(H), T o p) is a pseudoconvex Riemann region over C*, where T: H — C*
is an arbitrary affine isomorphism identifying H with C*.

() If Z C X x Y is pseudoconvex, then for any yo € Y the fiber Zy, := {x € X :
(x, y0) € Z} is a pseudoconvex open subset of X.

() If X is pseudoconvex, f: X — Y be holomorphic, and Z C Y is open pseu-
doconvex, then f~1(Z) is pseudoconvex.

2.5.4 Smooth pseudoconvex domains

So far, pseudoconvex domains were characterized by the plurisubharmonicity of the
function —log dx. In the case of smooth open subsets 2 CC X we can say more,
namely:

Theorem 2.5.6. Let (X, p) € Reo(C") and let 2 CC X be a €2-smooth open set.
Then (2, p|g) is pseudoconvex iff any local defining function u € €2(U, R) satisfies
the Levi condition

Lu(x:£) >0, xeUNR, £eTEOR).

Theorem 2.5.7. Let 2 CC X be strongly pseudoconvex.

(@) If 2 is €k _smooth (k > 2), then there exist an open neighborhood U of 2 and
a strictly psh defining function u € €*(U, R).

In particular, any strongly pseudoconvex open set is hyperconvex.

(b) For any open neighborhood U of 2 there exists a strongly pseudoconvex € -
smooth open set 2 such that 2 C ' C U. Consequently, every function f €
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O(82) may be approximated locally uniformly in §2 by functions holomorphic in a
neighborhood of §2 (cf. [Jar-Pfl 2000], Proposition 2.7.7).

Theorem 2.5.8. Let (X, p) be pseudoconvex and let u: X — R be a real analytic
exhaustion function (cf. Theorem 2.5.4 (vii)). Then there exists a sequence ty /' +00
such that ty ¢ u({x € X : gradu(x) = 0}), k € N. In particular, the sets 2 :=
{x € X 1u(x) < tx}, k € N, give an exhaustion of X by strongly pseudoconvex open
sets with real analytic boundaries.

2.5.5 Levi problem

See [Jar-Pfl 2000], §§ 2.5, 2.7.

In view of Remark 2.5.2 (a) it is natural to ask whether any pseudoconvex Riemann
region is a region of holomorphy. This is the famous Levi Problem. The problem,
formulated by E. E. Levi in 1910, was solved by Oka only in 1942 for n = 2 and in
1954 by Oka, Norguet, and Bremermann for n > 2.

Theorem 2.5.9 (Solution of the Levi problem). Let (X, p) € Roo(C"). Then the
following conditions are equivalent:
(1) (X, p) is a region of holomorphy;
(i1) O(X) separates points in X and (X, p) is holomorphically convex;
(iii) (X, p) is holomorphically convex;
(iv) (X, p) is pseudoconvex.

Moreover, if (X, p) is pseudoconvex, then for every compact set K CC X we have
k\G(X) — E(‘P&%(X) — K~?SJ€(X)H€°°(X) )

Theorem 2.5.10. Let (X, p) € R (C") be a pseudoconvex Riemann domain. Then X
is a O®) (X)-domain of holomorphy for any k > 6n.

This means that already the tempered holomorphic functions determine the envelope
of holomorphy.

Proposition 2.5.11. If (X, p) € R (C") is pseudoconvex, then everyu € PSH (X) is
a Hartogs plurisubharmonic function, i.e. there exists a sequence (fr)3>; C O(X)
such that

* the sequence (|fk|1/k)]‘§°=1 is locally bounded in X,
e u = v* wherev := limsup,_, , (1/k)log| fi|.

Proof. The Hartogs domain

Y i={(z,w)e X xC : |w| <e @}



2.6 The Grauert boundary of a Riemann domain 51

is pseudoconvex (cf. Theorem 2.5.5 (e)). Let f € O (Y) be non-continuable beyond Y.
Write f in form of the Hartogs series

fEw) =) filaw*, (z,w) e,

where fi € O(X), k € N. Obviously v := limsup;_, (1/k)log|fk| < u. In
particular, v* < u and, by the Hartogs lemma (Proposition 2.3.13), the sequence
(|fk|1/k);;°=1 is locally bounded in X. Suppose that v*(a) < u(a). Then v(z) <
v*(z) < —log R < u(a), z € Px(a.r) CC X. Thus f(z,-) extends holomorphically
toD(R) forevery z € Px(a,r). Consequently, by Lemma 1.1.6, the function f extends
holomorphically to Py (a,r) x D(R). Since f is non-continuable, we conclude that
R < ¢ %@ 3 contradiction. O

2.6 The Grauert boundary of a Riemann domain

See [Jar-Pfl 2000], § 1.5.
Let (X, p), (Y,q) € R, ((IZ”) and let ¢: X — Y be a morphism. Our aim is

to define an abstract boundary 8 X of X with respect to the morphism ¢. The idea
of such an abstract boundary is due to H. Grauert (cf. [Gra 1956], [Gra-Rem 1956],
[Gra-Rem 1957], [Doc-Gra 1960]).
In the case where (X, p) = (G,id) (G is a domain in C"), (Y,q) = (C",id),
=id
¢ = id, the abstract boundary d G coincides with the set of, so-called, prime ends
of G.
For a € X let B.(a) denote the family of all open connected neighborhoods U
of a.

Recall that a non-empty family % of subsets of a topological space X is a filter if
s Ae® ACB = Beg,
c A1, Are§ = A1 NAy e,
c J¢R.
A non-empty family P8 of non-empty subsets of X is said to be a filter basis if
* Va4, drep Jaep - AC Ay N As.

It is clear that for each filter basis 3 the family Fg := {4 C X : pep : B C A4}
is a filter.

We say that a filter § is convergent to a point a € X if each neighborhood of a
belongs to . We write in brief a € lim §.

We say that a filter basis 9 is convergent to a if a € lim s (equivalently, each
neighborhood of a contains an element of B); we put lim P := lim Fgp.
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We say that a is an accumulation point of a filter & (resp. filter basis B) ifa € A

for any A € § (resp. A € ).

Let us recall a few elementary properties of filters:

o If § C & are filters and if a is an accumulation point of ¥’, then a is an
accumulation point of .

e Ifa € lim &, then a € lim §' for any filter F' D F.

* If a is an accumulation point of %, then there exists a filter § O % such that
a €elimF'.

* a € A iff there exists a filter basis 8 consisting of subsets of A such that a €
lim .

e Let Y be another topological space and let ¢: X — Y. Then ¢ is continuous iff
for any filter basis P8 in X the filter basis () := {p(A4) : A € L} satisfies the
relation: p(lim ) C lim p(P).

* X is Hausdorff iff any filter in X converges to at most one point. If X is a
Hausdorff space and lim & = {a}, then we write lim % = a.

Definition 2.6.1. We say that a filter basis a of subdomains of X is a ¢-boundary point
of X if

* a has no accumulation points in X,

* there exists a point yo € Y such that lim gp(a) = yo,

e forany V € B.(yo) there exists exactly one connected component U =: C(a, V)
of o~ 1(V) such that U € a,

e forany U € a there exists a V' € B.(yp) such that U = C(a, V).

=9
Let 0 X denote the set of all g-boundary points of X. We put

X =XUdX

and we extend ¢ to <p X — Y by putting go(a) yo if a and yq are as above.

Moreover, we put p =gqo <p We endow X with a Hausdorff topology which

coincides with the initial topology on X and is such that the mapping ¢ is continuous:
=p
by an open neighborhood of a point a € d X we mean any set of the form

. =¢
U, :=UU{be dX: U belongs to the filter generated by b},

where U € a.

=¢ N =¢
Proposition 2.6.2. For any a € 9 X and for any neighborhood Uy C X there exists
a neighborhood W, C U, such that dxy = dy on W. In particular,

li d =0.
xiim x ()
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Let &(A) denote the family of all relatively closed pluripolar subsets of A.

=0
Proposition 2.6.3. (a) Assume that a € 0 X is such that there exists a neighborhood
=0
U C X of a with the properties
o V= ;(U) isopeninY,
= =¢
e P:=9p(UNJX)eK(WV),
=0
e p: U\ 00X — V\ P is biholomorphic.
Then the mapping (:p|U : U — V is homeomorphic.
=0
(b) Let X denote the set of all points a € 0 X which satisfies the above conditions.
Put
*Q
X =XUZX.
Then

*Q —

e (X, p¢|}<p) is a Riemann domain over C",
= W o=y . .

. (p|}w X, p |§(w) — (Y, q) is a morphism,

*¢
e Y eKWX).

*Q
The following proposition shows that X is in some sense maximal.

Proposition 2.6.4. Suppose that W C X is an open subset such that
e o(W) =V \ P, whereV is an open subset of Y and P € K(V),
* o: W — V \ P is biholomorphic.

*¢ =
Then there exists an open set U C X suchthat W C U and ¢ : U — V is biholomor-
phic.

2.7 The Docquier-Grauert criteria

See [Jar-Pfl 2000], § 2.9.

The aim of this section is to localize the description of pseudoconvexity. The main
local criteria for pseudoconvexity are contained in the following theorem.

Theorem 2.7.1. Let (X, p) € R (C"). Then the following conditions are equivalent:

(1) (X, p) is a Riemann—Stein domain;
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(ii) for any continuous mappings f:[0,1] x D — ):( = ):(p (cf. § 2.6) with (; o
)E,)) € O(D) foranyt € [0, 1), the following implication is true:
if £(([0,1) xD)U ({1} x D)) C X, then f([0,1] x D) C X;

(iii) for any continuous mapping f:[0,1] x D — X for which the mapping }=7 o
f extends to a holomorphic mapping g: D x D — C", where D C C is a
neighborhood of [0, 1], the following implication is true:

if £([0,1) xD) C X, then f({1} xD) C dX or f({1} xD) C X;

@(iv) for any domain T = Ty, = (Py—1(r) x D) U (D" ! x A(p, 1)), 0 < r,p < 1,
any biholomorphic mapping f: T — f(T) C X extends to a holomorphic
mapping f: D" - X;

(V) there exist a Riemann—Stein domain (Y, q) over C" and amorphism¢: (X, p) —
(Y. q) such that for any domain T = T, , and a biholomorphic mapping f: T —
f(T) C X such that ¢ o f extends to a biholomorphic mapping g: D" —
g(D") C Y, there exists a holomorphic mapping f: D" — X such that f =f
onT;

(vi) there exist a Riemann—Stein domain (Y, q) over C" and a morphism

p: (X, p)—> (Y,q)

=¢
such that there exists a neighborhood U of 0 X with —logdx € PSH (U N X).

2.8 Meromorphic functions

See [Jar-Pfl 2000], § 3.6.
Let (X, p) € R(C").

Definition 2.8.1. A function f: X \ S — C, where S = 8(f) is a closed subset of
X with (2.4), is said to be meromorphic on X (f € M(X)) if

(@ fe€O(X\S)and S is singular for f in the sense of § 2.4,

(b) for any point a € S there exist an open connected neighborhood U of a and
functions ¢, ¥ € O(U), ¢ # 0, suchthat f = ponU \ S.

We say that (¢, V) is a local representation of f at a. Note that in view of (a) we
must have ¥ (a) = 0. Consequently, either S = @ or S is an (n — 1)-dimensional
analytic set of pure codimension 1.

The set R(f) := X \ 8(f) is called the set of regular points of f.

We say that a point a € S is a pole of f (a € P(f))if there exists a local
representation (¢, ¥) of f at a such that ¢(a) # 0.

We say that a pointa € S is a point of indeterminacy of f (a € I(f))if forevery
local representation (¢, ¥) of f ata we have ¢(a) = 0.
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Obviously, 8(f) = P(f) U I(f) and P(f) N I(f) = @. Moreover, I(f) is
an analytic set of dimension < n — 2. In particular, if n = 1, then I(f) = @.

Theorem 2.8.2. Let X be as above andlet M C X be an analytic subset of codimension
> 2. Thenany f € M(X \ M) extends to an f € M(X).

Based on the former result we obtain an interpretation of tempered functions outside
of an analytic subset.

Proposition 2.8.3. Let M C X be an analytic subset of pure codimension 1 and let
f e OO (X \ M) be a tempered function (see Definition 2.1.8). Then there is an
f e M(X)suchthatS(f) CMand f = fon X\ M.

That means that every tempered function on X \ M may be thought as a meromor-
phic function on the whole of X.

Proof. Fix aregular point a of M. Then there exist an open neighborhood U = U(a)
andag € O(U), g'(x) Z0forall x € U,suchthat U N M = {x e U : g(x) = 0}.
We may assume that U = Py (a, ¢). Lets := (p|ly)~!, V := s(P(p(a),e/4)). Then,
foreachx € V' \ M, thereisab € p(U N M) such that

dist(p(x), p(M NU)) = [[p(x) = blloo = dx\m (%)
lg(x) =g os(b)]leo = Cllp(x) = blloo

(the constant C may be chosen to be independent on x). Hence we have

I/ low x\ary

lg)* < Cllf low x\m)-
dﬁ\M(X) (X\M)

(f£) ()] <

Consequently, fg* extends to a holomorphic function / on V. Thus f may be thought
of as a meromorphic function f on X \ Sing(M). What remains is to recall that
Sing(M) is of codimension > 2 and therefore, due to Theorem 2.8.2, f extends to a
meromorphic function f on X. O

The theory of extension of holomorphic mappings developed in § 2.1 may be re-
peated word for word for meromorphic functions and leads to the following Thullen
theorem (cf. Theorem 2.1.20).

Theorem 2.8.4 (Thullen theorem). Let @ # ¥ C M(X). Then (X, p) has an ¥ -
envelope of meromorphy o (X, p) — (X, p) such that (X, p) is a Riemann—Stein
domain. Inparticular, the envelope of meromorphy of (X, p) coincides with its envelope
of holomorphy.

Theorem 2.8.5. Let [ € M(X). Then there exist o, € O(X), ¥ # 0, such that
f =9/
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2.9 Reinhardt domains

See [Jar-Pfl 2008], §§ 1.11, 1.12, 1.14.

Definition 2.9.1. Let A C C". We say that A is a Reinhardt (n-circled) set if for every
(ai, ..., an) € A we have

{(z1,....22) € C" t|zj| = |aj|, j =1,....n} C A.

Put

Vi ={(z1,....20) € C" : z; =0},

Voi=ViU---UV, ={(z1,...,20) €C" : 2y --- 2z, = 0},

log A := {(log|z1],....log|zx|) : (z1,....2n) € A\ Vp}, A cCC",
expS :={(z1,...,2z,) € CL : (log|z1],...,log|zs|) € S}, S CR",
A* :=int(exp(log 4)), A C C".

We say that a set A C C” is logarithmically convex (log-convex) if log A is convex.

Theorem 2.9.2. Let D C C" be a Reinhardt domain. Then the following conditions
are equivalent:

(1) D is a domain of holomorphy;
(i) D islog-convex and D = D* \ Jjeq1,..n3 V;-
DNV, =2

Theorem 2.9.3. For every Reinhardt domain D C C" its envelope of holomorphy D
is a Reinhardt domain.

Corollary 2.94. Let D C C" be a Reinhardt domain and let D be its envelope of
holomorphy. Then:
@ V,NnD=gifV,nD =g,
(b) log D = conv(log D).
Consequently, by Theorem 2.9.3,

= int(exp(conv(log D))\ U V; = D.
je{l,...,n}

DNV; =%
Proof. (a) If V; N D = @, then the function D > z; +— 1/z; is holomorphic on D.
Thus, it must be holomorphically continuable to D, which means that V,n D=2

(b) First observe that log D = conv(log D). Consequently, D is a domain of
holomorphy with D C D. Hence, D C D. Finally, log D C logD C 1ogD =
conv(log D). O
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Proposition 2.9.5. Let D C (C)" be a Reinhardt domain and letu: D — R_ be
such that

u(zy, ..., zp) =u(lz1l, ..., 1zal)s  (z1,...,20) € D.
Putu(x) :=u(e®,...,e™), x = (x1,...,%,) €logD. Then u € PSH (D) iff i is
a convex function on log D.



Chapter 3
Relative extremal functions

Summary. The relative extremal function &  will play the fundamental role in the sequel. First, to get
an intuition, we present in § 3.1 the convex extremal function, which may be considered as a prototype of
the relative extremal function. The main properties of the relative extremal function are presented in § 3.2.
Special geometric situations of balanced and Reinhardt sets are discussed in §§ 3.3, 3.4, and 3.5. Section 3.6
contains a list of basic properties of so-called plurithin sets, which will be needed only in Chapter 11.
Section 3.7 presents the relative boundary extremal function which will be used only in Chapter 8.

3.1 Convex extremal function

This section is based on [Jar-Pfl 2010a].

Recall that there is a strict connection between envelopes of holomorphy of Rein-
hardt domains and convex hulls of their logarithmic images. In this context, in Propo-
sition 3.1.3 we will consider the following elementary geometric problem:

Given @ # §; C U; C R%, where U; is a convex domain and int S; # &,
j=1,...,N, N > 2, describe the convex envelope of the set

N
U Sl X +ee X Sj_l X Uj X Sj+1 X oo X SN.
=1
It has appeared that the convex extremal functions defined below are very useful to

solve this problem.

Definition 3.1.1. Let @ # S C U C R”, where U is a convex domain. Define the
convex extremal function

Ps.u = supiy ¢ € CVX(U), ¢ < 1, ¢|s < 0},
where €VX (U) stands for the family of all convex functions ¢: U — R_q.
Observe that &gy € TVX(U),0 < @5y < 1l,and Pgy =0on S.

Remark 3.1.2. (a) @5,y = 0Oonconv(S) and Psy(x) <1, x € U.

(®) Peonv(s),u = Ps,u = Psny.u-

(©)For0 < pu < L letU, :={x € U : &sy(x) < pu} (observe that Uy, is a
convex domain with § C Uy,). Then &5y, = (1/pn)®s,y on Uy.
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Indeed, the inequality “>" is obvious. To prove the opposite inequality, let

_Jmax{®sy, udbsuy,} onU,,
o D5 U on U\ Uy.

Then ¢ € €VX(U) (EXERCISE), ¢ < 1,and ¢ = 0 on S. Thus ¢ < &g y and hence
Ps,u, = (/W) Ps,u in Uy.

(dLeta # S; C U; C R%,where U; isaconvexdomain, j =1,...,N,N > 2.
Put

W= {(x1,....xN) €Uy x -+ x Uy : Z]N:l @5, v, (x;) < 1}

(observe that W is a convex domain with S; X --- X Sy C W). Then

N
B,y w (X) = Y P, 0;(x;). x = (x1.....x8) € W.
j=1

Indeed, the inequality “>" is obvious. To prove the opposite inequality we use
induction on N > 2.

Let N = 2: To simplify notation write 4 := S, U := Uy, B := S5, V := U,.
Observe that T := (A x V) U (U x B) C W and directly from the definition we get

Pyxpw(x,y) < Pau(x) +Ppy(y), (x,y)eT.

Fix a point (xg, yo) € W\ T. Let
pi=1=®quxo) € (0,1], Vyi={yeV:®py(y) <puj

1
@ = ;(‘PAxB,W(xo, ) — @4,u(x0)).

Then ¢ is a well-defined convex functionon V,;,, ¢ < 1on V), and ¢ < 0on B. Thus,
by Remark 3.1.2 (¢), ¢(y0) < @B,v,, (yo) = i@g,y(yo), which finishes the proof.

Now assume that the formula is true for N — 1 > 2. Put S’ := S; x--- X Sy—1,
/. . N-1
W= {(x1.....xxy-1) €Uy X --- x Uy_1 : Y52 Ps; v, (xj) < 1}.
Then, by the inductive hypothesis, we have

N-1

QDS/’W/(X/) = Z ‘ij,U_,- (Xj), x'= (xl, .. ,XN—I) ew'.
j=1

Consequently,

W = {(X/,XN) e W' x Uy : (DS/’W/()C/) + @SN’UN (XN) < ]}.
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Hence, using the case N = 2 (for S’ C W’ and Sy C Uy), we get

N
By xexsy. W (X) = Bsrwr (') + sy vy (xn) = > s, v, (%)),
j=1

x =" xy)=(x1,....xn5) € W.

(e)If @ # Sy C Ur C R", U aconvex domain, k € N, S /' S,and U, /' U,
then ¢SksUk \ q)S,U-

Indeed, it is clear that &5, v, > Ps Uy, = Psw on Ug. Define ¢ =
limg_ 400 D5, U, - Thenp € EVX(U), ¢ < 1,andgp =0o0n S. Thus ¢ < P5 p.

Proposition 3.1.3. Let @ # S; C U; C R", where U; is a convex domain and
intS; #a,j=1,...,N, N> 2, and define the cross

T :=

It

Sy xoox Sy xU;j xSjp1 x--xSy.
1

J

Then
conv(T) = {(x1,....,x§) € Uy x -+- x Uy : Zj.vzl D5, v, (x)) < 1} = W.

Proof. We may assume that S; is convex, j = 1,..., N (cf. Remark 3.1.2 (b)). The
inclusion “C” is obvious. Let

TjI=S1X---XSI'_IXU]'XSj_;,_lX---XSN, j=1,...,N,

N-1
T = S1x-x 81 xUj x Sjp1 x - x Syq, 8 =8y x++x Sy_y.
j=1

Recall (cf. [Roc 1972], Theorem 3.3) that

conv(T) = U nhThy+---+ityTy

5.0t N =0
iy =0 (%)

= conv((conv(T") x Sy) U (S" x Uy)).

We use induction on N.

N = 2: To simplify notation write A := S, U := Uy, p := n1, B := S5,
V :=U,, q := n,. Using Remark 3.1.2 (¢), we may assume that U, V' are bounded.

Since conv(T) is open (ExXERCISE) and conv(7) C W, we only need to show that
for every (xo, yo) € d(conv(7T)) N (U x V) we have @4,y (x0) + Pp v (yo) = 1. Since
U, V are bounded, we have conv(T) = conv(7) (cf. [Roc 1972], Theorem 17.2) and
therefore, (xo, yo) = t(x1, y1) + (1 — t)(x2, y2), where ¢ € [0,1], (x1,y1) € Ax V,
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(x2,y2) € U x B. Notice that in general conv(T) 2 conv(T), eg. p = q¢ = 1,
A=B:=(0,1),U:=(0,2),V:=R.

First observe that ¢ € (0, 1).

Indeed, suppose for instance that (xg, yg) € U x (B NV). Take an arbitrary
X« € intA and let r > 0, ¢ > 0 be such that IBEJrq((x*,yo),r) Cc AxV and
Xsx = Xx + &(xg — x4) € U, where [B,"j(a, r) stands for the Euclidean ball in RE.
Then

(X0, Yo) € int(conv(Bp+q((X, ¥0), 7) U {(Xsx, y0)})) C int(conv(7T))
= int(conv(T")) = conv(T);

a contradiction.

Let L: R? x R? — R be a linear form such that L(xg,y9) = 1l and L < 1
on T. Since 1 = L(xg,y0) = tL(x1,y1) + (1 —t)L(x2,y2), we conclude that
L(x1,y1) = L(x2,y2) = 1. Write L(x,y) = P(x) + Q(y), where P: R? — R,
Q: R? — R are linear forms.

Put Pc :=supc P, C C R?, Op :=supp @, D C R4. Since L < 1on T and
L(x1,y1) = L(x2,y2) = 1, we conclude that

Py + Qv =1,
Py + 0Op =1

In particular, P4 = Py iff Qp = Qy. Consider the following two cases:
e Py < Py and Qp < Qy: Then

P — Py <Dy, 0—-0p

e < Ppy.
Py — P4 — B.V

Oy —08 ~

Hence

P(x0) — P4 Q(yo) — 0B _
@A,U(XQ)‘F@B,V()’O)Z 1—Qp— Py 1—P4—0p =L

* Py = Py and Qp = Qy: Then Py + Qy = 1, which implies that (xo, yo) €
U xV C {L < 1}; a contradiction.

Now assume that the result is true for N — 1 > 2. In particular,

conv(T') = {(x1,....xny—1) €Uy x -+ x Uy_1 : Z]N:T s, v, (xj) <1} =2 W',

Using (x), the case N = 2, and Remark 3.1.2 (d), we get

conv(T) = conv((W’' x Sy) U ((S" x Uy))
={(x,xy) e W x Uy : @/ (x) + @syuy(xn) <1} =W. O
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3.2 Relative extremal function

§2.3.

Let (X, p) € Roo(C"), A C X.

Definition 3.2.1. The relative extremal function of A with respect to X is defined as
the upper semicontinuous regularization &% , of the function

hgax :=sup{u: ue PSH(X), u <1, ulqg <0}.
ForanopensetY C X weputhqy := hanyy, h} Ay = hAnYY

Obviously

* hax =sup{u: ue PSH(X), u <1, supyu < 0},
*0=<hgx <hjy<=1I,

e hyx =0on A4,

* if Aisopen, then hy x = hZ,X =0on A4,

s hgx =1

Proposition 3.2.2. (a) If Y is a connected component of X, then hax = hay and
hyy=hyyonY.

(b) b ax €7 PSH (X). In particular, for every connected component Y of X, either
hyx = lonYorh x(2) <1,z €Y. Moreover, eitherhy y = Oorsupy hy y = 1.

©IfYyCY, C X are open, Ay C Y1, and A1 C Ay C Y, thenha,y, < ha, y,
and hjlz Y, < hZI,YI on Y.

(d) The set P :={z € A: hy,x(z) < h}} yx(2)} is pluripolar.

Proof. (a) and (c) follow directly from the definition.

(b) By Proposition 2.3.11, h y € PSH(X). Let C := supy h} y. Suppose that
0<C <1 Letu € PSH(X),u < 1, uly <0. Thenu < h; y < C. Hence
(1/C)u < hy x. Thus (1/C)h} x < h} 5 a contradiction.

(d) follows from Theorem 2.3.33 (a). ’ [

Proposition 3.2.3. If A C C", A ¢ PLP, then hy ¢, = 0.

Proof. Letu := hA cn- Thenu € PSH(C") and u < 1. Thus u = const (cf. Re-
mark 2.3.2 (g)). Since A ¢ PLP, Proposition 3.2.2 (d) implies that there exists an
a € A such that u(a) = 0. O

Proposition 3.2.4 (Two constants theorem). Let A C X be such that A is not analyti-
cally thin at a point by € A. Then for every f € O(X) we have

(2) hY x(2)
|f(Z)|<||f||A Rax Iflly"*, zeX.
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Proof. Put m = || f|la, M := | fllx- We may assume that 0 < m < M < +o0.
Define
kil
e 08
: o
log -~

Then u € PSH(X), u < 1,and u < 0 on A. Consequently, u < h;‘; p» Which is

equivalent to the required inequality. O

Proposition 3.2.4 gives the following extension of Lemma 2.1.14.

Lemma 3.2.5. Let (G, D, Ay, A, F) be as in Lemma 2.1.14. Assume that the condi-
tions (i) and (i) from Lemma 2.1.14 are satisfied. Then

A 1-h% 5 (2) hy p@ =
SOOI la "7 NI zeD, fef.

Notice that the above inequality is in fact equivalent to the inequality || f lp <

Ifla: f € F.
Proof. By Lemma 2.1.14 we have ||f||D < || flla. Now, by Proposition 3.2.4 with
(X, A) = (D, Ap), we get

hjlo.D (@

~ A 1=h} p(2) A
fOI=1fllg " Iflp

B0 p(@)

1-h% (z)
<1y 0Py oP® ) sep, fer. -

Example 3.2.6. Let ¢: (X, p) — ()? , P) be the maximal holomorphic extension
(cf.§2.1.7)and letu € PSH (X),u < C on ¢(X). Thenu < C on X. In particular,

* —
h(p(X),)? =0.

Indeed, for every compact L CC X there exists a compact K CC X such that
L € R = o) 7D
(cf. Proposition 2.1.15, Theorem 2.5.9). Thus, sup; u < SUPy (k) U =< C.

The following lemma will be useful in Chapter 6.

Lemma 3.2.7. Let T C D be a relatively open subset. Then

1 2 it
* 1
TmlD,[D(O) =< E/o xmr(e)de,

where x p stands for the characteristic function of B.
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Proof. Forr € (0, 1), the mean value inequality for subharmonic functions implies

1 2w . 1 .
70p,p(0) < —/ Tapp(redr < —(/ dt +/ h (re”)dt),
TnD,D 27 0 TnD,D 27 0, 0, TNnD,D

where Q1 = {t € [0,2n] : e’ ¢ T)and Q, := [0,27] \ Q. Observe now that
h}imD’D(re” ) e 0, whenever ¢t € Q,. It remains to apply the Lebesgue Theorem.

O

Definition 3.2.8. We say thataset A C X is pluriregular at a pointa € /Tifh;‘u](a) =
0 for any open neighborhood U of a. Observe that 4 is pluriregular at g iff there exists
a basis U(a) of neighborhoods of a such that hj‘LU(a) = 0 for every U € U(a).
Define

A* = A*X :={a € A: Ais pluriregular at a}.
We say that A is locally pluriregular if A # @ and A is pluriregular at every point

a€ A, ie@F#ACA*
If n = 1, then we say locally regular instead of locally pluriregular.

Remark 3.2.9. (a) If @ # Y C X is open, then Y is locally pluriregular.

b Ifg # B CACX,BCY,whereY isopen, then B*Y Cc AX NY =
Any)sr,

©) hZ,X =0on A*.

(d) By < haex <.y

(e) If A is locally pluriregular, then h:;’X < hgxx < hax < hz,X, hZ,X <
ha«x < hj. y < h} y,and therefore, hy y = hax = hj. y = ha~ x.

Proposition 3.2.10. A\ A* € PLP.

Proof. Let (Uy)z2, be a basis of the topology of X. Put
o0
Pr:={z€e ANU : hay, (z) < h.tl,Uk(Z)}’ P = U Py.
k=1

Then P € PLP (cf. Proposition 3.2.2 (d)) and hj;’Uk (a) =0,a € (A\ P)N U,
k € N. Thus A\ A* C P. O

Proposition 3.2.11 ([Ale-Hec 2004]). Assume that X is connected. The following
conditions are equivalent:
() forany A C X and P € PLP(X) we have hy,p y = h}y x;
(ii) for every P € PLP(X) we have h;,X =1;
(iii) for every P € PLP(X) there existsav € PSH(X), v # —oo, v < 0, such that
P C v !(—00);
(iv) for every A C X we have hz,x = hZ*’X (cf. Remark 3.2.9).
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Moreover

* by Theorem 2.3.25, condition (iii) (and, consequently, each other condition) is
always satisfied if X € Rp(C") (¢f. Definition 2.1.1);
* conditions (1), (i), (iii) are also equivalent for a fixed pluripolar set P C X.

Proof. (1) = (ii): h}",’X = h*z,X =1.

(i) = (iii): By Proposition 2.3.22 (a) there existsana € X suchthathp x(a) =
1. Take a sequence (ug)ge, C PSH(X) with up < 1, ux < O0on P, and ug(a) >
1 —1/2% k € N. Define v := Y 3=, (ux — 1). Then v € PSH(X), v < 0,
P Cc v71(—00), and v(a) > —1.

(ili) = (): Letu € PSH(X),u <1on X,u < 0on A. Then, for every ¢ > 0,
wegetu +ev <lonXandu+ev <0Oon AU P. Thusu + ev < hyqup,x and
hence u + ev < hj,p y. Thus u < hj,py on X \ v~ (—00). Consequently, by
Proposition 2.3.8, u < h:;UP,X and, finally, hZ’X < h:iUP,X'

(iv) = (@i): h}‘,,X = h;*,x = h?a,x =1.

(i) = (iv): The inequality “<” follows from Remark 3.2.9. By Proposition 3.2.10
and (i) we geth;';’X = hzmA*,X Zhj*’x. O

Corollary 3.2.12. Let X € Ry (C"). Then
s hy,px =hyxforany AC X and P € PLP(X).
* Aset P C X is pluripolar iff hp x = 1.

Corollary 3.2.13. (A \ P)* = A* for arbitrary P € PLP. In particular
e if P € PLP, then P* = &;
* if A is locally pluriregular, then A\ P is locally pluriregular for arbitrary P €
PELP;
e (AN A** = A*;
e AN A* is locally pluriregular (cf. Proposition 3.2.10).

Proof. We only need to show that A* C (4 \ P)*. Fixapointa € A*. If U is an
open relatively compact neighborhood of @, then we have h;;\ pu(@) =h} (@) =0.

It remains to observe that a € A \ P — otherwise, a would have a relatively compact
neighborhood U such that U N (A \ P) = @, which implies that I = hg\py(a) =
h’ y(a) = 0; a contradiction. O

Proposition 3.2.14. Let A C X be locally pluriregular and let P, P”" C X be
pluripolar such that A\ P’ C X \ P”. Then h;kl\P’ x\pr = hy yonX\ P’

Proof. By Proposition 2.3.29 we get h;‘l\P, xX\pr = hZ\P’ x on X \ P”. Now, by

Remark 3.2.9 (e) and Corollary 3.2.13, we have hZ\P, x = hE"A\P,)* x = hy. v =

h% . O
A X
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Proposition 3.2.15 (cf. [Bto 2000]). Let X € Rp(C"), A C X. Put
Ale):=1{ze€ X :hjx(z)<e}, O0<e<l.
Then .
hAl’X_; : <hhex <hix

(cf. Lemma 7.2.9). Consequently, hZ(s),X S hy xoase 0.

We do not know whether the result is true for arbitrary X € R, (C") | ? | Notice
that hz(s) x = h ), x (cf. Remark 3.2.9).

. h% —¢
Proof. Ttis clear that b 5(),x > —42%—. Put

P = {Z cA: 0= hA,X(Z) < hZ’X(Z)} e PLP

(cf. Proposition 3.2.2 (d)). Since X € Rp(C"), we get h:\P x = hjl,X (cf. Proposi-
tion 3.2.11). Observe that A \ P C A(e). Thus ha),x < h:‘l\P x = h} x on A(e).
O

Theorem* 3.2.16 (Product property; [NTV-Sic 1991], [Edi-Pol 1997], [Edi 2002],
Theorem 4.1). Let X; € Roo(CY), A; C X;, j = 1,2. Assume that Ay, Az
are open or Ay, A, are compact. Then

hayxa,,x,x%, (21, 22) = max{ha, x,(z1), ha,,x,(22)}, (21,22) € X1 X X>.

The proof of the above theorem is based on deep results from Poletsky’s theory of
holomorphic discs.
Observe that the inequality “>" is elementary and it holds for arbitrary sets Ay, A5.

Theorem 3.2.17 (Product property; [NTV-Sic 1991], [Edi-Pol 1997], [Edi 2002], The-
orem4.1). If X; € Rp(C"), j = 1,2, then for arbitrary subsets Ay C X, A C X,
we have

By xay x,xx, (21, 22) = max{hy, y (21), hy, x,(22)},  (21,22) € X1 X Xa.
We need the following lemma.

Lemma 3.2.18. If X; € Roo(C"), j = 1,2, then for arbitrary subsets Ay C X,
Ar C X5, we have

hA[XAz,XIXXz(Zlv 22) < 1 _(1 _hA1,X1 (Zl))(l _hAz,Xz(ZZ)), (Zlv 22) S Xl X X2'
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Proof. Fix (z9,29) € X1 x X». The inequality is trivial if k4, x,(z)) = 1 or
ha, x,(23) = 1. Assume that hq; x;(27) < 1, j = 1,2. Fixau € PSH (X1 x X»)
with u < 1, u|g,x4, < 0. For (a1,a2) € X1 x Xp with hy; x,(a;) < 1,j = 1,2,
define

o o M@ ) —hayx (@) o, u(.a2) —ha, x,(a2)
a 1 —hy, x, (a1) 1 —hy, x,(a2)

’

Observe that

hA]XAz,X] XX2(a17a2) S 1 - (1 - hA],X] (al))(l - hAZ’XZ (az))
= Vg, (a2) < ha, x,(az)
= v*2(a1) < hyg, x,(a1).
It is clear that vg, € PSH (X2), Vg, < 1, v¥2 € PSH(X1), v¥2 < 1. Ifa, € A,
then v*2 < 0 on A;. Thus, if ax € A, then v*?> < hy, x,. In particular, U0 (ap) <

ha, x,(az),a € Ay. Hence v0 < 0 on A,, which gives vz?(zg) <ha, x,(z)). O
Proof of Theorem 3.2.17. The inequality “>” is elementary. Let
Aj(&‘) = {ZJ'EX]':th,Xj(Zj)<€}’ j:1,2,

Ae) i ={(z1.22) € X1 X Xp 1 B}y 4y x,xx,(21.22) S 1—(1—2)*}, 0<e<l.
By Lemma 3.2.18 we get ha,(e)xa,(e).x,xx, < 1 — (1 — )% on Aq(g) x Az(e).
Hence hzl(s)XAz(s),Xlsz < 1—(1—¢)?on Aj(g) x Ay(e), which implies that
Aq(e) x Ay () C A(g). Now, by Theorem 3.2.16, we have

max{hﬂl(s),Xl (Zl), hAz(S),Xz(ZZ)} = hA](E)XAz(S),X]XXz(Zh ZZ)
= hzl(a)xﬂz(s),XlxXz(zl’ z2)
Z hz(s),XlxXZ(lezz)'

To finish the proof, it remains to observe that by Proposition 3.2.15 we get A;(e).X; e
hy, x,»J =12, andhy ) v oy, /By xay,x,xx, Whene 0.

Exercise 3.2.19. Prove that if X € R (C"),Y € Ro(C™), A C X, B C Y, then
(A x B)* = A* x B*. In particular, if A and B are locally pluriregular, then so is
A X B.

Example 3.2.20. (a)

2
. = —|A ‘ e D.
1,0,0(?) . ‘ R L

1—

Indeed, we only need to observe that the function ¢4 (z) = :I:j% Arg 11%; is the
solution of the Dirichlet problem in Dy := {z € D : £Imz > 0} with ¢+ = 0 on
(-1,H)andpr =1on{zeT:xImz > 0}.
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(b)Let S :={z € C:|Imz| < 1}. Then hy ¢(z) = |Imz|,z € S.

(c) Every non-empty open set U C R” C R" + iR" ~ C” is locally pluriregular
(as a subset of C").

In fact, we only need to show that for all @ € R” and r > 0 we have

hE. @R By @) (@) = 0.

Using a suitable transformation of coordinates and the product property (Theo-
rem 3.2.17) one can easily reduce the problem to the equality A 2‘_1’1)’[[3(0) = 0, which
follows directly from (a).
(d)If L C 0D(a, r) C C is a non-empty open arc, then L is locally pluriregular.
In fact, there exists a homography % such that (L) is an open subset of R. Thus
the result follows from (c).

Proposition 3.2.21. Let X € Ro(C?), ¥ € Ro(C™), P C AXB C X x7Y.
Assume that B is locally pluriregular and for any a € A the fiber P, .y is pluripolar
(we do not assume that P is pluripolar). Then for any relatively compact open set
VxW CC X xY wehave h?AxB)\P, vxw = Paxp vxw- Inparticular, if A is also
locally pluriregular, then (A x B) \ P is locally pluriregular.

Proof. Takeau € PSHV x W), u < 1,withu <0on(AxB)N(V xW))\ P.
Then for any a € ANV we have u(a,) < 0on (BN W)\ P,. Hence u(a,b) <
hB\P(u )W(b) = h% W(b) =0,b e BNW. Thus u < hgxpyxw. Finally,

h(AxB)\P VW — h;‘;XB VXW:* O

Proposition 3.2.22 ([Ale-Hec 2004)). (a) Let G C C"* be an arbitrary domain and
let ACCKxG =:D. Thenhyp(z,w) =hz;(w), (z,w) € D, where

A:=prg(A) ={w e G :3,cck : (z.w) € A}.

(b) Let G C C"~ U be an arbitrary bounded domain, let C _C C be polar; and let
ACG, A ¢ PLP. PutD =CxG CC" A:=C x A Then hy p(z,w) <
h« p(z,w) =1, (z,w) € D (cf. Proposition 3.2.11 (iv)).

Proof. (a)Itis clear thathg,G(w) < h4,p(z,w). Conversely, ifu € PSH (D), u <1
on D andu < 0on A, then u(z, w) = v(w) withv € P8H(G). Obviously, v < 1 on
G and v < 0 on A. Hence v <hj; ic

(b) By (a) we have by 1, (z, w) = hzqw) <1, (z,w) € D (cf. Corollary 3.2.12).
On the other hand, A* = C* x (A)* = X (A)* = @ (cf. Exercise 3.2.19), which
giveshy. , =1. O

The following approximation property of relative extremal function will play the
fundamental role in the sequel — see also Propositions 3.2.24 and 3.2.25.

Proposition 3.2.23. Let X; /' X CC Y andlet Ay C Xi, Ax /" A. Then h:‘;kan N\
hy .
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Proof. Letuy := hy, x,. Obviously, ug41 < ug. Let v :=limg_ 4o u,’;. Then v €
PSH(X)and by y <v < 1. Put P :={z € Ag 1 uk(z) <up(z)}, P := Ur=; Px.
Then P € PLP. Observe that v = limg_ oo Uy < 0on A\ P. Consequently, by
Corollary 3.2.12, v < hZ\P x = hZ’X. O

Proposition 3.2.24 ([Kli 1991], Proposition 4.5.10). If (K,)$2, is a sequence of
compact subsets of X such that K, \( K, then hg, x /" hgxx. In particular,
hgeo x /" hg x as e (0, where K® isasin Definition 2.1.3.

Proof. Obviously, hg, x < hk,, . x < hg x. Letu € PSH(X) be such thatu <1
andu < Oon K. Thenu < 0on K, forv > 1. Hence u < hg, x forv > 1 and,
consequently, hg x <lim,_ 1o bk, x. O

Proposition 3.2.25. Let A C Xy C X, Xy open, Xy /" X, A /" A. Then
A* Xi N\ hA* x- In particular, if (Xy)3—, is an exhaustion of X (Definition 1.4.5),

thenhAX \hA*X

Proof. Put vy = h;;* X, , k € N. It is clear that h:l*,X < Vg4 < vg. Letv =
limg s 400 Vk. Then v € PSH (X) and v > hA* x- We know that vp = O on Ay \ Py,
where P € PLP (Propositions 3.2.2(d) and 3.2.10). Put P := U/io=1 Pi.. Then

v=0o0n A4\ P. Consequently, v < h;;\PX < h?A\P)* x =hy x- O

Remark 3.2.26. Recall that
(@) hgax < hj*,X (see Remark 3.2.9). In general hji,X % h**,X (cf. Proposi-
tion 3.2.22 (b)),
(b) if A is locally pluriregular, then b}, y = h} y (Remark 3.2.9),
(c) if X € R#p(C"), then h**’X = hZ,X (Proposition 3.2.11).

Proposition 3.2.27. Let A C X € R (C*) NRp(C"), A ¢ PLP, 0 < u < 1, and
A(p) =1z € X 1 hjy x(z) < puj.

Then h; A = = (1/wh} A.x on A(w). In particular, hy A )(Z) < 1,z € A(w), which
implies (cf. Corollary 3.2.12) that AN S ¢ PLP for any connected component S of

A(p).
In the case where A is locally pluriregular, the result remains true for arbitrary

X e R (CH).
Proof. We know thathy y = Oon A\ P, where P € PLP. Consequently, A\ P C

A(u) and hence hAﬂA(M)X = hy y and h} A = hA\P A = > (1/u)h}y x on
A(p).
Letu € PSH(A(n)), u <1,u <0on AN A(u). Define

max{uu,hy v} on A(u),
vi= ;
Wy on X \ A().
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and observe that for every zo € d(A(u)) we get imsup 4¢,)5,—z, KU(Z) < 1 <
hji x(20). This implies that v € PSH (X ) (cf. Proposition 2.3.6) and hence v <

hAnA(M) x = hA x- In particular, k% A = =< (1/w)h}y x on A(u).
If X is an arbitrary Riemann domain and A is locally pluriregular, then A% , = 0
on A. Thus A C A(u) and we may repeat the above proof (with P := @). O

Proposition 3.2.28. Let D; be a Riemann domain over C" and let A; C Dj be
locally pluriregular, j = 1,..., N. Put

X:={G....2v) € Dix--x Dy : 0L kY (2) < 1),
Then

Apx-xApn,

N
h* f(z):Zhjj,Dj(zj), z=(z1,...,2n8) € X.
j=1

Proof. The inequality “>" is obvious. To get the opposite inequality we proceed by
inductionon N > 2.

Let N = 2 (cf. [Sic 1981a]): Put u := h* . € fPSJf()?) and fix a point
AIXAz,X

(ai,a3) € X. Ifa; € Ay, thenu(ay,-) € PSH(D2), u(ay,-) < 1,and u(a;,-) <0
on A,. Therefore,

u(ar,”) <hy, p, =hy, p,(a1) +hy, p, onDs.

In particular, u(ay,az) < h} A,.D; (a1) + h* (az) The same argument works if
a € Ap. Ifa; ¢ Ay, then letu =1- A D, (al) € (0, 1]. Put

(D2)y =122 € D2 : hy, p,(22) < pj.
It is clear that A, C (D), > a». Put
1 *
V= ﬁ(u(al,-) —hAl,Dl(al)) € PSH((D2)).

Then v < 1 and v < 0 on A,. Therefore, by Proposition 3.2.27,

v = hzb(Dz)u = ﬁhzz,Dz on (D2) .

Consequently, u(a;,az) < hA p,(a1) + h:‘;z,Dz (az), which finishes the proof for
N =2.
Now assume that the formula is true for N — 1 > 2. Put

Y = {(21,...,ZN_1) €Dy x---xDpy_1: va_ll hy Dj(zj) < 1}.
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By the inductive hypothesis, we conclude that

N-1
* no_ * . ’r_ Y%
By nnn GV = D Wi p (). 2= oy €Y,
j=1

Now we apply the case N = 2 to the following situation:

Z ={(z',zy) €Y x Dy :”Lx...xAN,ly(Z') +hy, p,GN) <1}
So
* ’ * ok (] 7
hAlx--.xAN_],f'(Z )+ hAN,DN(ZN) = hA|x~~~xAN,Z(Z)’ z=(z,zy) € Z.
It remains to observe that Z = X. O

Finally, we present (without proof) a few more developed results which will be
important in the sequel.

Theorem* 3.2.29 ([Bed-Tay 1976], [Bed 1981], [Kli 1991]). Let X € R (C").
There exists a Monge—Ampére operator

PSH(X) N L®(X,1oc) > u > (ddu)" € M(X),
where N (X)) denotes the space of all non-negative Borel measure on X such that

. 2
(a) ifu € PSH(X) N €2(X,R), then (ddu)" = 4"n!det [azz_’/—auz'k]j,k=1,...,n‘:£x’.
b) if PSH(X) N L*®(X,loc) 3 uy, \(u € PSH(X) N L*®(X,loc), then we get
(ddu,)" — (ddu)" in the weak sense.
Definition 3.2.30. The measure g, x := (dd° hj’ x)" is called the equilibrium mea-
sure for A.

Theorem* 3.2.31 ([Bed 1981], [Zer 1986], [Kli 1991], [Ale-Zer 2001]). Let Y €
R(C™), X CC Y be hyperconvex (cf. Definition 2.5.1), and let K CC X be compact.
Then

(a) lim, .z, hg x(z) = 1 for every zy € 0X.

() pkx(X\K)=0.
(c) If P C K is such that ug x (P) = 0, then h;(\P,X =hy x.

d) If K = Ujer ﬁls(ai,ri), where 0 < r; < dx(a;),i € I, then hg x = h)lkgx is
continuous.

Theorem#* 3.2.32 (Domination principle; [Bed-Tay 1982], [Kli 1991]). Let Y € R(C"),
X CC Y beopen, andletuy,u_ € PSH(X) N L°°(X) be such that

(ddus)" < (ddu_)" in X and }im inf (u4(z) —u—_(z)) = 0forall zo € dX.
2z—>Z

Thenuy > u_on X.
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Corollary 3.2.33. Let Y € R(C"), X CC Y be hyperconvex, K CC X be compact,
U C X\ K beopen, andu € PSHU) N L*®U), u < 1, be such that

liminf (h% y(z) —u(z)) > 0forall zo € (QU) N X.
Usz—zg ’

Thenu < h}‘(’X inU.
Proof. We take u4 := hy y,u— = u. By Theorem 3.2.31 (b) we have (dd“u-)" =
Oon X \ K. In partlcular (dduy)* < (ddu-)" in U. Moreover, by Theo-

rem 3.2.31(a), lim;—, u4(z) = 1 for every zo € dX. Now we may apply Theo-
rem 3.2.32 for U. O

3.3 Balanced case
Proposition 3.3.1. Let h: C" — Ry be a plurisubharmonic function with h(Az) =
|[Ah(z), A € C, z € C" (¢f. Proposition2.3.18 (b)), e.g. a complex seminorm (cf. Propo-
sition 2.3.18 (a)). Put

B(r):=4{zeC":h(z) <r}, Blr]:=4{z€C":h(z) <r}.

Then for arbitrary 0 < r < R we have

log
B(r).B(R) = MB().B(R) = Mp(r) pr) = MBIr.B(R) = Max {0, _logé }
,

Proof. 1Itis clear that

log
B().B(R) = MB().B(R) = hpp p(ry = MBI1.B(R) = Max {0, Iog é} =: 9.
,
Moreover, h;( )yB(R) = ® =0on B[r] — use Oka’s theorem: if h(a) = r, then
h*(r) B(R)(a) = lim;—q1— hB(r) B(R)(ta) = 0 (cf. [V1a 1966], § 11.9.16). Take an
a € B(R) \ B[r] and let

A= A/ h(@), R/ h(@) 3 A > i gy (ka) — D(Ra).

Observe that v is subharmonic and v > 0. Moreover, limsup; _, 54 v(A) < 0. Thus,
by the maximum principle, v < 0. In particular, v(1) = hg(r) B(R) (a) — ®P(a) < 0.
O
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3.4 Reinhardt case

Proposition 3.4.1. Let @ # A C D, where D is a Reinhardt domain and A is a locally
pluriregular Reinhardt set. Then

h:i,D(Z) = Piog alog p(10g |21], ... . l0g|zn])., z=(z1,....,2,) € D\ Vo
(¢f. Definitions 3.1.1, 3.2.1). In particular, the function hy 1, is continuous on D \ Vj.

Notice that in the case where D is log-convex and A CC D is a domain the result
had been proved (using different methods) in [Thor 1989].

‘We do not know how to characterize h;‘; p inthe case where 4 is not Reinhardt

Proof. Since A and D are invariant under rotations, we easily conclude that h;;, p(z) =
hy p(z1l. ... |zal), 2 = (z1.....2,) € D. Thus, by Proposition 2.9.5, h}y ,(z) =
ga(foglzll, .. loglzyl), z = (21, ..., 2n) € D\ Wy, where ¢ € €VX (log D’). Since
hZ,D =0on A4, we get ¢ = 0 onlog A. Finally, ¢ < ®ig 4,106 D-

To prove the opposite inequality, observe that by Proposition 2.9.5, the function

u
D \ VO Sz (plogA,logD(IOglzlla s alOglan

is plurisubharmonic, u < 1,and u = 0 on A\ Vy. By Proposition 2.3.29 (a), u extends
toau € PSH(D). Clearly, # < 1 (Proposition 2.3.29 (b)). Thus i < h;';\VO D=
h?A\Vo)*,D = hjl,D (cf. Remark 3.2.9 and Corollary 3.2.13).

Remark 3.4.2. Let U C R” be an arbitrary domain, let ¢: U — R, and let V :=
conv(U). For x € V define

Y(x) = inf{typ(a;) + - + trp(ag) : x = tay + -+ + tyag, ay,...,ax € U,
tyooote €001, 1+ 1 = 1,

Observe that Yy € EVX(V), ¥ < ¢ on U, and supy ¥ < supy ¢. One can easily
prove (EXERCISE) that the following conditions are equivalent:

ey =¢ponU,

* ¢ has an extension to a convex function on V/,

e p(tia; + -+ + trag) < tip(ay) + --- + txp(ag) for any a;,...,ar € U and
t1,...,tx €[0,1] witht; +--- + t = 1 suchthat tya; + -+ + trar € U.

Corollary 3.4.3. Let & # A C D, where D is a Reinhardt domain and A is a locally
pluriregular Reinhardt set. Let D be the envelope of holomorphy of D (cf. Theo-
rem 2.9.3). Then h: 5= hfl, p on D iff @ 4,10¢ p extends to a convex function on

log D.
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3.5 An example

The aim of this section is to get an effective formula for &} ,, for certain Reinhardt
domains D C C? and open Reinhardtsets @ # A C D. Obviously in this case we have
hZ,D = hap. Let ¢ € €VX(log D) be such that by p(z) = ¢(log|z1],log|z2]),
z = (z1,22) € D\ Vy (Proposition 3.4.1). Recall that k4, p is continuous on D \ V,.

It is clear that hy,p > h, 5 on D, where D denotes the envelope of holomorphy of
D. We are interested in

* explicit formulas for k4, p,
e relations between b4, p and h , 5 (cf. Corollary 3.4.3).

First, to get an intuition of how the problem may be difficult, let us recall a result
from [Jar-Pfl 1993] (Example 4.2.8) related to the Green function gp defined as

gpla,z) :=sup {u ‘u: D —[0,1), logu € PSH (D),

u(w)
sup

< +oo}, a,z € D.
weD\{a} w—all

Given 0 < «, B < 1, we define Reinhardt domains:
D_:={(z1.22) €D*: || = B = |z1] > o} = D*\ (D(a) x A(B., 1)),
Dy :={(z1.22) e D*: |z1] <aor|z| < B} = D?\ (A, 1) x A(B, 1));
D is not a domain of holomorphy, D_ = D2,
Dy = {(z1,22) € D? : |z9] 18P |zp|Tloge < g logerloehy

We have the following effective formulas for gp_ (0, -):
(a) if B > «, then

gp_(0.z) = max{|zy|.[z2|} = g5 (0.2)., ze€ D

(b) if B < «, then

max{|z1|, g|z2[}, if|z2| < B

gp_(0,z) = { } ; gp (0.2), zeD_;

logar .
max{|z1|, |z2| B}, if |z1| > «
(©)

__1
gp,(0,2) = max{|zl|, |25, (08 108B |7y |7 logh |7y ~lozer) mgaﬁ} =g5,(0.2),

Z€D+.
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The Green function g p may be considered as a “prototype” of the relative extremal
function k4, p. Consider A := D(g) x D(§), 0 < &, < 1. We are going to determine
hyp with D € {D_, Dy} and A C D. Define the auxiliary function

log |A]

Hr(l) = th(r) D(A) = max {0, 1 -
’ logr

}, O0<r<l1, AeD.

We consider the following five cases:

(A) (Figure 3.5.1) If 1088 > 1ogB "o

loge — loga’

hap (2) = max{Hy(z1), Hy(z2)} = hy 5 (2). z€D-.

|z2]

“o ¢ |21

Figure 3.5.1

Proof. The formulaforh, 5 follows directly from the product property of the relative
extremal function (Propos1t10n 3.2.17). Namely,

hy 5_(2) = hyp2(2) = hpE)xp@), DxD(21. 22)
= max{hp(),p(z1). hpe),p(22)}
= max{H(z1), Hs(z2)}, z=(z1,22) € D2.

Obviously, ha,p_(z1,0) < hpe),p(z1) = He(z1), z1 € D. For r,s € N with
> igii , consider the subharmonic function

D35> hgp (A1)
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Then
A e D.

M(A) f h|D(81/r)’ D(A‘) = Hel/r(k) = HE(A"),
This implies (using the continuity of A4 p_ on D_\ V) that
log§
hap_(2) < He(z1), |z2| < |z1]Pee.
In particular, using the convexity of the function ¢(log |z1], ), we get
t
ploglzi].1) = 1=~
ogé

for (z1,1) such that (max{a,&} < |z1| < 1, llzii loglzy| <t < 0)or(a < |zy| <
e, logd <t < 0 (provided that ¢ < ¢)). Finally, if § < B then the maximum principle,

applied to the subharmonic function kg p_ (-, z2), gives

hap_(z1,22) < Hs(22), |z1| <« O

(B) (Figure 3.5.2) If igii < igi 5 (in particular, ¢ < «), then

He(z1) if |z2] < B =4,
o5 Loz
1 .
hap_(z) = max{ngl), B } if |5 < B> 6,
Eloglzal| .
max ) He(z1), L T if |z1] > &

Zh,5 (2). zeD_.

Proof. First observe that the function R defined by the right-hand side of the above

formula is well defined, R € PSH (D-),0 < R <1, R = 0 on A (EXERCISE). Thus
h4,p_ > R. Using the same methods as in (A), one may easily prove (EXERCISE) that

log B
He(z1 Za| < |zl
hap_(2) <4 ° Qloglm B2l = et (3.5.1)
I—WT, a <|zi| < 1, |z2| = |z1]|Pee.

This finishes the proof in the case where § = B. If § < §, then put

logot/e (t2 _ log 8)

lo, [}
Y = - :
oge

t = (t1.12) € R2.

Then v (t1,log8) = 0 and ¥ (loga,logB) = 1 — ]lf)iz. Consequently, using the

convexity of ¢ and (3.5.1), we get
log B/8

logar/e lo z2]

g z loga /€
hap ()< -0 =0 e ciz)<a 8 < |z 55(u) .
loge e
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|z2]
Dy
B
I
I
S I
s I
Ve
P2 |
4 I
7
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1
o

|Z1]

Figure 3.5.2

The maximum principle applied to the subharmonic function A4, p_ (+, z2), implies that

loga/e |5 |22] loga/s
log B/5 08 73 Zo| '\ eeh/8
hap (z) < ——"gﬂ/loge < g(—l 2') L8 < |22 < B. O

(C) (Figure 3.5.3)If e < and § < B, (&,8) # («, B), then

loglzy| 4 loglzp| _

hA,D+(z)=max{Hs(zl), Hy(z2), 1 — —£5— 28 }=hA,5+(z),

log & logé 1
log & log B

Z€D+.

Proof. We may assume that ¢ < o and § < § (cf. Proposition 3.2.23). The function
R defined by the right-hand side of the above formula is well defined on D4, R €
PSH(D+),0 < R <1, R=0o0n A (EXERCISE). Thus hy,p_ > hA’5+ > R.
Using the function
D3Ar hap, (A", BLA%)

withr,s € N, % > %, and arguing as in (A), we get

logd/B
hap,(z) < He(z1), |z22] < Blzy| e .
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|z2]

\
N A

N \D+

~ ~
|
|
I
I
I
I
1

e « |z1]
Figure 3.5.3
In the same way one shows (EXERCISE) that
loge/a

hA,D+(Z) < Hs(z2), |z1] S a|za| &5 .

Put
o b _
L log log B . 2
V() = I_W’ t = (t1,12) € R,
log o log B
Observe that
log § t
vt log B + Mt) =1———, loge<t<0,
loge loge
1 t
Y(logo + ogs/at,t) =1———, logé<t<0.
log é log é

Hence, using the convexity of ¢, we conclude (EXERCISE) that

loglatl 4 loglepl _
log & log B
<1—
hA’D+ (Z) =1 log & logd 1
log o log B

. loge/a log8/B
for (z1,2z2) € D4 with |z1| > &, |z2| = 8, |z1]| > alza| 28, |za| > B|zy| e .

O
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(D) (Figure 3.5.4) Assume that ¢ > o and § < 8. Define

logé/B
Tii={G12) e < |o1l < 18 < |2] < Blza| B},

log8/B
T, = {(21722) ta < |zi| <& § <|z| < 5(|Zl|/8)l°g8/“},

log8/B log8/8
Tyi={(z1.22) te < ] < 1L max{Bla| o7, 8(1z0]/e) 570} < 2o < B3
1 14+ Al
Aim 08B . dHAloge . piep.
log o log 8 log B/6
Then
max {H,(z1), Hs(z2)} if |z1] <aor|zp| <6
hap,(z) = or (z1,22) € T1 U Ty,

Alog|zy1| + Blog|zz| + C  if(z1,22) € T3,

;_ hA,13+(Z)’ z€Dy.

|z2]
\
\
\
‘oA
\\D.,.
\\
ﬁ ________ —
T3
T T
)
“o ¢ |z1]
Figure 3.5.4

Proof. The function R defined by the right-hand side of the above formula is well
defined, R € PSH(D4),0 < R <1, R = 0on A (EXERCISE). Thus hyp, > R.
Using the standard methods, one may easily prove (EXERCISE) that

hap,(z) <max {Hg(z1), Hs(z2)}, |z1] <aor|zz| <8or(z1,z2) € Th.

In 7> U T3 the formula follows from convexity arguments (EXERCISE). O
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(E)If ¢ > o and § = B, then
ha,p, (z) = max {Hg(zl), H,g(Zz)} =hyp2(2), z€Dy.
Proof. EXERCISE. O

Exercise 3.5.1 (Figure 3.5.5). Find a formula for &4 p, where A := D(e) x D(§),
D :=D*\{(z1,22) € D* : a1 < |z1] < 2, B1 < |z2| < B2},

with0 <e,d<1,0<a; <ax <1,0< By <B<1,ACD.

|z2]

fof === = =

pif ===

Figure 3.5.5

3.6 Plurithin sets
§3.2.

Let £2 be a Riemann region over C”.

Definition 3.6.1. We say thataset A C §2 is plurithin at a point a € 2 if either a ¢ A
ora € A and lim supy\ (415,-,, 4(2) < u(a) for some function u plurisubharmonic in
a neighborhood of a.

To avoid a collision with Definition 2.3.20 we will use the notion plurithin also for
n=1.



3.7 Relative boundary extremal function 81

Remark 3.6.2. (a) ([Kli 1991], Corollary 4.8.4) If A, B are plurithin at a, then AU B
is plurithin at a.

(b) ([Arm-Gar 2001], Theorem 7.2.2) Every polar set P C C is plurithin at any
pointa € C.

(c) If A C C is not plurithin at a point a € A, then for any polar set P C C, the
set A\ P is not thin at a ((c) follows directly from (a) and (b)).

(d) If A C 2 is locally pluriregular at a point @ € A, then A is not plurithin at a.

If A C C is not plurithin at a point @ € A, then A is locally regular at a.

Indeed, suppose that A C £2 is locally pluriregular at a and

limsup u(z) <c <u(a)
A\{a}>z—a

for some u € PSH(V), where V is an open neighborhood of a. We may assume
that ¥ < 0 on V. Take an open neighborhood U C V of a such that ¥ < ¢ on
(A\{ap) NU. Putv:= = + 1. Thenv < lonU andv < Oon (4 \{a}) NU.
Hence v < h;(kA\{a})ﬂU,U = h:imU,U on U. In particular, 0 < v(a) = @ +1<0;a
contradiction.

Now suppose that A C C is not plurithin at a and h:mU’U(a) > 0 for some
neighborhood U of a. Let P C U be a polar set such that hij,U = hsny,u on
U\ P. In particular, by, ; = 0on A\ P. By (c), the set A \ P is not plurithin at
a. Hence 0 < by 1y (a) = limsupyy ps; 4 hny ¢y (2) = 0; a contradiction.

(e) (JArm-Gar 2001], Theorem 7.3.9) If A C C is plurithin at a point a € A, then
there is a sequence r, \(Osuchthat{z € A :|z—a| =1} =3,k =1,2,...
(cf. Proposition 2.3.21).

3.7 Relative boundary extremal function

§3.2.

While in Section 3.2 the “thickness” of a subset A of a domain D has been studied

via all bounded psh functions, we turn here to discuss boundary sets A C dD, see
[PI-N'VA 2004], [NVA 2005], [NVA 2008], [NVA 2009].

Definition 3.7.1. Let D C C" beadomainand A C dD. A system of approach regions
for (A, D) is given by a family % = ((Aq (a))aela)aeA (I, a non-empty index set

depending on a) of open subsets Ay (a) of D witha € Ay(a),a € Aand o € 1,.

Example 3.7.2. (a) Let D, A be as above. Denote by (Ua (a))a 1, @ neighborhood
basis of a € A. Put Ky(a) := D N Uy(a). Then

K =84,p = ((J{a(a))aela)aeA
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is a system of approach regions for (A4, D). Itis called a canonical system of approach
regions for (A, D).
(b)Let D =Dand A C T. Fixana € A. Put

Sq(a) = {Z eD: ’Arg(clz—z)‘ <oz}, 0<a<m/2.

Then & = Gy p := ((Sa(a))aela)aeA with I, = (0, /2) is a system of approach
regions for (4, D). It is called the system of Stolz regions or non-tangential approach
regions.

Letus fix D, A and 2 as above. If u: D — [I_Q, then we put

lim sup u(z) ifa e D\ A,
*, U D>3z—a n
’ = €D.
u="(a) SUpger, limsup u(z) ifa € A, “
Ay (@)dz—a

Note that u*%|p is nothing other than the upper semicontinuous regularization u* of u.
Lemma 3.7.3. (u*)*¥% = y*¥

Proof. Obviously, (u*)*%* > u*% on D and (u*)*¥* = u* = u*% on D. Suppose
that (u*)*%(a) > C > u*%(a) for an a € dD. Then there exists an « € I, such
that lim sup 4, (4)5z—4 #*(2) > C. Let (z5)72; C sAq(a) be such that z; — a and
u*(zg) > C, s € N. Consequently, for each s € N there exists a z; € 4y (a) such that
|z — zs|l < 1/s and u(z}) > C. Hence C > u**(a) > imsup 4 4)sz—q U(z) >
lim sup;_, | o, u(z;) > C; a contradiction.

Define
ho4.p = sup{u € PSH(D) :u < 1, u*¥*|4 <0}
With this preparation we have the new relative extremal function, namely:

Definition 3.7.4. Let D, A, 2 be as above. The relative boundary extremal function
for (A, A, D) is defined as hy , 1, := h;[’i’D on D.

Note that h;I,A,D|D € PSH (D).

Example 3.7.5. Let A C T be relatively open. Then hg , 1 is the solution of the
Dirichlet problem with boundary values given by x\ 4. Itis continuous on D\ (A\ A),
harmonic on D, and h;% 4p = 1on T\ Aand = 0on A. h;t 4.p i the so-called

harmonic measure of T \ A. Moreover, one has the following explicit representation
(see [Ran 1995], Theorem 4.3.3):

. L iy 1=z
hR,A,ID(Z):Z ; Xxmale )mdt, zeD.
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Lemma 3.7.6. Let A C T be relatively open and let u € S#H (D), u < 1, such that,
foreach a € (0,7/2),

limsup u({) <0 foralmostallz € A.
Sa(@)3t—z

* . * — *
Thenu < hg 4 p. Inparticular, hg 4 p = hg 4.

Proof. Fix az € D. Then for R € (|z], 1) the mean value inequality gives

1 2n . R2 _ 2
u(z) < —/ u(Re”)—lZ|dt.
0

T 2n |Reit — z|?

Applying Fatou’s lemma and the above representation we end up withu(z) < hg , (2).

Similarly as in Section 3.2 we define the notion of local pluriregularity.

Deﬁn_ition 3.7.77. Let D, A, A be as above. A is said to be A-pluriregular at a point
aeAif h;lﬂU,AﬂU,Dr‘nU(a) = 0 for any open neighborhood U of a.

A is called locally N-pluriregular, if A # @ and A is A-pluriregular at each of its
points.

Remark 3.7.8. Let D, A, % be as above and assume that A is locally A-pluriregular.
Forad € (0,1) put Ag :=={z € D : h;LA,D(Z) < 8}. Then Ay is a non-empty open
subset of D and so it is locally pluriregular.

(a) Fixa € A, a € I(a). Then there exists an open neighborhood U of a such that
Ag(@) NU C gg (EXERCISE).

(b) Moreover, we have

h}(g,D <hy p= h}(s,D +§8 onD.

Indeed, take a u € PSH (D), u < 1 and u|7 < 0. Now fix an arbitrary point b
in A. By the 2-local pluriregularity we know that h*?I, 4.p(0) = 0. Hence, for all
approachregions sy (D), we have lim sup 4, (5)sz—p f91,4,0(2) = 0. Thus, there exists
aneighborhood U of b such thathy , ;, < 8 onU N g (). Hence, U N g (D) C Ag
and so, by assumption, u < 0 on U N Aq(b). Then limsup 4, p)sz—p u(z) < 0.
Therefore, v < hy 4p =< h;t, AD Since u was arbitrarily chosen, the left-hand
inequality is proved.

To verify the right-hand inequality one starts with a competitoru € PSH (D) for the
relative boundary extremal function h%‘[’ 4p- Thenu =< h;[’ 4D < 8 on /Tg implying

that u — § < 0 on As. Therefore, u — § < h} p, and so this inequality follows.

8>

The following property of the relative boundary extremal function under exhaus-
tions will be used later.
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Lemma 3.7.9. Let D C C" be domains with Dy /' D := Uzozl Dy and let
A C 0Dy and A C 0D be non-empty relatively open subsets with Ay /' A. Assume
that for any z € A there exist a neighborhood U, of z and an index k, such that
DNU;, = Dy, NU,. Ifh;%,Ak,Dk la, = 0(e.g. Ay is locally K-pluriregular), k € N,
then h.%,Ak,Dk IDguar g 4 plDua.

* * *
Proof. Note thath@,Ak+1,Dk+1 < hﬁ?,Ak,Dk on Dy U Ag. Then hR,Ak,Dlek N U €

PSH(D) > hg 4 plp. Fix apoint z € A and take U, and k; as in the lemma. Then
limsuppse,, u(§) < lim SUPD,_ 5tz h;%,AkzaDkz (¢) = 0. Hence, u = h*KA,D on
D. It remains to mention that h;% 4.p = 0on A Ll

Now we turn to discuss the relative boundary extremal function hg , ,, for special
configurations of (4, D).

Proposition 3.7.10. Let D C C" be a domain and @ # A C 3D relatively open.
Assume that D is locally €'-smooth at each point of A (cf. Definition 2.5.3). Then A
is locally & -pluriregular.

Proof. Fix an a € A and a neighborhood U of a. There exists a €! smooth bounded
domain G C DNUsuchthat GNV = DNV,dG NV C A for an open neigh-
borhood V' C U of a (EXErcISE). Let Vo CC V7 CC V be domains with a € V.
Let ¢ € €(C",[0,1]) be such that ¢ = O on Vo and ¢ = 1 on C” \ V;. Then
there exists the solution H € H#(G) N €(G) of the Dirichlet problem with H = ¢
on dG (cf. [Arm-Gar 2001], Theorem 1.3.10). Take an arbitrary u € PSH (D N
U) with 0 < u < 1 and lim,,;u(z) = O forall { € AN U. Observe that
limsupgs, ¢ (u(z) — H(z)) < O forall { € 0G. Hence, by the maximum prin-
ciple for subharmonic functions, ¥ < H in G. Thus h} < HonG. In

: ! K,ANU,DNU
particular, kg 4y pry (@) < H(a) = 0. .

Finally we give an example which we will need later.

Example 3.7.11. Let D = Dand A := {z € T : Rez > 0}. Then A is locally
K-pluriregular and we have
1 2Rez
hg 4p(z) = ;arccotl_—w, z eD.
Use a conformal mapping from the disc to the strip {z € C : Imz € (0, 1)} such that
A is sent to R (EXERCISE).
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Classical results 11

Summary. In the first section we complete our discussion of the Tuichiev problem from § 1.1.4. In § 4.2 we
present the full solution of the Hukuhara problem from § 1.4. The main results are Terada’s Theorems 4.2.2
and 4.2.5. The proof of Theorem 4.2.2 is based on Proposition 4.2.1, which may be considered as a
generalization of the Hartogs lemma. The result is of independent interest and is applied for instance in the

proof of Proposition 4.3.1.

4.1 Tuichiev theorem

§23.

Let us come back to the Tuichiev problem (cf. § 1.1.4). We are going to consider
the following more general situation.

We are given a domain D C C? and an upper semicontinuous function i: C? —
R+ such that h(Aw) = |A|h(w), A € C, w € C4. Put

B(p) :={w € CY : h(w) < p}.

For 0 < R < 4o00,let f: D x B(R) — C be such that f(z,-) € O(B(R)) for every
z € D. Write

fw) =" filz,w), (z,w)€ D xB(R),
k=0

where fi(z,-) is a homogeneous polynomial of degree k,

fr(z,w) = % _ %dl, (z,w) € D x B(R).
Recall that if /' € O(D x P,4(§)) for certain P;(§) C B(R), then f; € O(D x C9)
and, by Proposition 1.1.10(a), f € O(D x B(R)).

In the general situation we assume that f; € O(D x C?), k € N. Using Propo-
sition 1.1.10 (a), we easily conclude that Sp(f) = S x B(R). The problem is to
characterize the set S. Observe that the case where ¢ = 1, h(w) := |w| reduces to the
original Tuichiev problem from § 1.1.4.

Theorem 4.1.1. Under the above assumptions, the set S is nowhere dense in D.
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Proof. First observe that the standard formula for the radius of convergence of the
power series D(R/h(w)) 2 A — f(z, Aw) gives

limsup | fi(z, w)|"* < h(w)/R, (z,w) € D x CY. (4.1.1)

k—>+o0

Let U be the set of all @ € D such that the sequence (| f|'/* )5~ is locally bounded
in P,(a,e) x €7 for some P,(a,e) C D. Take a compact set K CC U x B(R)
and let 6 € (0,1) be such that sup(, ,,yex 1(w)/R < 6. By the Hartogs lemma
(Proposition 2.3.13) there exists a ko such that | fi|'/* < 6 on K for k > ko. This
means that the series Y z- fk(z, w) converges uniformly on K. Thus, the series
converges locally uniformly in U x B(R) and, therefore f € O(U x B(R)).

It remains to show that U is dense in D. Let @ # £2 C D be an arbitrary open set
and let

Agi=1{z € 2| fi(z.w)| < (s|lw|)¥, w e C?, k € N}.

Then A is closed in §2 and (by (4.1.1)) 2 = (J;=; A5. Consequently, by the standard
Baire argument, there exists an s¢ such that @ # int A;, C 2 N U. O

Remark 4.1.2. The proof of Theorem 4.1.1 shows that if f is locally bounded in
D x P4(8) (for some P, (8) C B(R)), then Sp(f) = @,ie. f € O(D x B(R)).

4.2 Terada theorem

§ 3.2.
Recall the Hukuhara problem (§ 1.4):

(S-Oy) Given two domains D C C?, G C C4, a non-empty set B C G, and a
function f € O4(X), where X := (D x G) U (D x B), we ask whether
feOD xaG).

After Theorems 1.4.4 and 1.4.7, the next important step was the one by T. Terada
([Ter 1967]) who finally was able to answer the question raised by Hukuhara. We are
going to present a proof of Terada’s theorem, based on the relative extremal function —
cf. § 3.2.

We begin with the following auxiliary result, which may be regarded as a general-
ization of Proposition 1.1.10.

Proposition 4.2.1. Let h: C? — Ry be a plurisubharmonic function satisfying
h(Az) = |Mh(z), A € C,z € CP. Put B(p) :={z € C? :h(z) < p}.LetO <r <R,
let G C C1 be a domain, and let B C G be locally pluriregular (cf. Definition 3.2.8).
Assume that [ € O(B(r) X G) is such that for each b € B the function f (-, b) extends
to a function fp € O(B(R)). Then f extends holomorphically to the domain

X = {(z.w) € BR) X G : Wy pey(2) + hp.g(w) < 1.
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Moreover, if G is a domain of holomorphy, then X is a domain of holomorphy and the
maximal domain with the above extension property.

Proof. Let hy := max{h, %H I}, & € N. Then &y satisfies all the assumptions of the
proposition and moreover h,:l (0) = {0}. Observe that

Bi(p) :={z € C? : hi(z) < p} = B(p) N By(kp).

In particular, hgk(r)’Bk(R) N\ hg(r)’B(R) (cf. Proposition 3.2.25) and therefore

X = {(z.w) € Be(R) X G -k} ) 5. ()2 + Hpcw) <1} /7 X.

Thus we may additionally assume that 2~1(0) = {0}. Since B(r) and B(R) are
balanced, we may write

fzw) =" filz,w), (z,w) € B(r) xG, ()
k=0

fo@) =) filz,w), (z,w) € B(R)x B,
k=0

where

* fr € O(C? x G),

 foreach w € G, the function f (-, w) is a homogeneous polynomial of degree k.
We have

u(z, w) := limsup | fi (z, w)|/* <
k—4o00

h(z)/r, (z,w)e C? x G,
h(z)/R, (z,w)e CP? x B.

Moreover, if P,(8) x K CC B(r) x G, then using the Cauchy inequalities, we get

k
z
ol = 1 lonx (L) . Gwee?xk ke,

which implies that the sequence (| fi|'/ k),‘z":l is locally bounded in C? x G. In
particular, logu* € PSH(CP x G) — cf. Proposition 2.3.12. We are going to show
that

u*(z,w)

log nz) T logr
logR/r

v(z,w) =

+1<hzsw), (z,w)e(CPuxG.

Itis clearthatv < 1. Let P C C? x G be pluripolar such thatu* = u on (C? xG)\ P
(cf. Theorem 2.3.33 (b)). Let O C C? be pluripolar such that P, .y is pluripolar for
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all z € C? \ Q (cf. Proposition 2.3.31 (a)). Then u*(z,w) = u(z,w) < h(z)/R,
zeC?\ Q,we B\ Pg,.. Hence

v(z,) < hz\p(zv,),a = thB\P(Z!.))*,G =hp.G=hpgonG
forall z € (C?)4 \ Q (cf. Remark 3.2.9 (d), Corollary 3.2.13). Equivalently,

logu* (z.w) < Tog "2 1 (1og BVh3 ow),  (.w) € (€P)\ 0) x G.
R r >

Consequently, by Proposition 2.3.9, we get the same inequality for all (z, w) € C? xG,
which implies that u*(z,w) < 1, (z,w) € X. In particular, by the Hartogs lemma
for plurisubharmonic functions (cf. Proposition 2.3.13), for every compact K CC X
there exist 6 € (0,1) and k¢ € N such that | fx(z, w)|1/k < 0,/(\2, w) € K, k > k.
This implies that the series (T) converges locally uniformly in X and defines there a
holomorphic extension of f.

If G is a domain of holomorphy, then by Theorem 2.5.5 (e), X is also a domain of
holomorphy. In particular, by Proposition 2.1.27, there exists a g € O(X) that is not
holomorphically continuable beyond X. The function f := g|p()xg satisfies all the
assumptions of the proposition. Consequently, if G is a domain of holomorphy, then
X is maximal. O

Theorem 4.2.2 (Terada). Under the assumptions of the Hukuhara problem, if B ¢
PLP, then Os(X) = O(D x G).

Proof. We may assume that B is locally pluriregular (cf. Corollary 3.2.13). Fix an
f € Og(X). By Theorem 1.4.7, f € O(Uy x G), where Uy is an open dense subset
of D. To prove that Uy = D we only need to show that if P,(a,r) CC U and
Pp(a,R) C D for 0 < r < R, then P,(a, R) C Up. Using Proposition 4.2.1 we
conclude that f extends holomorphically to the domain

llz—alloo

ks lo, - *
X :={(z,w) € Py(a, R) x G : ng +hyow) <1}

Hence, by Proposition 1.1.10, P,(a, R) = prcp)? C Up. O

Remark 4.2.3. Some particular cases of the Terada theorem (Theorem 4.2.2) had been
studied by several authors. Letus mention for instance [Fil 1973]for B := GNRY # @
(cf. Example 3.2.20).

Exercise 4.2.4. Prove the Hartogs, Hukuhara, Shimoda, and Terada theorems in the
case where D and G are Riemann domains over C? and C9, respectively.

The following result shows that Theorem 4.2.2 is almost optimal.

Theorem 4.2.5 (Cf. [Ter 1972]). Let B C CY? be an ¥ pluripolar set. Then there
exist a point wg € C? and a function f € Os(X) with X := (C? xC?) U (C? x B)
such that lim sup(, ) (0,w) 1./ (0, wo)| = +o00. In particular, f ¢ O(C? x C9).
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Remark 4.2.6. (a) Observe there are pluripolar sets thatare not ¥, e.g. B := {0}x B C
C?, where B C C is an arbitrary set not in %.

(b) | 7| We do not know whether the assumption that B € ¥ is essential
(¢) | ?| We do not know any example of a pluripolar set B C C? such that there
exists a locally bounded function f € O5(X) \ O(C? x C9)

Proof of Theorem 4.2.5. We may assume that p = 1. Let
Q2 = {x—l—iyeID(k):x<zik—ﬁorx>2ik+2k%}, zy = —, keN.

Then (EXERCISE)
(%) €=Uz M2k 9255 2k € (NgZpr1 25) \ k.
Using Runge’s theorem we easily conclude (EXERCISE) that
(x%) Yien YM=0 Ve=0 Ipep(©) : l9(zr)| = M, |p| < & on £2.

Letu € PSH(C9), u # —oo, be such that B C u~!(—o0) (cf. Josefson’s Theo-
rem 2.3.23). Then u = v*, where

1
v = lim sup — log |gsm|
m——+oo M

and (gm)o—; C O(CY) is such that the sequence (| gml|Y ™)oo_, is locally bounded
in C? (cf. Proposition 2.5.11). Let wy € C? be such that u(wp) = v(wg) > —o0
(cf. Propositions 2.3.10, 2.3.22). Fix a sequence (Gg)g=, of subdomains of C? such
that wg € Gy CC Gg4+1 CC €%, C? = |72, Gk and B = | Jg=| Bk, where By is
compact, @ # Br C BN Gy, By C Bg41.

Let ¢k := supg, ,, u. Observe that

1 0 G ’
lim sup — log |e™ ™% = o V1
m

gm(w)| =v—cx Eu—ck{
m——+o00

= —00 on Bg.

Put Oy := cr —u(wp) > 0. Using the Hartogs lemma for plurisubharmonic functions
(cf. Proposition 2.3.13), for every ny > 0, we choose an my € N such that with
Y = e Mk%g, € O(C?) we have

(1) ¥l < 1on Gy,

2) [Yi(wo)| = ek Lk,

(3) |yx| < emknx2k on By.

Take an arbitrary exhaustion sequence (D), for C. Using (*x*), we construct

inductively My > 0, ¢ € #(C), and ny > 0 such that

4) Mype ™ @k = k 41+ Y371 gy (z)¥s (wo)| (we choose My > 0),

(5) lok (zi)| = My, @] < 1/2* on i (we choose gy,
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(6) |grle ™ " Pk < 1/2% on Dy (we choose ng > 0).
Define

fw)i= Y @), (zw) €Cx T,

k=1
Take an arbitrary a € C, say a € 2 for k > kg (cf. (x)). Then we get

(1),(5)
@) &

Hence f(a,-) € O(C9).
Take an arbitrary b € B, say b € By for k > kg. Then we get

1
2_k’ wEGk,kzk().

(3 —mng O ® 1
(pk z k — (pk zZ)le = 7 z k> — ko
lok ()Y D) < e (2)] """<2k € Dy, k>k

Thus f(-,b) € O(C). Consequently, f € O;(X), X := (C xC?%) U (C x B).
On the other hand, we have

k—1 00
|f ko wo)| = ok )V (wo)| — D los () ¥s (o) — D s (z1) s (wo) |
s=1 s=k+1
(1),(2),(4),(5) > 1
T Myem ek — (Mye T2k e — 1) — Z — >k — +oo.
smkt1 28 k—+4o00

O

4.3 Separately harmonic functions I
Proposition 4.2.1 permits us to find an analogue of Proposition 1.1.10 for harmonic
functions.

Proposition 4.3.1. Let0 < r < Randlet V C R? be a domain. Let u: [B;'f(R) XV —
R, where IBB,a (R) stands for the real Euclidean ball, be such that

LIRS J€([Bl[f(r) x V),
e foreach b € V we have u(-, b) € J(([BB}(R)).
Thenu € ¥ (BX(R) x V).
Proposition 4.3.1 will be generalized in Proposition 5.7.4.

Definition 4.3.2. We say that a function u: 2 — R, where 2 C R? x R? is open,
is separately harmonic on 2 (u € H#(, 4)(82)) if for each (a,b) € §2 the functions
z+u(z,b), w — u(a,w) are harmonic.
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In the sequel, we will see that H#(, 4)(§2) C H#(£2) (cf. Theorem 5.6.5 (b)). Notice
that in fact the function u in Proposition 4.3.1 will be of the class J€([B§(R) xV)n

Hp.q) B3 (R) x V).
Proof of Proposition 4.3.1. It suffices to prove that u is real analytic (and then use the
identity principle for real analytic functions to show that v is harmonic).

It is known (cf. [Sic 1974]) that every function v € # ([B,[f (p)) extends to a function
U € O(Lg(p)), where L (p) stands for the Lie ball

Li(p) ==z € CF: L(2) < p}.  Li(2) = (lzI” + (lz[I* = Iz, 2)H) )2,

Let 215 € O(L,(R)) be the extension of u(-,b), b € V. Moreover, there exists a
domain £2 C C? x C? such that IBE(F) XV C 2 and u extends to a i € O(£2).

Fixa yo € VV andlet p € (0, r) be such that L, (p) x B4 (0. p) C £2. In particular,
i € O(Ly(p)xBy(yo. p)). Observe that forevery b € [B‘”;(yo, p) we have i, = (-, b)

on L, (p). Using Proposition 4.2.1 (with G := B, (yo, p), B := [B(";(yo,p), h:= Lp),
we conclude that 77 extends to a i € (9()? ), where

X\ = {(Z,W) S [l_p(R) X [Bq(y(),p) N hEp(ﬂ),ﬂ.p(R)(Z) + h;(u; (w) < 1}

(30.0),B4 (0,0)
It remains to observe that:

* BR(R) x B (yo, p) = X N RP™,

i =uon [BE(R) X [Bgz(yg,,o). O

4.4 Miscellanea

4.4.1 Hartogs’ problem for ‘‘non-linear” fibers

A possible generalization of the problem of separate holomorphy is to consider “non-
linear” fibers. Let us illustrate the main idea by the following particular case.

(S-Of) Let D Cc C?,G C C4, 2 C D x C? be domains and let
DxG>3(,w e (z,0(z,w)) € 2
be a homeomorphic mapping such that ¢(-, w) is holomorphic for every
w € G. Suppose that f: £2 — C is such that
* f(a,-) is holomorphic on the fiber domain ¢({a} x G) foreverya € D,
* f(,9(-,b)) € O(D) forevery b € G.

We ask whether f € O(£2). The problem is discussed e.g. in [Chi 2006].
Note that the classical Hartogs theorem is just the case where ¢(z, w) 1= w
and 2 := D x G.
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4.4.2 Boundary analogues of the Hartogs theorem

Let B = B,. Observe that the function f: 3B — C, z +> |z;|?, satisfies the following
conditions:

* f(a,-) is identically constant on (dB)g,.),
* f(-,b) is identically constant on (dB) . 5);
in particular, the functions f(a,-) and f(-, b) have a holomorphic extension to B,
and B(. p), respectively. But f itself cannot be extended to a holomorphic function
in B.
So one may study the following question:
(S-O¢) Let D C C” be a bounded domain and let £p be a family of complex lines
intersecting D. Under which condition on £p the following result is true:
If f € €(dD) such that f|LmaD extendstoan f; € €(L ﬂaD) NO(LND),
L € £p, then there exists an f € €(D) N O(D) with f|aD = f.
There exists a series of positive results for different families of complex lines, e.g.
(a) D C C" has C2-smooth boundary and £ p is the set of all complex lines inter-
secting D (cf. [Sto 1977]).
(b) Disasin(a), @ # V C D open, and £p is the set of all complex lines passing
to a point from V' (cf. [Agr-Sem 1991]).
(¢) D = By, ay,...,an4+1 € B, affinely independent, and £p is the set of all
complex lines containing at least one of the points a; (cf. [Agr 2010]).

(d) In case that the function f is, in addition, €°°-smooth on dB,, then there are
even stronger results — see for example [Glo 2009].

4.4.3 Forelli type results

Finally, let us recall the following result due to F. Forelli (cf. [For 1977]). Let D be a
balanced domain in C” andlet f: D — C be suchthat f € €°°(U) for a certain open
neighborhood of the origin. If for all ¢ € dB,, the function A — f(Aa) is holomorphic
on {A € C: Aa € D}, then f € O(D). Note that in this situation the test-lines are
the ones passing through the origin.



Chapter 5
Classical cross theorem

Summary. Section 5.1 contains the formulation of the main extension problem for separately holomorphic
functions defined on N -fold crosses. For N = 2 this is a generalization of the Hukuhara problem to the
case where the holomorphicity is controlled only along some “horizontal” and “vertical” directions (recall
that in the Hukuhara problem all the “vertical” directions were under control). First, to get some intuition
of the problem, we consider the case of Reinhardt domains (§ 5.2) and the case of separately polynomial
functions (§ 5.3). Section 5.4 presents the main cross theorem (Theorems 5.4.1, 5.4.2) and various reduction
procedures which permit us to simplify proofs (Remark 5.4.4). Subsection 5.4.1 discusses a geometric
approach proposed by J. Siciak in the papers [Sic 1969a], [Sic 1969b], which together with [Cam-Sto 1966]
initiated modern theory of separately holomorphic functions on crosses. Although Siciak’s methods require
special additional assumptions, his approach may help the reader to get an intuition how to prove the general
cross theorem. The proof of the main cross theorem is presented in Subsection 5.4.2, which is the central
part of the chapter. Sections 5.6 and 5.7 contain applications of the main cross theorem to the Bochner
tube theorem (Theorem 5.6.1), Browder’s theorem on separately real analytic functions (Theorem 5.6.5 (a)),
Lelong’s theorem on separately harmonic functions (Theorem 5.6.5 (b)), and a cross theorem for separately

harmonic functions (Proposition 5.7.3).

5.1 N -fold crosses
$§23,3.2.

After Terada’s results (cf. Theorems 4.2.2, 4.2.5) it was clear that the next step
should be a solution of the following general problem (cf. Introduction).

(S-O¢) We are given two domains D C C?, G C C9, two non-empty sets A C D,
B C G. Define the cross

X =X(A4,B;D,G) := (A x G)U (D x B).

We say that a function f: X — C is separately holomorphic on X (f €
0Os(X)) if

* f(a,’) € O(G) forevery a € A,

* f(-,b) € O(D) forevery b € B.
We ask whether there exists an open neighborhood X C D x G of X such

that every function f € O5(X) extends holomorphically to )?A . Observe that
the Hukuhara problem was just the case where A = D and X = D x G.
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(B4

Figure 5.1.1. X = (Ax G)U (D x B) C X.

The extension problem (S-O¢) may be formulated in a more general context (see
Chapters 6, 7).

Let D; be a Riemann domain over C"/ and let @ # A; C D;, j =1,...,N,
N > 2. Let
A; = A1X---XA]‘_1, ] = 2,...,N, A;’ = Aj+1X---XAN, J = 1,...,N—1.

Similarly, fora = (ay,...,ay) € A; X --- X Ay, we write a} = (ai,....a;-1),

a}’ = (dj+1,....an). Moreover, let

x]' = A;- X Dj X A}/,
where X; = A} x Dy x A := Dy x A{and Xy = Ay x Dy x A}, := Ay, x Dy.
Definition 5.1.1. Define the N -fold cross

N
X =X(A1,....AN: Dy..... Dy) = X((4;. Dy)iy) = [ X;.
j=1

We say that X;(X) :=X;, j =1,..., N, are branches of X. The set
c(X):=A4; x---x Apn.
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is called the center of the cross X .

Remark 5.1.2. (a) X = Dy x---x Dy <<= #{j: 4, =Dj} > N—-1. In
particular, if A; = D;, j =1,...,N —1,then X = D; x --- x Dy independently
OfAN.

(b)If#{j : Aj = D;} < N —2,then A, ..., Ay are uniquely determined by X .

c™

cr

cm

Figure 5.1.2. X = (D1 x A2 X A3) U (A1 X D2 x A3) U (41 X A2 x D3).

Definition 5.1.3. We say that a function f: X — C is separately holomorphic on
X (f € O4(X)) if for any (ay,...,an) € Ay x---x Ay and j € {1,..., N}, the
function

Dj 3 zj+ f(a},zj,a}) € C
is holomorphic in D;.

Remark 5.1.4. Observe that if X = Dy x--- X Dy, then f: X — C is separately
holomorphic (in the above sense) iff f: Dy x---x Dy — C is separately holomorphic
in the sense of the Hukuhara problem (S-Oy) (cf. § 4.2).
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In fact, suppose that A; = D;, j = 1,..., N —1 (cf. Remark 5.1.2 (a)). It is clear
that if f: (D x---x Dy—1) x Dy — C is separately holomorphic in the sense of
(S-Oy) with D := Dy x---x Dy_1, G := Dy, B := Ay, then f is separately
holomorphic on X in the sense of Definition 5.1.3.

Conversely, if f: X — C is separately holomorphic in the sense of Defini-
tion 5.1.3, then clearly f(a,-) € O(Dy) foreverya € Dy X --- x Dy_1. Moreover,
for each b € Ay the function f(-, b) is separately holomorphic on Dy X -+- X Dy _;
in the sense of Definition 1.1.1. Thus, by Hartogs’ theorem (Theorem 1.1.7), f(-,b) €
O(Dy X --+x Dy_q) forevery b € Ay.

Discussing examples like in § 5.2, the following definition appears in a natural way.
Definition 5.1.5. Put
X\ = X(Als"'aAN;Dla"'aDN) = X((‘/4J9D])J1v=1)

o N '
={(1,....2v) € Dy x--+ X Dy : Zj=1h:;j,Dj(Zl) <1}

Remark 5.1.6. (a) If A;, is pluripolar for a jo € {1,..., N}, then X =0
(b)If Ay, ..., Ay are not pluripolar, then

X =Dyx--xDy < #{j:h**ijEO}ZN—l.
x,

Indeed, first recall that if A; is not pluripolar, then 4; N A}“ is locally pluriregular
(Corollary 3.2.13). Hence, k. ;, =0onA; N A}, andso h}. ,, (z;) <1,z; € Dj.
i o=
In particular, we get the implic:altion “«=". To prove the converjse implication, suppose
thate.g. h*. (any—1) > 0,h*%. # 0. Then, by Proposition 3.2.2 (b), there
N—1:DN—1 N-DN
exists an ay € Dy such that

* *
hA*&,DN(aN) >1- A*N_l,DN—l(aN_l)'

Take arbitrary a; € AjﬂA]’.‘,j =1,...,N=2.Then(ay,...,an—2,aN—-1,aN) ¢ ff;
a contradiction.
(¢)If Ay, ..., An are not pluripolar and #{j : h*. D, = 0} < N —2, then
i

XcX & hjpp =0 ondj j=1....N.
5,

Indeed, the implication “<==" is obvious. To prove the converse implication,
* *

suppose that e.g. hATv_l,DN—l (any—1) > Oforanay—_; € Ay—1, and hA}‘V,DN = 0.

Next, we argue as above.

IED; e Rp(C%),j=1,...,N,or Ay,..., Ay are locally pluriregular, then
X = {(Zl,...,ZN) €Dy x---xDpy: Z}Lhiij,,;j(zj') < 1}

(cf. Remark 3.2.26). R
(e)If Ay, ..., Ay are locally pluriregular, then X C X.
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The main extension problem for separately holomorphic functions defined on an
N -fold cross X is to answer the following question.

(S-OY) When does f € O5(X) extend holomorphically to X?

Remark 5.1.7. (a) In view of Remark 5.1.6 (a) we must assume that Ay,..., Ay are
not pluripolar.

(b) If Ay,..., Ay are not pluripolar and #{j : A; = D;} > N — 1, then, by
Remark 5.1.4, our extension problem reduces to the Hukuha’r\a problem and, therefore,
(cf. Theorem 4.2.2) it has the positive solution (with X = X = D; x -+ x Dy).

Thus, from now on we assume Ay, ..., Ay are not pluripolar and #{j : A; =
D;} <N -2

Remark 5.1.8 (Properties of N-fold crosses). The reader is asked to complete details.

(a) X is arcwise connected.

(b) Xy1,..., Xy are non-pluripolar. In particular, X ¢ PLP. If A;,..., Ay are
locally pluriregular, then X, ..., Xy are locally pluriregular and, consequently, X is
locally pluriregular (cf. Exercise 3.2.19).

(©) If (Djx)z—, is a sequence of subdomains of D; and (4; )=, is a sequence
of subsets of A; such that

Djx /' Dj, Djr D Ajx /A, j=1....N,

then
X((Ajk. D)oy /X and X((Ajk. Dj)y) /X

(cf. Prog\osition 3.2.25).
(d) X is connected.

Indeed, using (c), we may assume that D; € Rp(C"), j = 1,...,N. Since
X is connected, it suffices to show that every point a = (ai,...,an) € X may be
connected in X with a point from ¢(X). Put ¢ := ;\:l h;’;j D, (aj). It e = 0, then

{(ai,...,an-1)} x Dy C X. If & > 0, then by Proposition 3.2.27, the connected
component S of the open set {zy € Dy : h:;N,DN (zy) < 1 — &}, that contains

ay, intersects Ay. Consequently, @ may be connected inside of X with a point
(ai,...,an—1,by), where by € A N . Repeating the above argument, we easily show
that a may be connected inside of X with a point b € ¢(X).

(e)If Dy, ..., Dy are domains of holomorphy, then X is a domain of holomorphy
(cf. Theorem 2.5.5 (e)).

O It P e PLP (D)), j=1,....,N,then

X((4;\ P, D)) = X
(cf. Corollary 3.2.13). In particular,

X((4; N A DHN =X
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(cf. Proposition 3.2.10).
(g)If Ay, ..., Ay are locally pluriregular and

Y :=X((4;. D)5 € Dy x - x Dy,

then R R R
X(Ay,An;Y,Dy) =X

(cf. Proposition 3.2.28).

(h) Assume that B; C Aj, Bj ¢ PLP, j =1,....N. Let f € Ox(X) be such
that f =0on By x--- X By. Then f =0on X.

Indeed, it suffices to show that f = 0 on ¢(X). Fix a point (a1, ...,an) € c¢(X).
We know that for any b; € B;, j = 1,...,N — 1, we have f(by, ..., by_1.*) =
0 on By. Since By ¢ PELP, we conclude that f(by, ..., by—1,-) = 0 on D;
and, therefore, f(b1,...,by—1,any) = 0. Now we repeat the same procedure with
respect to the (N — 1)-th variable: f(b1,...,bny—2,-,an) = 0 on By_; and hence
f(b1,...,bny—2,an-1,an) = 0. Finite induction finishes the proof.

(1) If Dy, ..., Dy are pseudoconvex, A1, ..., Ay are locally pluriregular, and the
problem (S—(9év ) has positive solution, then

* —
h X% = 0.

Indeed, first recall that X is connected, Xisa pseudoconvex domain, and X C X .
Let 0 < & < 1 and let §2; be the connected component of the open set {z € X :

h; f(z) < &} that contains X . Observe that X is the envelope of holomorphy of £2;.

For, we only need to show that every function g € O(£2,) has a holomorphic
extension to X. If g € O(82,), then g|x € Os(X). In view of our assumptions, there
existsa g € O(X) suchthat g = g on X. Now, since X is not pluripolar, we conclude
that ¢ = g on £2,. R

Now, using Example 3.2.6, we get h; 2 <gonX.

We do not know whether A* _ = 0 for arbitrary Riemann domains
X, X

5.2 Reinhardt case
§§ 2.9, 3.1.

As a geometric motivation for the cross problem, consider a special situation where
D; c C% is a Reinhardt domain and A; C D; is a non-empty Reinhardt open set,
j=1,...,N, N > 2 (cf. §2.9). Observe that in this case X is a Reinhardt domain
in C" withn :=n; + --- + ny. The Hartogs theorem implies that every f € O4(X)
is holomorphic on A; X --- X Ay. Thus, by Proposition 1.1.10, f is holomorphic on
X and consequently, on the envelope of holomorphy of X (cf. § 2.9).
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Theorem S5.2.1. Let @ # A; C D; C C", where D; is a Reinhardt domain of

holomorphy and A; is a Reinhardt open set, j = 1,...,N, N > 2. Then X is the
envelope of holomorphy of X.

Proof. Let X be the envelope of holomorphy of X. Since Xisa domain of holomorphy
containing X (cf. Remarks 5.1.6 (e), 5.1.8 (e), (d)), we must have X C X.

On the other hand, by Propositions 3.1.3 and 3.4.1, log X = conv(log X) = log X.
Thus, using Theorem 2.9.2 (for X ) and Corollary 2.9.4 (for X ), we only need to show
thatlstﬂXgéQ,thenVsﬂX;té@,s—l,...,n,n.—n1—|— -+ nn.

Indeed, let for example a = (ay,...,an) € Vy 2D.¢ # @. Take arbitrary b; € A,
j=1,...,N —1.Then (by,...,by—1,an) € V, N X. O

5.3 Separately polynomial functions

This section is entirely based on [Sic 1995].

Before we discuss the general case (in § 5.4), we consider the case where D; =
C%,j =1,...,N, and we are interested only in extension of separately polynomial
functions on X := X((4,,C" )}V=1) (N > 2), i.e. of those functions f: X — C for
which

CY >z —~ f(a ,Zj.4; N eC

is a polynomial mapping for any (a1,...,an) € A1 x---x Ay and j € {1,..., N}.
Observe that X = C" withn := =nit-+ny (cf. Proposmon 3.2.3). We ask whether
there exists a (unique) polynomial f € P(C") such that f f on X. Let $P(X)
denote the space of all separately polynomial functions.

Definition 5.3.1. We say that a set A C C” is a determining set for polynomials if
for every f € P(C")if f = Oon A, then f = 0. We say thataset A C C”" is
a strongly determining set for polynomials if for every representation A = | o, As
with Ay C As41, s € N, there exists an 5o such that Ay, is a determining set for

polynomials.

Remark 5.3.2. (a) A set A C C” is determining for polynomials iff there is no
f € P(C"), f #0,suchthat A C £~1(0).

(b) A set A C C”" is strongly determining for polynomials iff there is no f; €
P(C"), fs #0,5 € N,suchthat 4 C |52, f,71(0).

In particular, if A C C” is non-pluripolar, then A is strongly determining for
polynomials.

A set A C C is strongly determining for polynomials iff A is uncountable. The set
{1/k : k € N} C C is determining, but not strongly determining.

(c) Aset Bx C C C? x C1? is determining for polynomials iff B and C are
determining for polynomials.
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(d)Aset Bx C C C? x C1 is strongly determining for polynomials iff B and C
are strongly determining for polynomials.

Indeed, it is clear that if B x C is strongly determining, then B and C are strongly
determining. Conversely, suppose that BxC C (5o f,1(0) with f; € P(C? xCY9),
fs #£0,s € N. Then V; := {z € C? : f;(z,-) = 0} is a (proper) algebraic set, s € N.
Consequently, there exists a point zg € B \ |Jje Vs. Since C C Jso {w € CY :
fs(zo, w) = 0}, we get a contradiction.

(e) A C C" is determining for polynomials iff for every s € N there exist {5 ; € A
and Ly ; € P5(C"), j =1,...,d(s) := (S:") = dim 5 (C") such that L ; ({51) =
Sjk jok = 1.....d(s).and f = Y98} f(¢5. /)Ly, forevery f € Py(C").

Indeed, if f is as above and f = 0 on A4, then f = 0. Thus the above condition
is sufficient for A to be determining.

Now suppose that 4 is determining, fix an s, andlete; € Ps(C*), j =1,....d :=
d(s), be an arbitrary basis of the space #s(C"). Define

Vr(zl7"'7zr) = det[e](zk)]j,k=l ..... r» 219"'927' e(]:na r = 15"‘5d'

Since A is determining for polynomials, there exists a §; € A with e (¢y) = V1($1) #
0. Suppose that forsomet € {1,...,d —1} we have already constructed {1, ..., € A
in such a way that V;(¢q, ..., ;) # 0. Observe that the function

C">z 'L Vit1(Groo i 8.2) = VilGrs ... 8)er+1(2) + crer(z) + -+ + creq(2)

is a non-zero polynomial. Since A is determining for polynomials, there exists a

{r+1 € A such that f(r+1) # 0.
Finally, we put

o Va8 2 8 8a)
S TR R

It is clear that L;({x) = 8k, j.k = 1,...,d. Take an f € P3(C"). Then f
and Zle f(&)L; are two polynomials from Js(C") with the same value at {; for
k = 1,...,d. Thus, in order, to prove that f = Zjlzl f(&)Lj, we only need
to observe that if g = Z;i:l)kjej € P(C") and g(&) = 0, k = 1,...,d, then
A;j =0,j =1,...,d (which follows from Cramer’s formulas because 0 = g({;) =
d

Zj=1 )tjej(fk), k= 1, ey d)

(f) If A C C" is determining, then there exists a g € ((C") such that g|4 can not
be continued to a polynomial of n-variables.

Indeed, suppose that the result is not true. Let

zeC" j=1,....d.

Fy :={g € O(C") : g|4 can be extended to an f; € P;(C")}

(note that fg is uniquely determined). Obviously, Fy is a vector space, Fy C Fy11,
s € N, and O(C") = (J;2, Fs. Observe that Fj is closed in the Fréchet space
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O(C") (in the topology of locally uniform convergence). For, let (gx)7, C Fj,
gx — g locally uniformly in C?. Then, using (e), one can easily conclude that
(fer ) rey C Ps(C") is also locally uniformly convergent.

Thus, by Baire’s theorem, there exists an so such that Fy, = @(C"). In particular,
for every g € #(C") with degg > so, we have h := g — f, € P(C"), h # 0, and
h = 0 on A; a contradiction.

Theorem 5.3.3 ([Sic 1995]). Let A; C C", j = 1,...,N. Then the following
conditions are equivalent:

(i) there exists a jo € {l,...,N} such that Ay,...,Ajo—1,Ajo+1..... AN are
strongly determining and Aj, is determining for polynomials (e.g. A1, ..., AN
are non-pluripolar);

(ii) forevery f € SP(X) there exists exactly one f e P(C"),n:=n1+---+nn,
such that f = f on X.

Proof. (i) = (ii): Since A1 X --- X Ay is a determining set (Remark 5.3.2 (c)), the
polynomial f must be uniquely determined.

We apply induction on N.

First consider the case N = 2. Write p := ny, q := np, A := Ay, B := A,.
We may assume that jo = 2, i.e. A is strongly determining and B is determining for
polynomials. Take an f € SP(X). Let A; := {z € A : deg f(z,") < s},5 € N.
Then A; C As41,5 € N,and A = | Jso; As. Since A is strongly determining, there
exists an s such that Ay, is determining. Put d = d(so) = (‘H;O). Let{j € B
and L; € P, (CY9), j = 1,...,d, besuch that L;({x) = 8k, j,k = 1,...,d, and
g = Z;-i:l g(&;)L;j for every g € $5,(C?) (cf. Remark 5.3.2 (e)). Define

d
fw) =" fE{)Liw)., (z.w)eCP xC.
j=1

Then f € P(C? x CY) and f = f on A, x C4. Since Ay, is determining, we
conclude that also f = f on C? x B, which finishes the proof in the case N = 2.

Now let N > 3 and suppose that the result is true for N — 1. We may assume that
jo = N. Define Y := X((4;,C" )}Vz_ll). Obviously

X = xAy)U (Ay xC"™V)

(recall that A’y := A; x ---x Ay—1). Fixan f € $#(X). Then f(-,ay) € SP(Y)
for every ay € An. Consequently, by inductive assumption, for every ay € Ay,
there exists a polynomial f,, € P(C?) with p := n; + -+ + ny—_; such that

A

Jay = f(.an)onY.
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Let ¢ := ny, consider the 2-fold cross Z := (A}, x C?) U (C? x Ay), and define

f(Z'.zn)  for(z',zy) € Ay x CY,

:Z (E, /, =
§:2—->C. gz.zn) {sz(z’) for (z', zy) € C? x Ay.

Observe that g is well defined and g € $§5(Z). Moreover, by Remark 5.3.2 (d), the
set A’N is strongly determining for polynomials. Thus, using the case N = 2, we get
anf e P(C? x C9) such thatf = gon Z. In particular, f = fonX.

(i) = (i): First observe that X must be determining for polynomials, because
otherwise the zero function 0 € $# (X ) would have two different polynomial continu-
ations. Consequently, there exists a j such that X; = A’ x C"/ x A7 is determining.
Hence, by Remark 5.3.2(c), A1,...,Aj—1,A4j+1,..., Ay are determining. We may
assume that j = N. Suppose that Ay is not determining and let fy € P(C"V),
SN # 0, be such that Ay C fy 1(0). Since A’y is determining, there exists a
g € O(CP)with p :=ny +---+ny—1 such that g|A/N cannot be extended to a global
polynomial of p-variables (cf. Remark 5.3.2(f)). Put f(z/,zn) := g(&') fn(zn),
(z/,zy) € CP x C"VN. Then f|x € $P(X). By (ii), there exists an f e P(C™)
such that f = f on X. In particular, if by € C" is such that fy (by) # O, then
the function C? > z/ f (z,bn)/fn(by) gives a polynomial extension of g; a
contradiction.

Now suppose that there are indices j < k such that A; and Ay are not strongly
determining. We may assume that j = N — 1,k = N. Let j € {N —1,N}.
There exists a representation A; = | J5o; Ajs with Aj s C Aj 541 such that each set
Ajs is not determining. Let fjs € P(C"), fjs # 0, be such that A;5 C £;1(0).
Put gjs := fj1--- fjs. Observe that gj; € P(C"), gjs # 0,deggjs > s, and
Aj; C gj_sl (0) for t < 5. Since A; is determining, for each s € N, there exists a
bjs € Aj such that g; ;(bjs) # 0. Choose g5 > 0 so that the series

o
fn-1.28) =) esgn-15GEN-1)gN.s(2N)

s=1
converges locally uniformly in C"~¥-1 x C"~. The series defines an entire function
feO(C"N-1 xC"¥V) C O(C"). Observe that f := f|x € SP(X).
Indeed, lete.g. ay—1 € Ay—; and put
x(an—-1) :=sup{s € N: gy_1s(an—1) # 0}.

We know thatif ay—; € Ay—1,;, then x(ay—1) < t. This shows that

x(an—1)

flan-1.) = Y esgn-1s(@n-1gNs

s=1

is a polynomial and deg f(an—1,-) = deg gn x(ay_,) = *(an—1).
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Note that x(by—1,s) > 5. Consequently, f cannot be extended to a global polyno-
mial of n-variables; a contradiction. O

Corollary 5.3.4. Let K € {R,C} and let f: K" x .-- x K"N — C be such that for
any (ay,...,ay) € K" x---x K" and j € {1, ..., N}, the function

K" > xj f(a},xj,a}’) eC

is a polynomial of nj variables (i.e. f is a polynomial with respect to each group of
variables separately). Then f € P (K" x --- x K"'N),

Proof. If K = C, then we may apply directly Theorem 5.3.3 to the cross X =
X(((E”!',(E”/)}Vzl) = C" x-.-x C" ., If K = R, then our assumption implies
that f extends to an f € SP(X) with X = X((R",C" )j.vzl) and we may once
again apply Theorem 5.3.3. O

Remark 5.3.5. Instead of separately polynomial functions one may also study sepa-
rately rational or algebraic functions.

Let 2 C K" be open and let f: 2 — K.

We say that f is rational if there exist polynomials P, Q: K* — K, Q s 0, such
that 0f — P = 0on £2.

The function f is said to be algebraic if there exist k € N and polynomials
Po, ..., Py K" — K, Py # 0, such that P f% + Pr_; f*1 +... 4+ Py =0 on 2.

We say that f is separately rational (resp. algebraic) if for any (ay,...,a,) € £2
and j € {l1,...,n}, the function x; — f(ai,...,a;—1,Xj,aj+1,...,dy) is rational
(resp. algebraic) on the open set {x; € K: (a1,...,a;-1,Xj,aj41,...,an) € 2}.

One may ask when a separately rational (resp. algebraic) function f: 2 — Kis
rational (resp. algebraic).
The following results are known (cf. [Kno 1969], [Kno 1971], [Kno 1974]):

e If K = R, then every separately rational and separately locally bounded function
is globally rational.

e If K = R, then every separately algebraic and separately €°° function is globally
algebraic.

 Forr € Z, the function f: R? — R,

k
((x = k) (x — (k + D)y —k)(y — (k + 1))
f(x,y):= ifk<x<k+1l,k<y<k+1, keZy,
0 otherwise,

is separately algebraic and globally €”, but not globally algebraic.

¢ If K = C, then every separately algebraic and separately continuous function is
globally algebraic.
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* The function f: C?> — C,

(zw)* ifk<|zl<k+1, k<|wl<k+1 keZy,
0 otherwise,

fz,w):= {

is separately algebraic but not globally algebraic.
See also [Sic 1962], [STW 1990].

5.4 Main cross theorem

§§ 2.1.5,2.1.7.

The problem of holomorphic continuation of separately holomorphic functions
defined on N-fold crosses has been investigated in several papers, e.g. [Ber 1912],
[Cam-Sto 1966], [Sic 1968], [Sic 1969a], [Sic 1969b], [Akh-Ron 1973], [Zah 1976],
[Sic 1981a], [Shi 1989], [NTV-Sic 1991], [NTV-Zer 1991], [NTV-Zer 1995],
[NTV 1997], [Ale-Zer 2001], [Zer 2002] and has led to the following result.

Theorem 5.4.1 (Main cross theorem). Assume that D; is a Riemann domain over C"/
and Aj C Dj is locally pluriregular, j = 1,...,N. Put X = X((Aj,D_i)j.\;l). Let
f € O5(X). Then

(*) there exists a uniquely determined f € (9()? ) such that f = f on X and
f(X) C f(X), in particular

*Iflg = 171x,
: WAL F AN VBT S PP -
1A= 1 lex) 171 x 2= (21,....2n) € X.

A proof will be presented in § 5.4.2. Notice that the inclusion f (f ) C f(X)
follows immediately from Lemma 2.1.14 with

(G, D, Ag, 4,F) = (X, X, e(X), X, 05(X)).
To get the inequality we use Lemma 3.2.5 and Proposition 3.2.28 (h*

N ~
Zj:l h;i,-,z)j (Zj), z=1(z1,...,zn) € X).

Sometimes the assumption that Ay, ..., Ay are locally pluriregular is too restrictive
and it is better to consider the following equivalent form of Theorem 5.4.1.

~(z) =

c(X),X

Theorem 5.4.2 (Main cross theorem). Let D; be as in Theorem 5.4.1 and let A; C D;
be non-pluripolar, j = 1,..., N. Put

X :=X((4;. D)), ¥ :==X((4; N AT, DHN))

(recall that Y =X- ¢f. Remark 5.1.8 (f)). Let f € O5(X). Then
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(*%) there exists a uniquely determined f € (9()? ) such that f = fonY and
f(X) C f(X), in particular

*flg =
1- Z —lhA* D (Zj) Z/ lhA* D (Zj) ~
|f(Z)|<||f||c(X) I/ x ,z2=(z1,...,28) € X.

As above, the inclusion f ()? ) C f(X) follows from Lemma 2.1.14 with

(G,D,Ag, A, F) = (D1 x---x Dy, X,c(Y), X, O05(X)).

To get the inequality we use Lemma 3.2.5 and Proposition 3.2.28 (h *(Y) ~(z) =

S s, ) = X e )

Itis obv1ous that Theorem 5.4.2 => Theorem 5.4.1. Conversely, since 4; N A;‘ is
locally pluriregular (cf. Corollary 32.13),j =1,...,N, Theorem 5.4.1 implies that
there exists an f € (9(X ) such that f fonY.

Exercise 5.4.3. Assuming that Theorems 5.4.1, 5.4.2 are true, prove analogous results
for Riemann regions D; € Ro(C"), j =1,...,N.

Remark 5.4.4. Let D;, A;,j =1,...,N, X, and X be as in Theorem 5.4.2.

We present below some procedures which allow us to reduce the proofs of Theo-
rems 5.4.1 and 5.4.2 to some special configurations.

(P1) (Cf. Proposition 7.2.6.) Let ¢;: D; — D be the envelope of holomorphy
(cf. Definition 2.1.18). Observe that A_ = ¢j(4;) C D_, is non-pluripolar
(because ¢; is locally biholomorphic; cf. Remark 2.1.11(b)), j = 1,..., N.
Put

@: Dix---xDy — Dix---xDy, ¢(z1,....25) := (¢1(21), - ... on (ZN)).

Let
Y = X((A;, D)Ly, ¥ = XA, D)Ly).
Then
-(p(X)CY,(p()?)CI?, )
» for each function f € Os(X) there exists a function f € Os(Y) such that

fop=f.
Indeed, the inclusion ¢(X) C Y is trivial. The inclusion (p(f ) C Y follows
* . * .
immediately from the fact that & 0; (40,55, o < hAj’Dj, j=1,...,N.

Fix an f € O5(X). Take a = (al,.. ,an),b = (by,...,by) € Ay X --- X AN.
First observe that if ¢; (a;) = ¢;(bj), j = 1,..., N —1,then f(a)y.:) = f(by.-) on
Dy . Indeed, since p; : D;j — D ; is the envelope of holomorphy, foreach g; € O(D;)
thereexistsa g; € (9(5]-) suchthat g; = g; og;. Inparticular, if 9(z;) = ¢(w;), then
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gj(zj) = gj(w;). Take an arbitrary cy € Ay. We have: f(ar,...,an—1.cN) =

f(br.az,....an-1,cy) = -+ = f(b1,....by—1,cn). Thus f(a}y.") = f(by.")
on Ay . It remains to use the identity principle.
Consequently, the formula

n(eiar).....on—1(an—1).") :== (ex) "' (f(a1.....an-1."))
defines a function on ITCN = zzfl X +ee X /TN_I X 5N with fN op = fonXy =
A1 X~'-XAN_1 XDN.
The same construction may be repeated for other groups of variables and leads to
the required function f.

Consequently, we may always additionally assume that D1, ..., Dy are Riemann
domains of holomorphy.

(P2) AssumethatD;y /" Dj,Djx D Ajr /' Aj,andeachset A; x is non-pluripolar,
j=1,...,N.Put

X = X((4jx. DD Vi i= X((Ajx 0 A% DHYY).

Observe that Y C X ' X and Yk = Xk S X (cf. Remark 5.1.8 (¢), (f))
Suppose that () holds for each k, i.e. there exists an fk € O(Xy) with fk =f
on Y. Then (x) is true.
Indeed, since Y, ¢ PLP, we get fAk+1 = fk on Xg. Thus we get a function
f € (9()/(\ ) such that f = f on each Y. It remains to use Remark 5.1.8 (h) to show
thatf = f onevery Xy and hencef = fonX.

Consequently, we may always additionally assume that:

* Dy,..., Dy are strongly pseudoconvex (cf. § 2.5.4),
. Aj CcC Dj,j =1,...,N,
* the function f € Oy(X) is such that for all j € {1,...,N} and (a}.a}) €
A;. X A” the function f(a], ,
(P3) We may additionally assume that N =2.

a}) is holomorphic in a neighborhood of D;.

Indeed, we proceed by induction on N > 2. Suppose that () holds for N —1 > 2.
Put ¥ := X((4;.D;)Y7"). Z := X(A), Ay: ¥, Dy). Observe that if zy € Ay,
then f(-,zny) € O(Y). By inductive assumption there exists an sz € (9(Y) with
Jzy = f(G.zy)onY. Define g: Z — C by

sz(z’) if (z/,zy) € ¥ x Ay,

f(,zn) if (z',zy) € Ay x Dy.

Obviously, g is well defined and g € O5(Z). Itis clear that holomorphic functions on
Y separate points and A’y is locally pluriregular. Using the case N = 2, we find an
f € O(Z) with f = g on Z. Tt remains to recall that Z = X (cf. Remark 5.1.8 (g)).

gz zy) = {
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The above proof shows that if (x) is true for N = 2 and all bounded f € Os(X),
then it holds for arbitrary N and all bounded separately holomorphic functions.

In the case where N = 2 we will always write D := Di, p := n;, G := D,
q ‘= nj, A= Al, B .= Az.

P4) If N = 2, then we may additionally assume that f is bounded.

Indeed, we already know (by (P2)) that we may assume that D; € Rp(C"),
J = 1,2, and that for arbitrary (a1,a2) € A1 x Ay we have f(a1,-) € O(D2),
f(,az) € O(Dy). Define

Al,k = {Z] € A : |f(21,')| <kon Dz},
Az’k = {22€A22|f(',22)|§k0I1D1}, k € N.

Observe that A;x /" Aj. Hence A ¢ PLP, k > 1, j = 1,2. Observe that
|f| <konX(A;k, Az x; D1, D3), k € N. Now we only need to use (P2).

(P5) If N =2and f € O5(X) is bounded, then f is continuous on X. If moreover,
A CC D, B CCGQG, then [ extends to a continuous function f € Os(Z), with
Z :=X(A,B;D,G).

Indeed, let X > (zg, ws) — (20, wo) € X, f(zs,ws) — . The sequence of
holomorphic functions ( f(zy,-))$2, is bounded. Consequently, by Montel’s theorem,
we may assume that f(zs,-) — g locally uniformly in G with g € O(G). In particular,
f(zs,ws) — g(wg) = a. On the other hand, f(zs,w) — f(zo,w) for w € B.
Hence, g = f(zo,-) on B. If wg € B, then @ = g(wy) = f(z9, wo) and the proof
is finished. If zg € A, then, by the identity principle, g = f(zo,) on G, which also
implies that o = g(wo) = f (20, wo).

Now assume additionally that A CC D, B CC G. Let A3z — z9 € A C D.
By Montel’s argument there exists a subsequence (ks)52; such that f(zg,,-) — g
locally uniformly in G. Observe that g(w) = f(z9,w), w € B. Consequently, the
function g depends neither on the subsequence (ks)$2 |, nor the sequence (zx)7—,; C A
with zp — zg.

Thus, we get an extension fl: /TX~G — Cof f,such thatfl(a, ) €0(G),ac A.
In the same way we get an extension f5: D x B — C of f,suchthat f5(-,b) € O(D),
b € B.

It remains to observe that fl = f~2 on A x B. Indeed, let

A X B 3 (z5,wg) — (20, wo) € AX B,  f(z5, ws) — a.

We may assume that ¢5: = f(z5,)) — fl(zo, -) locally uniformly on G, ¥s: =
f(,ws) = f2(-, wp) locally uniformly on D. Hence,

fl(zo,wg) = lim ¢s(ws) =a = lim VYs(zg) = fz(zo,wo).
§—>~+00 §—>—+00
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(P6) Assume that N = 2, D, G are relatively compact,and A CC D, B CC G are
non-pluripolar. Put

Y :=X(ANA* BNB*;D,G), Z:=X(A,B;D,G),
W = X((A)*,(B)*; D, G).

Let f € O5(X) be bounded. We know by (P5) that f extends to an f € (9s (Zz )
Suppose that (x*) holds for Z, i.e. there exists an f € (9(Z ) such that f f
on W. Observethat X DY CW C ZandX =Y C W = Z. Thusf|X
solves (xx*) for X .

Summarizing, we get the following result.

Proposition 5.4.5. To prove Theorems 5.4.1, 5.4.2 in their full generality, it suffices to
prove Theorem 5.4.2 under the following additional assumptions:
e N =2
* D, G are strongly pseudoconvex domains,
* A, B are compact non-pluripolar,
fla,)) € O(G),ac A, f(-.b) € O(D), b € B,
s |fl<lonX,

* f is continuous on X.

5.4.1 Siciak’s approach

In the 60s, R. H. Cameron, D. A. Storvick ([Cam-Sto 1966]) and J. Siciak ([Sic 1969a],
[Sic 1969b]) initiated a theory of separately holomorphic functions on crosses. To be
historically correct, one should mention that already in 1911 Bernstein (cf. [Ber 1912])
discussed the following general 2-fold cross situation: n; = n, =1, D; = D, = an
ellipse with foci 1, —1, Ay = A, = [-1,1], f € Os;(X(A1, A2; D1 D>3)) bounded. It
seems that this result had not been recognized for a long time up to a paper by Akhiezer
and Ronkin (cf. [Akh-Ron 1973], see also [Ron 1977]).

The aim of this section is to present some of Siciak’s results from [Sic 1969a] (see
also [Dru 1977]). Notice that, although these results require special additional assump-
tions, their proofs have a geometric interpretation and may help to get an intuition how
to prove the general cross theorem.

Theorem 5.4.6. Let D C C? be a domain and let Gy, ...,G4 C C be simply con-
nected domains symmetric with respect to the real axis R. Assume that A C D is
locally pluriregular and B; = [aj,bj] C G; NR, aj < bj, j = 1,...,q. Put
X =X(4,By,....B4;D,Gy,...,Gy). Letf € O5(X) be boundedonX Then
there exists an f € (9()2) such that f = f on X and supg |f| =supy |f|. IfAis
additionally compact, then the result remains true for locally bounded f € O4(X).
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Remark 5.4.7. (a) Notice that the assumptions that f is bounded or locally bounded
are, in fact, superfluous (cf. Theorem 5.4.1).

(b) Some particular cases of Theorem 5.4.6 have been studied using different meth-
ods by several authors. Let us mention for instance [Cam-Sto 1966], [Gér 1975],
[Non 1977a], [Non 1977b], [Non 1979], where the case

X = ((—R1, R1) x D(R2)) U (D(R1) x (—R2, R3))

was discussed. Recall (Example 3.2.20 (a)) that hz‘_ R.R).D(R) May be given by an
effective formula.
(c) Notice that in the case where X' := X(((—1, 1), D)7_,) we have

X = {(21,...,2,1) eD": Z;?:l ‘Arg tjj‘ < %},

cf. [Cam-Sto 1966], Theorem 1.
We need some auxiliary results, whose proofs may be found e.g. in [Gol 1983].

Lemma* 54.8. Let D C H' := {x +iy : x € R, y > 0} be a simply connected
domain and let L C R N dD be an open interval. Assume that g: D — H7 is a
biholomorphic mapping. Then g extends to a continuous injective mapping g: D U
L — HT with g(L) C R.

Lemma* 5.4.9. Forevery —oo <c¢ < —1 <1 <d < 400 there exist 0 < p < +00
and a biholomorphic mapping h: H — R with

R=R(p)={u+iv:ue(,p), vemn)}
such that h(c) = p + in, h(=1) = im, h(1)

=0,
the extension of h to a homeomorphic mapping h: H
Carathéodory—Osgood theorem).

ﬁ(d) = p, where h denotes
T — R (which exists by the

Corollary 5.4.10. Let D C H* be a simply connected domain such that (c,d) C
R N D with —o0 < ¢ < —1 <1 <d < 400. Then there exist 0 < p < 400 and
a biholomorphic mapping g: HY — R with R = R(p) that extends to a continuous
injective mapping §: D U (¢, d) — Rsuch that §((c,—1]) = (p+in.in], §(—1) =
im, §([=1.1]) = [i=, 0], g(1) = 0, g([1.4)) = [0, p).

Lemma 5.4.11. Let D C C be a simply connected domain symmetric with respect to a
line L. Let[a,b] C LN D, a # b. Then there exist uniquely determined R € (1, +o<]
and

g:D—->E&E:={weC:|w+~vw?2-1| <R}, g biholomorphic,

such that g([a,b]) = [-1,1], g(a) = —1, g(b) = 1, and the branch of ¥vw? — 1 is
chosen so that ~¥x% — 1 > 0 for x € (1, +00).



110 5 Classical cross theorem

Proof. Let
2 a—+ b)
= - , e C.
§1) b—a (Z 2 :
Then g1 maps biholomorphically D onto the simply connected domain D := g;(D)
that is symmetric with respect to the real axis, g1([a,b]) = [-1,1], gi1(a) = —1,

g1(b) = 1. If D, = C, then we put R := +o00, g := g1.
Assume that D; # C. Let (c,d) := D; N R (observe that D; N R must be
connected because D; is symmetric and simply connected — EXERCISE). Put

D :={zeD;:Imz > 0};

observe that DfL is a simply connected domain. Then there exist p € (0, +00] and a
biholomorphic mapping

g2: Dy = Dy :={u+iv:ue(0,p), ve(0mn))

suchthat g>((c, —1]) = (p+im, in], 2(=1) = im, &([-1,1]) = [i7, 0], g2(1) = 0,
g2([1,d)) = [0, p) (Corollary 5.4.10). The mapping g3 := exp maps biholomorphi-
cally D, onto the domain

D;:={weC:1<|w <R:=¢€", Imw > 0},

g(lp+imin] =[-R,—1],g3([in,0)) = CtT :={¢ €T :Im¢ > 0}, g3([0, p]) =
[1, R].

Next, the Zhukovski mapping g4(z) := %(z + 1/z) maps D3 onto the domain
&t = {w e & :Imw > 0}, g4([-R,—1]) = [-3(R + 1/R),—1], g4(CT) =
[~1,1], ga([1, R]) = [1, 3(R + 1/R].

Let gs :=gsogzogr: Df — &,

gs(w), w e D,
g6(w) := {g40g308 (W), weld),
gs(10), we Dy.

Finally, g := g¢ o g1 satisfies all the required properties.

It remains to prove that R and g are uniquely determined. Suppose that 4: D —
& ={w e C:|w+ vw?—1| < R’} is another biholomorphic mapping with the
above properties. Then the biholomorphic mapping f := g; 'ohog logs: A(1, R) —
A(1, R") with f(£1) = %1, where

A(r—,ry)={zeC:r_ <|z| <ry}.

Consequently, R = Rand g = h. O
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Corollary 5.4.12. Assume that D is a simply connected domain symmetric with respect
to the real line R and [a,b] C DNR,a < b. Let R and g be as in Lemma 5.4.11. Then

the function @(z) := g(2) + /g2(z) — 1, z € D\ [a, b), is the unique biholomorphic
mapping of D \ [a, b] onto A(1, R) such that ®(a) = —1, @(b) = 1. Moreover:
« &(Z) = P(z),z € D\ [a,b],
* the limits @(x 4+1i0) := limy o4 @(x +iy) and (x —i0) := limy_,o_ P(x +
iy) exist for x € [a, b],
e d(x4+i0)=Dd(x—i0)=1/P(x —i0), x € [a,b],
e the functions (a,b) > x — @(x 4+ i0) and (a,b) > x — @(x —i0) are real
analytic,
e the functionm(x) := g'(x)//1—g2>(x) = id'(x—i0)/P(x —i0), x € (a,b),

is Riemann integrable and fab m(x)dx = arcsing|2 = 7.

Put
1|k Pk D
¢k(z) =z k(Z) +. (Z)ik . Z€ \ [a’bL € Z-i-‘
2|10%(x —i0) + @7 *(x —i0), z=x €]a,b],
Then
* & €0(D),
o || < |DIF,

o |®r| < 1lonl]a,b].

Corollary 5.4.13. Let D, a, b, R, and ®@ be as in Corollary 5.4.12. Then

[.b1.D ™ 1og R
Proof. Let u := li’fgiél. It is clear that u € H(D \ [a,b]) and 0 < u < 1 on

D \ [a, b]. Moreover, u is continuous on D and u = 0 on [a, b]. Hence u € S (D)
and, consequently, k[, p), p > u. Applying the maximum principle to the subharmonic
function hE‘a p1.p —uonD \ [a, b], gives the converse inequality. O

Lemma 5.4.14. Let D, a, b, R, m, @, and (@k);;o:l be as in Corollary 5.4.12. Let
f €O(D). Then

() =) a®(z), zeD, (5.4.1)
k=0

where
sgnk

b
Cr = - /m(x)f(x)@k(x)dx, keZy.

Moreover,
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* the series converges locally uniformly in D,

o if | f| < M, then |cx| < 2M/R¥, k € N.
Proof. Applying the Laurent expansion to the function F := f o ®~! in the annulus
A(1, R) gives

o0
F(w) =a¢ + Z(akwk +aw™), 1<]|wl <R,

k=1
where
L_ L[ FO,
k 270 Jjw|=r §k+1
1
=—_[ #@’(z)dz, l<r<R, keZ.
2mi |®(2)|=r Prt (2)

Since F is continuous for 1 < |w| < R, we have

RN Y LS L€ P
=5 ; —@kH(x_iO)(D(x—lO)dx—% ) ¢k+l(x+i0)q§(x+10)dx

b
= i/ m(x) f(x)(®*(x —i0) + &7F(x —i0))dx
21 J,

b
! / m(x) £ () Br (x)dx.
T Ja

In particular, ¢g = ag, cx = 2ar = 2a_g, k € N. Consequently, we get (5.4.1)
on D \ [a, b], the series being locally uniformly convergent in D \ [a, b]. It remains
to observe that series (5.4.1) is uniformly convergent in {z € D : |®(z)| < OR} for
arbitrary 0 < 6 < 1. In fact, if |@(z)| < 6R, then

oM
lex @i (2)] < F|q>(z)|k <2M6*, keN. O

Proof of Theorem 5.4.6. First note that, using the same procedures as in Remark 5.4.4,
we may reduce the proof to the case where D is bounded, A CC D, and g = 1. In the
case where A is compact we easily reduce the proof to the case where f is bounded,
| f] < M on X. In particular, f is continuous on X (cf. Remark 5.4.4(P5)).

Write G := Gy, [a,b] := [a1,b1]. Let R, g be associated to (G, [a, b]) as in
Lemma 5.4.11 and let m, @, (@k)z"zl be associated by Corollary 5.4.12. Define

sgnk

b
cx(z) = / m(t) f(z,t)Pr(t)dt, ze€e D, kelZy.
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We have (cf. Lemma 5.4.14, Corollary 5.4.12):

fz,w) = ch(z)¢k(w), (z,w) € A xG,

k=0
2M
ck € O(D), ekl <2M, |cx(2)| < RE zeA, keZ,.
Hence .
lck| < 2MR*®ap=Don D, k e N.
For 0 < 6 < 1 define

log |®(w log 0
[29:={(z,w)erG:hj,D+h}§,G(w)=h;‘1,D+ g|b( )|<1+ £ }

log R log R
Observe that £29 X when 6 /" 1. For (z, w) € 29 we get

|k (2) P (w)] < 2MRF®EDO™D | (w)[F < 2M(R*4.0 O @ (w))F < 2M 0¥,
k e N.

Thus, the series is uniformly convergent on £2¢ and its sum f satisfies the inequality
A 2M
sup | f| = -6
2 -

Using the same argument for the function f” instead of f we conclude that

. 2M™
sup | f™] = —.

2 1—6
which gives
. o) 1/m
wifi=m(i55)
Letting m — 400 leads to the conclusion that | f | < M on $2y. O

The following theorem is one of the first results on extension of separately holo-
morphic functions on crosses without assuming that the extended function is bounded.

Theorem 5.4.15. Let D1, ..., D, C C be simply connected domains symmetric with
respect to the real axis R and let A; = [aj,bj] C D; NR,a; <b;, j =1,...,n. Put
X = X((4;, Dj);’=1). Let f € Og(X). Then there exists an f € O(X) such that

f=fonXandsupg|f| <supy|f|

We need some auxiliary results.
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Proposition 5.4.16 (Leja’s polynomial lemma). Let Ki,..., K, C C be continua,
K:=K; x---x K, CC" andlet ¥ C P(C") be such that

Vzex : sup |p(z)| < 400,
pPEF

i.e. ¥ is pointwise bounded on K. Then

Vaek Vo1 IM=M(K.a.0.7)>0 In=n(K.aw)>0 Vper : sup |p(2)] < Mo™?,
zeP(a,n)

equivalently,

. d
Vo1 IM=M(K,0,7)>0 32=02(K.0) open YpeF : sup |p(z)| < Mw™8?.
KCc zZER

Notice that 7 is independent of ¥ .

Proof. The case n = 1 is covered by Lemma 1.1.8. Assume that the result is true
for (n — 1) variables and consider the case of n variables. Take a point a’ € K’ :=
Ky x--+x K,—1 and put £ := {p(a’,-) : p € F}. By Lemma 1.1.8 there exists
an open neighborhood £2,, := ¢k, D(¢, n(Ka, ¢, Jw)) of K, (§2,, does not depend
on a’) and a constant M (a’) such that

pa.z)| < M@)o P, z,€ Q. feF.

Now let ¥/ := {Jw degpp(-, Zn) & Zn € §2,}. Observe that ' is pointwise bounded
on K’. Thus, by the inductive assumption, there exist an open neighborhood 2’ of K’
and a constant M such that

\/E_degp|p(z’,zn)| <MJVo™*', e, z,e2, pe¥F. O

Proposition 5.4.17. Let K be a compact subset of an open set 2 C C". Assume that for
every pointa € K there exist continua K, ..., K, C Csuchthata € K1 x---x K, C
K. Let a sequence ( fa)aelfﬁ C O(82) be locally uniformly bounded in §2 such that

limsup (| fy(2)|[RH)Y¥ <1, zeK,

|| =>+00

where R € RZ,. Then for every w > 1 there exist a constant M = M(w) > 0 and an
open neighborhood §2,, of K, §2, C 2, such that

| fu(2)|R* < Mo, ze€Q,, aecZm.

Proof. Take an arbitrary @ > 1 and let @ := /w. It suffices to show that for every
point a € K there exist M, n > 0 such that

| fu(2)|R* < Mw!® |z € B(a,1), a € Z™.
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. R

Fix a point @ € K and let
p/r <@/ max{Ry,..

B(a,ro) C 2, O0<p<r <ry,

| fa(2)] < +o00.

Put
M; ;= sup max
aeZ’} zeB(a,r)

Write
o0
fa@) =) far(z—a), z€B(a.ro),
k=0
where fq x is a homogeneous polynomial of degree k. Put

o]
Pa(2) =) fax(z—a). F :={(R/&)"py:e €27},

k=0
The Cauchy inequalities imply that
M,
< —.
| fak] < =
Consequently, if z € B(a, p), then
loe| 41 CBIal 00 P k
PO S 1@+ Y aa =0 = Mo T + 41 Y (2)
k=0 k=|0l|+1
olel p\le+t olel o\ 1!
<M M| = <M M| -
= M(2) Ra + 1(r) 2= 2(2) Ra + 3(r)

Hence, the family % is pointwise bounded on B(a, p). By Leja’s polynomial lemma

(Proposition 5.4.16) there exist 0 < n < p and M > 0 such that
(R)®)*|pa(2)] < M3, zeB(a.n), ac z%.

Finally, for z € B(a, ), we get
R fa(2)] < R¥|pa(2)| + M58 < M& + M35 < (M + Mp)ol*!. O
Proof of Theorem 5.4.15. We use induction on n. Suppose that the result is true for
n—12>1. Fixan f € Os(X). In view of Theorem 5.4.6 we only need to show

that £ is locally bounded on X, i.e. for any subdomains D](’ CC Dj with 4; C DJ(.),
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J =1,...,n,the function f is bounded on X((4;, D](-’);?=l). Fix an jo € {1,...,n}.
We are going to show that f is bounded on A} x D]‘.’O x A} . We may assume that

jo = n. We want to prove that f is bounded on A/, x D9. If n = 2, then put
Y=Y =D, 7Z :=X.1fn >3, then

Y :=X((4;, D)2, Z = X(A},. Ap; ¥, Dy).

Recall that Z = X. In view of the inductive assumptlon for every z, € Ay, the
function f(-, z,) extends to a function fzn holomorphic on Y with on = f(-,z) on
Y (if n = 2, then fzn = f(-,zp)). Defineg: Z — C,

f(Z/ﬂZn), (Z/» Zn) S A;l X Dn,

§ )= {f;n(z’), (z'.2n) € ¥ X Ap.

Then g € O4(Z). For0 < ¢ < 1 put
Y. = {1 zn1) € Y : Z;’;}hj;j,l)j(z_,-) <1l—g}.

Using a Baire argument, we show that there exist a constant C > 0 and a non-trivial
interval [a),, b,] C [a,, by] such that |g(z’, z,)| < C on Y, x [a),,b;] and g|Y [} )]
is continuous (cf. Remark 5.4.4(P5)). Let R, g, m, &, (Px)7=, be associated to
(Dy, |a,, b)]). Define

n>-n

sgnk

by .
cr(Z) = // m(t)g(z' . )P (t)dt, z' €Y., keZ,.
a

n

We have

o0
gz zy) = Z ck(ZN)Pr(zn), (2',zn) € A}, X Dy,
k=0

~ 2max, i, p’ z't
ke OFe), ek <2C, |ex(2)] < rela 03] 18 7. 1]

/ /
,z2 €A, keZ,.

Rk
Hence, by Proposition 5.4.16,
Cle

Ck ond, keZ,.

| | = (R ) n +
Finally, if

Dy :={zn € Dy : |®(z4)| < Re™>%},

then

(Re>)* _ C(o)
(Re=¢)k 1 —e¢’ (

lg(z", za)| = C(e) Z z'.zn) € Ay X Dy

In remains to observe that for sufficiently small & we get DO C D, . O
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The above proofs are based on expanding f into a certain “concrete” series and
checking the domain of convergence of this series. In the general case a similar idea,
using an “abstract” series, has been first realized in [Zah 1976], as we will see in the
next subsection.

5.4.2 Proof of the cross theorem

We begin with the following general theorem from functional analysis.

Theorem* 5.4.18 ([Mit 1961]). Let #o, #H1 be separable Hilbert spaces, dim #y =
dim H; = oo, and let T : Hy — Hy be a linear injective compact operator such that
T (Hy) is dense in H1. Then there exists an orthogonal basis (by)ren C Ho such that
* (T'(br))g~, is an orthonormal basis in Jy,
o bk llz, =: vk /" +o0 whenk /" +oo.
Moreover, if there exist a locally convex nuclear space 'V and linear continuous oper-

T T .
ators Hog — V — FHq such that T = T, o T, then the above basis (by)ren may be
chosen in such a way that the series Y po, v, ¢ is convergent for any & > 0.

A proof may be found in [Jar-Pfl 2000], Lemma 3.5.9.
In the case of the cross theorem the above general result implies the following
fundamental theorem.

Theorem 5.4.19 ([Zah 1976], [Zer 1982], [Zer 1986], [NTV-Zer 1991], [Zer 1991],
[Ale-Zer 2001], [Zer 2002]). Let D CC X be a strongly pseudoconvex subdomain of
a Riemann domain (X, p) over C? and let A C D be compact and non-pluripolar.
Put
o Ho = Lfl(D) (cf §2.1.3),
o J = CILZ(A,M)(L%,(DNA) = the closure 0fLi(D)|A in L?>(A, ), where 1 =
1, D is the equilibrium measure for A (cf. Definition 3.2.30).

Then the linear operators

Hes b feoD), OD)> [ flae

are well defined, injective, and continuous (notice that O (D) is a nuclear space).
. . T:=T50Ty .
Moreover, Ty is compact. In particular, the operator #o > f =  flg € H1 is

compact.
Let (bx)32, C Ho, (vk)y=, be as in Theorem 5.4.18. Then for any a € (0, 1) and
for any compact
KC{zeD:hyp(z) <a}
there exists a constant C = C(a, K) > 0 such that

lbellxk < Cvg, keN. (5.4.2)
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Proof. (Cf.e.g. [Jar-Pfl 2000], Lemma 3.5.10.) Step 1°: T is well defined.

Every function f € @(D) can be approximated uniformly on A by functions from
O(D) (cf. Theorem 2.5.7 (b)). Moreover, O(D) C Hy and if O(D) > f; — f
uniformly on A, then f|4 — f|4 in H;.

Step 2°: T3 is injective.

Suppose that an f € @ (D) is such that T(f) = 0in H1, i.e. u(P) = 0, where
P :={z¢€ A: f(z) # 0}. We know that hjl\P,D = h p (cf. Theorem 3.2.31 (c)).
Hence A\ P ¢ PLP (cf. Proposition 3.2.11), which implies that f = 0.

Step 3%: T is continuous.
It is well known that for any compact L C D there exists a constant ¢ (L) > 0 such
that

Iflle < e flli2py. [ € Li(D), (5.4.3)

which is equivalent to the continuity of 77.
The continuity of 77 is trivial.

Step 4%: T is compact.

Let (f5)S2, C #o be bounded. Then, by (5.4.3), it is locally uniformly bounded
in D. Consequently, by the Montel theorem, there exists a subsequence that is locally
uniformly convergent.

Step 5°: Estimate (5.4.2). Let ko € N be such that v > 1 for k > ko. Put

log |b
up = og |by| r

s > ko.
log vy

By (5.4.3), for any compact L C D, we get
1bclle < e(L)ve, k eN.
Thus the sequence (ug)pe ko is locally bounded from above in D. Let

U = lim sup ug.
k—+4o00

Since vy — +o00, we get u < 1. Moreover, u* € PSH (D) and P := {z € D :
u(z) < u*(z)} € PLP (cf. Theorem 2.3.33 (b)).

We will show that there exists a Borel set Q C A with u(Q) = O such thatu <0
on A\ Q. Put

Qirs =1z € At |bp(2)] = rv)*}, ks €N

(Qk,r,s is compact). Recall that ||bg || g, = 1. Thus we have

1 1
1(Qkers) < —f IR Py——
" rzvi/s A rzvi/s
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Let Qrs := Upey Qk.rss -5 € N. Then, by Theorem 5.4.18,

1 o const(s)
u(Qrs) < 2 Vi /s = — Qs -
k=1

Consequently, u(Qs) = 0, where Q5 := (72, Ors, s € N. Finally, u(Q) = 0,
where Q = | J;2; Q5. Observe thatif zg € A\ Q, then zg ¢ Qj for every s. Thus,

for each s there exists an r(s) such that zo ¢ Q,(s),s. This means that zo € Ok r(s).s

for any k, i.e. |br(z0)| < r(s)v,i/s, k € N. Hence,

r2

log r(s 1
gr(s) 1

ug(zo) < .k =ko.

— logvg s
Then u(z¢) < 1/s. Since s was arbitrary, we conclude that u(z¢) < 0.

Thus u* <0on A\ (P U Q) and hence u* < h;;\(PUQ) p- Moreover,

hy\ruo)y.p =happ =hip

(cf. Theorem 3.2.31 (c)). Thus u™ < h:i,n In particular, supg u* < «. Hence, by the
Hartogs lemma, u; < o on K for k > 1, which implies the required result. O

Proof of Theorem 5.4.2. We already know (cf. Proposition 5.4.5) that we may assume
that N = 2, D, G are strongly pseudoconvex domains, A CC D, B CC G are
compact and non-pluripolar, f(a,-) € O(G),a € A, f(-,b) € O(D),b € B,|f]| <1
on X, and f is continuous on X.

We keep notation from Theorem 5.4.19. For any w € B we have f(-,w) € H#y
and f(-,w)|4 € #;. Hence, we get the following “abstract” series expansion of f

few) =Y cr(w)by,
k=1
where
1 _ b ]
o) = = [ fC0h L@ = [ fewhEdie). ke
Vi JD A

cf. Theorem 5.4.18. The series is convergent in Li (D) (in particular, locally uniformly
in D) and in L2(A, j1). Since f is continuous, the formula

& (w) ::/Af(z,w)gk(z)du(z), weG,

defines a holomorphic function on G, k € N. We are going to prove that the series

3 G (w)be ()
k=1
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converges locally uniformly in X.
Take a compact K x L C X and leta > maxg h* AD> , B > maxy hy ; be such that
a + B < 1. First, we will prove that there exists a constant C'(L, ) > 0 such that

Iekll < C'(L.BvE™", ke N. (5.4.4)

Suppose for a moment that (5.4.4) is true. Then, using Theorems 5.4.19 and 5.4.18,
we get

o0 o0
Y lllzlibellx <> C/(L. BvE T C(K. a)v
k=1 k=1

o
= C'(L.AHC(K.e) Y vi™P™ =t M(K. L) < +00,
k=1

which gives the normal convergence on K x L. Let
o0
few) =Y Gwh(2). (z.w) € X:
k=1

obviously f is holomorphic. Recall that f = f on D x B. Hence f = f on
Y :=X(A*,B*;D,G)Cc X NX.

We move to the proof of (5.4.4). By the Holder inequality, we get
lCk(w)| < Vu(4), weG, keN

(recall that | /| < 1). On the other hand, if w € B, then

/D Few)be(2)d 2P (2)

1
< E\/:ﬁD(D).

)] = lexw)] = |
k

For k € N such that v > 1, let

._ loglek|
U = —————.
log vg

The sequence (u k),‘z":1 is bounded from above in G, u := limsup; _, , ., ux < 0, and
u<-—lonB.LetP :={weG:ulw)<u*(w)};, P e PLP. Thusu* € PSH(G),
u* <0,and u* = u < —1on B\ P. Consequently, 1 + u* < hz\P,G = hE,G
(cf. Proposition 3.2.21). Hence 1 + u* < B on L. Now, by the Hartogs lemma,
ur < B —1on L for k > 1, which implies (5.4.4). O
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5.5 A mixed cross theorem

In this section we shortly discuss a mixed cross theorem whose proof is very similar
to the proof of Theorem 5.4.2. Let D C C? and G C C? be domains and let A C D
and B C dG be non-empty. We define:
* Xy = Xu(A4,B; D,G) := (A x (G U B)) U (D x B) the mixed cross,
* X2 = X% (A,B;D,D) := (A xG) U (D x B) the associated inner mixed
cross,
« X3 :={(z.w) € D x(GUB):h} () + hg pcw) <1},

« Xp:={z.w) €D xG:h} () +h% 5w <1}
Remark 5.5.1. (a) If A is locally pluriregular and B locally &-pluriregular (see Defi-
nition 3.7.7), then X,,, is conEected.

Indeed, let (z;,w;j) € Xu, j = 1,2, be given. Then choose a positive § with
max{hy 5(zj). hg,B.c(w;)} <1—28, j =1,2. Put

A:={zeD:hyp(z) <8, B:={weG:hgpsw)<Ss}

Note that A C A, i.e. A is a non-empty set. Similarly, B is non-empty. Hence both
sets are locally pluriregular.
Note thath}’D < h;;’D and h};’,G < h.%,B,G|G' Thus

(zj.w;) €X(4,B:D,.G)=: X, j=12.

Using Remark 5.1.8 (e), it follows that both points can be connected along a curve inside
of the classical X. Now fix a point (z’, w’) on such a curve. Then (see Remark 3.7.8)
by p(2') + hE’B,G(w’) < h}’D(z’) + h%’G(w’) +25 < 1,ie. (2, w) € X.

(b) Moreover, if the assumptions of (a) are satisfied, then X, C )?,;f N 8)2,,,.

Then there is the following result ([PflI-NVA 2004], see also [Imo-Khu 2000],
[Sad-Imo 2006a], [Sad-Imo 2006b]).

Theorem 5.5.2 (Mixed cross theorem). Let D C C? be a pseudoconvex domain, G C
C4? a domain. Moreover, let A CC D be locally pluriregular such that A = | J3—, Ak,

where Ay is a compact, locally pluriregular set, k € N, and B C dG relatively open,
along which 3G is locally €. Put X,, = X;u(A, B; D, G) and

F:={f: Xy = C: f locally bounded, f(z,-) € €(G U B) N O(G),
ze A, f(,w)e (D), we B}

Then foran f € ¥ there exists a uniquely determined f € ‘6()/(\,:{ )N (9()?,,,) such that
f = fonXy
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Recall that under the above assumption we know that B is K-pluriregular (cf. Propo-
sition 3.7.10).

Proof. Fix points a € A and b € B and neighborhoods U CC D and V of a and b,
respectively, such that VNG = {w € V : p(w) < 0}, where p is a local defining
function of G, VN dG C B,and U x (V N G) C X,,. Assume that there are two

functions f; and f, with the properties of f , 1.e. both functions are continuous on fnf ,
holomorphic on XAm, and coincide on Xy,. Then fi—f=0 on Xj,; in particular, on
Ux(VNJG). Put f(z,w) = fi— fpronUx(VNG)and f =0onU x (V\ G).
Using Rado’s theorem it follows that fi = f> on U x (V' N G) and therefore by the
identity theorem, on X,. Continuity leads to f; = f> on X».

It remains to construct the extension f .

Step 1°: The case where, in addition, D is strongly pseudoconvex, A is compact,
and | f| < 1.

In this situation we proceed similar as in the proof of Theorem 5.4.1. Nevertheless,
for the convenience of the reader, we repeat almost all details. Let (see Theorem 5.4.19)

o Ho = LZ(D) (cf. § 2.1.3),

o Hy = clp2q,)(L7(D)|4) = the closure of L3 (D)4 in L?(A, p1), where p1 :=

M4, p is the equilibrium measure for A,
e (bp)ken C Ho and (vi)ken With vp 7 +o0.

Take an f € F. Then f(-,w) € #o and f(-, w)|4 € H1,if w € B. Hence

few) =3 cewbi(z). w e B,

k=1

where
xw) = U]—]% [ b = [ rewbwdue), ke,
Recall that the series converges in L7 (D) and in L3 (A, j1). Put
Gr(w) = /Af(z,w)l;k(w)d,u(z), weGUB, kel.

Then ¢, € €(GUB)NO(G). We have to prove that the new series Y pe; ¢k (w)bg (2)
is locally uniformly convergent on )?,,’; .

Fix a compact set K C D and choose @ € (0, 1) such that hj;’ p <aonK. Then,
using Theorem 5.4.19, we have ||bg||x < Cvi, k € N, where C = C(a, K).

Now fix a positive € with o« + 2& < 1. Put

Gk :={w e G hgpsw) <1—a—2e.

Notice that K x Gg C fm
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Recall that |Cx (w)| < /1u(A) fork € N and w € G U B. Therefore,

_ log|é|

€ PSH(G), k € N, andup < 1onG fork > k.
log vg

Moreover,

1
Glm (e = [c ()| = |eew)| = — v £2"(D), keN web
Sn—w Vi

Hence, limgsp—»w uk(n) <0, w € B, k > k; > ko, which means that uj is a
competitor in the definition of k% p G, k > k;. Therefore we have

|Ck(w)| < ve®*%, we Gk, k>ky.

As in the proof of Theorem 5.4.2 we conclude that the series converges normally on
K x Gg; in particular f(Z, w) =Y 3=, ¢k (w)bk(z) is holomorphic on X Noting
that B C G we even get that f € €(X,,) and f = fonD x B.

Finally, fixana € A. Then f (a,-)and f(a, -) are holomorphic on G and continuous
on GU B. Applying Rado’s theorem it follows also that f (a,-) = f(a,-)onG. Hence,
f = fon }/(\,’,‘,

Step 2°: The general case.

We may assume that Ay C Ay forall k. Choose strongly pseudoconvex domains
Dy CcC D with Ay C Dy CC Dgyq and Dy /' D. Then hA Dy N hyp
Moreover, fix a point by € B and a point b’ on the inner normal at bo to dG such
that the half open segment S := [b',bg) C G. Fix N 2> r > max{|bol, |'||}
and denote by Gy the connected component of G N B, (r + k) which contains S.
Moreover, put By := B N 0Gy and By := {w € By : dist(w, d3¢ Bx) > 1/k}. Then
@ # By C B is relatively open in Gy with By C B, Gy is €' along By (k > k)
and g2y, Bx = B.

Let now k > ko. Put X, := X, (A, Bk Dy, Gk) C Xn. Obv1ously, ka

Xi+1.m C X and Xg /" Xpn. Therefore, kaCXk+1mandX* CX,:‘Hm

Finally, recall that h%,Bk,Gk N hg p g (see Lemma 3.7.9). Thus, X,f’m /! X,;: and
X\k,m / XAm-

Now let fr := f|x,,,. Note that fz is bounded on X ,, (EXERCISE). Hence we
are in the situation of Step 1°. Therefore there exist functions fk € ‘€(f ,f ) NO ()? km
such that fk = fx on Xy . Hence, ka = fk on fk,m. Using Rado’s theorem we
conclude that both functions coincide on X k,m and then also on X ,:‘ me What remains

is to glue all these functions to obtain the desired extension f . O
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5.6 Bochner, edge of the wedge, Browder, and Lelong theorems

The aim of this section is to show how four classical theorems may be proved via the
cross theorem.

Theorem 5.6.1 (Bochner tube theorem; [Boc 1938], [Boc-Mar 1948], [Hou 2009]).
Let T = w4+ iR* C R® +iR" = C” be a tube domain. Then every f € O(T)
extends to an f € (9(7A"), where T := conv(w) + i R (conv(w) stands for the convex
hull of ).

Proof. Recall that by the Carathéodory theorem we have
conv(w) = U conv({ag, ...,an}).
ag,...,an €W

Thus the main problem is to prove the following lemma (cf. [Hor 1973], Theorem
2.5.10).

Lemma 5.6.2. Assume for each j € {1,...,n}, the segment [0, ;] is contained in w,
where ¢; 1= (0,...,0, . 1 ,0,...,0). Then every f € O(T) extends holomor-
J -th position

phically to a neighborhood of K + i R" with
K:={(x1.,....xp») e R, :x1 +---+x, < 1}

Proof. Takeane € (0,1)andletD; :={x+iyeC:—e<x <l+4¢},4; :=iRC
Dj; observe that 4; islocally regular, j = 1,..., N. Define X := X((4;, D;)j_,) C
C". In view of our assumptions, X C T for 0 < ¢ « 1. Take an f € O(T).
Obv10usly, flx € Og(X). Thus, by the main cross theorem (Theorem 5.4. D, there
exists an f € O(X) such that f J on X. Since X is not pluripolar, we get f f
on the connected component of 7" N X that contains X. Now we only need to show
that K + i R” C X. Observe that

h (x +iy) = { il al } <x <1+ ¢ (EXERCISE)
X +iy) = max —& <X € ;

4;.D; Y "1+e¢

in particular, h (x +1iy) = 3 for0 < x <1+ e. Hence

X={G1.....2) € D1 x--x Dy 1 b} p () + -+ h} p (za) <1}
O K+ iR". ]

Theorem 5.6.3 (Edge of the wedge type theorem; cf. [Sic 1981b]). Let I := (—1,1) C
[R’

G :={(x0,....xn) +i(yo,....yn) €U +i1)1+”:y0 # 0, lyi] < |yol,
j=1,...,n}

Assume that | € O(G) is such that
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(a) there exists an ¢ € (0, 1) such that for each u € R" with ||u|lco < &, the function

(£eD:Ime#£0}5E0% F(Euil, ... unl)

extends to an f~u e O(D),
(b) for every a € Z% there exist constants My > 0, ro € (0, 1) such that

IDCOf(E.0)] < Ma. ¢ €D(ra). In& #0.
Then f extends holomorphically to a neighborhood of the origin.
Proof. Define
Do =Dy, Ag:={it:teR, 1/4<|t| <3/4},
Dj:=D, Aj:=[-e¢, j=1,....n, X:= X((A,-,Dj);'zo).
Let g: X — C be given by the formula
o) = {ﬂwl,...,wn><wo) ifw & Xo(X),
S (wo, wowy,...,wow,) fweX;(X), j=1,...,n,

w = (wo,...,w,) € X. Then g is well defined and separately holomorphic on
X (ExERrcisE). Consequently, by Theorem 5.4.1, g extends holomorphically to a
g € O(X). Observe that there exists a § € (0, 1) such that

V := Ds(8) x (D(8))" C X (EXERCISE).

Define
C :={(zo,...,zn) € C'T":0 < |z9| <, |zj| <$|z0], j =1,...,n},
A ~ Z1 Z
f(zo,....zy) = g(zo,—,...,—"), (zoy...,zn) € C.
20 20

Now we only need to show that f extends holomorphically to D(8) x (D(§2))". Write
fe= Y fa@z* (2 eC.

n
a€Z+

where fo € O(D«(8)), @ € Z" . Then we have

fal®) = - DON .0y =~ DOVSE0). ¢ €DE), I A0

Consequently, in view of our assumptions, each function f, extends holomorphically
to an fy € O(D(5)). Hence, the series

f@2)= )" fa®)z% (& 2) € DE) x (D(E?)"

n
ozeZ+

defines the required extension (EXERCISE). O
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Remark 5.6.4. Notice that, using a change of coordinates, one can extend Theo-
rem 5.6.3 to more complicated geometric situations, where G = U + il', ' =
(ryur)ynB,I-=-ry, -Nry =g,y C R isanopen connected cone,
and B C R is an open ball centered at the origin.

Theorem 5.6.5 ([Bro 1961], [Lel 1961], [Sic 1969a], [Sic 1969b]). (a) If 2 C R" ~
R* +i0 C C" is open, then

AR2) ={f € A;(82) : Yaen Tr>0 Vxe[R"ﬂ[P(a,r)CQ Vje{l,...,n} : the function
S, Xj—1, 5, Xj+1, - . ., Xp) extends holomorphically to D(aj, r)},

where A(82) denotes the space of all real analytic functions f: 2 — R.
() If2 C R x---XR"N, then H(,,, . nn)(82) C H(82), where Hp, ... .nn)(2)

denotes the space of all functions f: 2 — R such that for every (ay,...,an) € £2,
the function x;j + f(ai,... ,Aj—1,Xj,0j+1,...,aN) is harmonic in a neighborhood
of aj (as a function of nj variables), j = 1,..., N — see Proposition 5.7.3 for a more

general result.

Notice that the function

_ e o # 0.0,
T {o, (x,7) = (0,0),

is separately real analytic and of class €©*°(R?), but not real analytic (near (0,0))
(EXERCISE).

Proof. (a) Let £ denote the space on the right-hand side. Fix an f € £ and an
a=(ay,...,ay) € 2. Letr be asin the definition of £ ;. Take an arbitrary0 < s < r
and put

X = X(([a; —s,a; + s],D(a;,r))i=y)-

Directly from the definition of £g it follows that f extends to an f € Os(X).
Now Theorem 5.4.15 implies that f extends holomorphically to X, which is a C"-
neighborhood of a. In particular, f is real analytic in an R”-neighborhood of a.

(b) It suffices to show that H(,, . »)(£2) C L. Infact, we only need to observe
that if f € #(B(r) N R"), then f extends holomorphically to P, (r/~/2n).

Indeed, recall (cf. the proof of Proposition 4.3.1) that f extends holomorphically
to the Lie ball L, (r) and P, (r/~/2n) C L,(r). O

5.7 Separately harmonic functions II

Having the cross theorem we can also substantially extend the result on separately
harmonic functions from Proposition 4.3.1.
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Definition 5.7.1. Let U; C R/ be adomainandlet @ # A; C U;, j =1,...,N.
Define the real cross X® = X((4;, Uj)j.vzl) C Rt *tnN —: R" (here and in the
sequel we adopt the “complex” notation to the “real” situation). We say that a function
u: X® — R is separately harmonic (u € Hy(X®)) if for any (ai,...,an) €
Ay x---x Ay and j € {1,..., N} the function

Ui > xj > u(a},xj,a]’f
is harmonic.

Exercise 5.7.2. Prove that X ® is connected (cf. Remark 5.1.8 (a)).

Proposition 5.7.3. Assume that A; is locally pluripolar (as a subset of C"/), j =

1,..., N. Then there exists an open connected nezghborhood U C R” of X® such that
each functlon u € Hy(X®) extends to a unique it € Hn,

See also [NTV 2000] and [Héc 2000] for another approaches to the problem.

Proof. Let U; € C" be a domain such that U; N R = U; and for each ¢ € #(U;)
there exists a ¢ = &;(¢p) € O(U;) with¢g = ponU;, j =1,....N. Put X :=
X((4;. Uy,

U:=XNR"={(x1.....x5) €Uy x - x Uy : Y1, h* @) < 1.
J
Observe that X® c U.
Fixau € #;(X®) andlet f: X — C be given by the formula
fla;.z;.a)) == &j(u(a},-.a})(z). (a;.zj.df) e Ay xU;xA], j=1.....N.

Then f € O4(X) and f |x® = u. Consequently, by Theorem 5.4.1, f extends to an
f € O(X). Put

nj .5

AC - E J
2 0z2 "
s=1 JsS

For any (a},xj,a}’) € A} x Uj x A}’ we have

(AL, )}, xj,d}) = (Au(aj,- a}))(x;) = 0.
Thus, the identity principle for holomorphic functions implies that qu:j f =0on X,
j =1,...,N. Inparticular, % := Re fA|XA,mR,, € Jf(,,l,m,,,N)(lA/). O

As a direct corollary we get the following result.

Proposition 5.7.4 (Cf. [NTV 1997]). Letu: (A x V) U (U x B) — R be separately
harmonic, where
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e U C R? isadomain, A C U, Ais locally pluriregular at every point of U (as a
subset of C?, cf. Definition 3.2.8),

e V C RY is adomain, B C V, B is locally pluriregular.
Then u extends to a i € H(p 4 (U x V).

In the case where A = U the proposition generalizes Proposition 4.3.1 (cf. Exam-
ple 3.2.20).

5.8 Miscellanea

5.8.1 p-separately analytic functions

In the context of Theorem 5.6.5 (a) one may ask what is the structure of the singular set
Sa(f)={aeR2:V yce : f ¢ AU)} for an arbitrary separately real analytic
a

€U open

function f : 2 — R.

Definition 5.8.1. Let 2 C R"! x --- x R"~¥ (N > 2) be open, let f: 2 — R, and let
1 < p <N —1. Wesay that f is p-separately analyticin 2 (f € A,,..nn),p(£2)),

if foranya = (a1,....any) € 2and1 <i; <--- <i, < N the function
(xil,...,xip) = f(al,...,ail_l,xil,a,~1+1,...,aip_l,xip,aip+1,...,aN)
is analytic in an open neighborhood of (a;,, . ...a;,).
Note that

¢ ‘A(nl,---,nN),N(‘Q) = A(R2),

* A,y 1(82) = Aw,,..an)(2) ;= the space of all functions f: 2 — R
such that for any (a1,....any) € 2 and j € {1,..., N}, the function x;
flai,...,aj-1,Xj,a;41,...,ay)isanalyticin aneighborhood of a; (as a func-
tion of n; variables),

s ANR) = AR).

Theorem* 5.8.2. Let 2 C R" x---x R"N beopen, f:2 >R 1 <p <N —1,
and let
Sa(f)={aef2:V yce f & AU}
a

U open
@If f € Awy,..nn).p(82), then for S = S 4(f) we have
(%) Prynsy gy (S) € PLP(CM x oo x CUN=0) forall 1 < ji < - <
jN_p < N.
(b) For every relatively closed set S C §2 with (x), there exists a function f €
Awy,..nn).p(82) such that S = S4(f).
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In the case where N = 2, n; = ny = 1, the result was proved in [StR 1990]. Part
(a) with p > N/2 and part (b) with an arbitrary p were proved in [Sic 1990]. Finally,
part (a) with arbitrary p is due to Z. Btocki ([Bto 1992]).

5.8.2 Separate subharmonicity

Let 2 C R" x-.- x R"V be open. A function u: £2 — R_ is said to separately

subharmonic (u € SH (n, .. nn)(82)) if for every (ai,...,any) € £2, the function
Xxj — f(ai,....a;j—1,Xj,aj41,...,ay) is subharmonic in a neighborhood of a; (as
a function of n; variables), j =1,..., N.

In view of Theorem 5.6.5 (b), one could conjecture that every separately subhar-
monic functions is subharmonic.

In the case where 2 C C” is open, one could at least conjecture that a function
u: £2 — R_x is plurisubharmonic iff every a € X and § € C” the function u, ¢ is
subharmonic in a neighborhood of zero, i.e. iff u is subharmonic on complex affine lines
through 2. Observe that every such a function is of class SH# (2,.. 2)(£2). The above
conjecture was formulated by P. Lelong, who proved ([Lel 1945]) that the answer is
positive if we additionally assume that u is locally bounded from above in §2. | 7 | The

general answer is still open

It is known that if £2 C R"! x --- x R"¥ is open and u € SH (,,. . nn)(£2) is
such that for every point a € §2 there exist an open neighborhood U C £2, a number
0 < r < 400, and a function v € L"(§2) such that u < v in U, then u € SH($2)
([Rii 1989]). The case r = 400 is due to Avanissian [Ava 1961]. The case r = 1 is
due to Arsove [Ars 1966].

In particular, if 2 C C” is open and u: §2 — R_ is subharmonic on every com-
plex affine line and such that for every point a € §2 there exist an open neighborhood
U C £, anumber 0 < r < +o00, and a function v € L"(§2) such that u < v in U,
then u € PSH ($2).

The examples constructed in [Wie 1988] and [Wie-Zei 1991] show that in general
the answer is negative and we have SH (,, .. y)(£2) ¢ $H (£2). More precisely, there
exists a function u: C? — R such that for every (zq, wg) € C? the functions u(z, -)
and u(-, wg) are €* subharmonic, but u ¢ SH (C?).

Example 5.8.3 ([Wie-Zei 1991]). Let

i (2) = k¥ Re(—izk) if0 < I'Argz <n/k, seC.
0 otherwise,
| .
Ug =g * Py jps (z - ﬁexp (%)), z € C,
o0
u(z,w) := Zuk(z)uk(w), (z,w) € C?,
k=1
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where (@;).~¢ are regularization functions as in Definition 2.3.14. Observe that:

if z = re'?, then Re(—iz¥) = r¥ sin(ky);

consequently, i is a non-negative continuous function;

Uy, is subharmonic on Ay := {0 < Argz < n/k} and, consequently, on C;

Uy is a non-negative subharmonic function on C (cf. Proposition 2.3.15);
suppuy C A fork > 1;

for every zg € C we have ug(zg) = 0fork > 1;

consequently, #(zg, -) is a well-defined, non-negative €°° subharmonic function
on C;

u is unbounded in a neighborhood of the origin:

FCoo ) @)= nCon )
olFon () ron(5) =0 £) )
=kkRe(—i(%—ki2) (exp(%))k)z (2—]%) — +00.

Notice that under some mixed “harmonic-subharmonic” assumptions, the answer
is positive.

Proposition* 5.8.4 (Cf. [Kot-Tho 1996], see also [Rii 2007] for generalizations). Let
u: DxG — R, where D C RP, G C RY are domains, be such that

u(a,-) € #(G) foreverya € D,
u(-,b) € $#(D) N'€23(D) forevery b € G.

Thenu € $H (D x G) N E(D x G).



Chapter 6

Discs method

Summary. So far, only crosses in Riemann domains over C” have been discussed. We now pass to a
cross theorem (see Theorem 6.2.2) which holds for crosses in arbitrary complex manifolds. The study of
such a theorem has been initiated in [NVA 2005] (see also [NVA 2008], [NVA 2009]). Proofs are based
on the former discussions and some new results from pluripotential theory (see Theorem 6.1.3). While in

Section 6.1 the necessary tools will be briefly repeated, the proofs are given in Section 6.2.

6.1 Some prerequisites

§2.3.

Let us first repeat some notions. An n-dimensional complex manifold is a connected
Hausdorff space M such that there are families of open subsets U, C M, V, C C"
(o € A), and topological mappings ¢, : U, — V,, for which:

* UaEA Uy =M.

* Py o0 (pgl losUanUg) : 98 (Ue N Up) = @a(Uy N Ug) is biholomorphic.

(Uy, ¢g) is called a chart of M and the system (Uy, ¢y, Vi )aea 18 an atlas of M .
Note that any open connected part G of M is again a complex manifold with the
induced charts U, N G.

Using the set of charts one can lift many notions from the classical situation to
n-dimensional manifolds:

¢ A function f: M — C, M a complex manifold, is said to be holomorphic, if
fowyl € O(Vy) forall a’s.

e Let M be another complex manifold of dimension m equipped with an atlas
(Up, 8, Vg)pen. A mapping F: M — M is called to be holomorphic if it
is continuous and if for all &, B the mapping @g o f o ¢3! |wa(f—‘(L75)OUa) is
holomorphic. We write as usual f € O(M, M).

e Afunctionu: M — R_ is called plurisubharmonic (we write u € PSH (M)),
if u 090;1 € PSH (Vy), o € A.

e Aset A C M is called locally pluripolar (A € PLP) if any point a € A has
a connected neighborhood U, and a function v, € PSH (U,) with v, # —o0,
M NU,; C v, (—00).

e If f € O(M), f # 0, thenitszeroset{z € M : f(z) = 0} is locally pluripolar.
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e Let D C M beopenand A C D. Set (see Definition 3.2.1)
hgap :=sup{u € PSH (D) :u <1, ulg <0}
h4,p is the relative extremal function of A with respect to D. Note that hz’ p €
PSH (D) and if A is open, then hy,p = h:;,D.

» We say thataset A C M is pluriregular at a point a € A (see Definition 3.2.8) if
h;';’ v (@) = 0 for any open neighborhood U of a. Observe that A is pluriregular
at a iff there exists a basis U(a) of neighborhoods of a such that h} ;;(a) = 0
for every U € U(a). Define

A* = A*M := (g € A : Ais pluriregular at a}.

We say that A is locally pluriregular if A # & and A is pluriregular at every
pointa € A,i.e. @ # A C A*.

* If A C M is locally pluriregular, then it is not locally pluripolar at any of its
points and any f € O(M) with f|4 = 0 is automatically the zero function.

For simple properties of the relative extremal functions we refer to Section 3.2. We
only mention the following fact.

Lemma 6.1.1. Let M be an n-dimensional complex manifold, A C M locally pluri-
regular, and ¢ € (0, 1) Put

Mg :={zeM:hyp,(z)<1l—g¢}.

Let D be a connected component of M. Then

(@ AND # @;
kY (2)
(b) hynp p(z) = aM= zeD.
Proof. EXERCISE (see Proposition 3.2.27). O

The following theorem is due to Royden (see [Roy 1974]) and it will be used
together with Theorem 6.1.3 later in this paragraph.

Proposition* 6.1.2. Let f: D(r) — M be a holomorphic embedding (f is proper,
injective, and regular) to a complex manifold M of dimension n. If r’' € (0,r),
then there exist a neighborhood U = U(f(D(r")) and a biholomorphic mapping
F:P,(r'") =D(@') x Py—1(r') = U with F(A,0) = (L), A € D(+).

The main tool for this general approach to prove the cross theorem is a result on
analytic discs due to J. P. Rosay (see [Ros 2003a], [Ros 2003b], and also [Edi 2003]).
Put

1 2 )
I1(v) := E/o v(e'')dt.
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Theorem* 6.1.3. Let M be a complex manifold and let u: M — R_o, be upper
semicontinuous. Then the function

Bu(z) :==inf {Iwog):p € OD, M), p(0) =z}, z€M,
is plurisubharmonic on M.

B, is sometimes called the Poisson functional of u; note that 3,, < u. Moreover, if
v € PSH (M) with v < u, then, forafixedz € M andag € O(D, M) with ¢(0) = z,
we have v(z) < I(vog) < I(uog) (use thatvop € SH(D)); hence, v < By, i.e. the
Poisson functional of u is the greatest psh minorant of u.

Remark 6.1.4. Let A C M, A # &, be open and u := xps\ 4 be the characteristic
function of M \ A. Note that L3, < 1 (maximum principle for psh functions). Then,
for a zg € M, there exists a holomorphic disc ¢ € O(D, M) with ¢(0) = z, such that
¢(T) N A # @. Therefore,

Pu(z) =inf {I(uogp):p € O, M), (0) =z, o(T)N A # @}.

For the proof of the cross theorem on manifolds the following consequence will be
important.

Proposition 6.1.5. Let M be an n-dimensional complex manifold and A C M open,
A# D Thenhy pp =By, 4

Proof. Since A is open, the function s\ 4 is upper semicontinuous on M. Hence,
because of Theorem 6.1.3, v := ‘-BXM\A € PSH(M). Obviously, v < 1 and v|g < 0.
Therefore, v < hg p = hZ,M.

To prove the inverse inequality, let us start with a function u € PSH (M), u < 1,
andu|4 < 0. Fixzg € M and ¢ € (0,1 — v(zp)). Then, by the definition of v, there
exists a holomorphic disc ¢ € @(D, M) with ¢(0) = zo and

I(xm\a°¢) <v(zo) +e.
Note that ~1(4) N T # &. Then, using Lemma 3.2.7, we get

u(zo) = uo9(0) < hy—14)np,pO0) = T (X1T\o-1(4)) = I(Xar\a°9) <v(20) + ¢,

or, since zg, 4, and & were arbitrary, hz u =V O

Moreover, from Theorem 6.1.3 we get also the following useful information.

Lemma 6.1.6. Let M be an n-dimensional complex manifold and A a non-empty
open subset of M. Then for any zo € M and ¢ > 0 with By,, ,(z0) + & < 1
there exist an open neighborhood U = U(zy), an open subset T C C, and a family
(¢2)zev C O(D, M) such that
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e ¢ € O(U x D), where p(z, 1) :== ¢, (A);
e 0;(0)=2zz€eU;
c ;M) eAreTNT,zeUy
* I(xrnm) < Bxara (o) + 6= h} 4 (z0) +&
Note that the last statement implies automatically that T N T # @.

Proof. During the proof we will write u := x s\ 4. Now fix an arbitrary point zg € M
and choose a positive ¢ such that 3,,(z¢) + & < 1. Then according to Theorem 6.1.3,
there existan 7 > 1 and a ¢ € O(D(r), M) satisfying

90)=2z0 and I(uog)<Pu(zo) +¢;

in particular, "1 (A) N T # @.
Define f(1) := (A,¢(A)), [A| < r,and fix an 7’ € (1, 7). Then

f:D(r) —>D(r)yxM

is a holomorphic embedding. So Royden’s extension theorem (see Proposition 6.1.2)
applies. Hence there exist a neighborhood V' = V(f(D(r')) C D(’) x M and a
biholomorphic mapping F: P,4+1(r') = D(’) x P, (r') = V with F(1,0) = f(1),
A € D(r’). Take now a p € (1,r’). Note that (0,z9) = F(0). Thus we find an
open neighborhood U’ = U’(z9) C M with {0} x U’ C V and F~1({0} x U’) C
D(r' — p) x P, (#’); in particular, we have

D(p) x {0} + F' ({0} x U") C Pugr (r").

Denote by pry,: C x M — M the projection map onto the second factor. Then the
following mapping

D:D(p)xU' - M, @D(,z):=pryoF((A,0)+ F(0,2)),

is holomorphic. For z € U’, put ¢, := &(-,z): D(p) — M. Obviously, ¢, €
O(D, M) and ¢,(0) = z, z € U’. Moreover, we have @z, = ¢ on D(p).

It remains to define 7" and to verify the last two properties in the lemma. Put
T’ := ¢~ '(A) = ¢;,' (A). Now choose an open subset 7' CC T" so large that

I(xT\7) < I(uogsz)+e/2.

Recall that @ is continuous on D x U ,where U CC U’ is a small neighborhood of zg.
Finally applying the continuity of the integral we may shrink U to get the last item in
the lemma. O
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6.2 Cross theorem for manifolds

§5.4.

Now we can describe the situation (see Section 5.1) we will discuss in this section.

* Let D; be an n;-dimensional complex manifold and let @ # A; C D;, j =
I,...,N,N > 2. Let

A}::Alx---xAj_l, j:2,...,N,
A}/:ZA]'+1X--'XAN, ]=1,,N—1

Similarly, fora = (ay,...,an) € A; x---xAN,wewritea]’- =(ai,...,a;-1),
aj :=(aj+1,...,an). Define the N-fold cross

N
X =X(A1.....AN: D1.....Dy) = X((4;. D)) := | (4] x D; x 4)),
i=1

where A} x Dy x A := Dy x A{ and A}y, x Dy x A}, := A}y, x Dy.
e Wesay thata function f: X — C is separately holomorphicon X (f € O5(X))
if for any (a,...,an) € Ay x---x Ay and j € {1,..., N}, the function

Dj 3 zj v+ f(aj,z;,a]) € C

is holomorphic in D;.
* Assume now in addition that all the sets A; are locally pluriregular. Then we
define

X\ = X(Al,...,AN;Dl,...,DN) = X((Aj,Dj);vzl)
i={G1,....2n) € Dix - x Dy s 0L by g (7)< 1.
Note that X C X, since h;;/_,Dj |Aj =0.

Lemma 6.2.1. Let A;j C D; be as before, j = 1,...,N, and let Uy C D be a
domain with Uy N A1 # @, k = 1,2. Put

Xr =X(Ur NAy, Az, ..., AN; Uk, D3, ..., Dpy).

If fr € O(X’;), k = 1,2, such that i = f> on (U NUp) X Ay X -+ X Ap, then
fi= faon X1 N X

Proof. Fix a point z° € 5(\1 N )/(\2 Then, for any (as,...,ay) € Az X --- X Ay the
functions fx (z?, -, a3, ...,ay) are holomorphic on the connected component G, of

{z2 € Dy 1 b}, p,(z2) < 1 —max{h} ny, v, (2)) k =1.2}} 523
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that contains 2(2) . By Lemma 6.1.1 (a), G, contains a non-pluripolar subset of A4,.

Hence, by the identity theorem, fi(z),-) = f2(z9,-) on Gy x A3 x --- x Ay. In
particular, f1(z9,29,-) = f2(z9,29,-) on A3 x --- x Ay. Note that if N = 2, then
f1 = f> on their common domain of definition.

Then, for arbitrary a; € A;, j = 4,..., N, we have that

fl(Z?, zg, A4, ..., dN) = fz(Z?, zg, d4,...,4pN)
on the connected component G3 of
{z3 € D3 by, p.(z3) < 1 —max{h} y, v, (21) 1k = 1.2} =k}, 5 (29)} 3 29
that contains zg. The same argument as above leads to the fact that
fl(zi’,zg,zg,-) = fz(Z(l),Zg,Zg,-) on Ag x--- X Apn.
By a similar reasoning one may complete the proof (EXERCISE). O

The main aim of this section is to prove the following result (compare Theo-
rem 5.4.1) due to Nguyén Viét-Ahn ([NVA 2005], [NVA 2008], and also [NVA 2009]).

Theorem 6.2.2 (Cross theorem for manifolds). Let D; be a complex manifold and let
A; C Dj be locally pluriregular, j = 1,...,N. Put X := X((Aj,D-)N_l). Then

() for every f € O5(X) there exists a unique f € (9(X) such that f fonX
and f(X) C f(X), in particular

1 fllg =1/ 1x,
/ lhA D ( ) Z; 1 A D ( ) A~
If(Z)I_IIfIIC(X) (WA5% z2=(21,...,28) € X.

Observe that Lemma 2.1.14 remains true also in the case where D is a connected
complex manifold (EXERcISE). Thus the inclusion f (XA ) C f(X) follows from the
generalized version of Lemma 2.1.14.

Note that the only difference from the corresponding result in Section 5.4 is that
here the cross lives in a product of arbitrary complex manifolds.

Proof. First, observe that Proposition 3.2.28 may be generalized (EXERCISE) to the
case, where D; is an nj-dimensional complex manifold, j = 1,..., N. This permits
us to repeat (EXERCISE) the reduction step (P3) from Remark 5.4.4. Thus the situation
reduces to the case where N = 2. For simplicity, we write p = ny,q = np, D = Dy,
G = Djy,and A = A;, B = A,. The proof will be divided into the following two
steps.

Step 1°. Assume that G is a complex manifold and B C G is a locally pluriregular
set such that (%) holds for (D, G; A, B) with an arbitrary non-empty open set A C D.
Then (x) holds for (D, G; A, B) with arbitrary complex manifold D and non-empty
open set A C D.

Consequently:
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(1.1) Using Theorem 5.4.1 and Step 1° we conclude that condition (*) holds for
(D, G; A, B), where D is a complex manifold, G C C? is a domain, A C D is
non-empty open, and B C G is locally pluriregular.

(1.2) Since the problem (*) is symmetric, property (1.1) implies that (x) holds for
(D,G; A, B), where D C C? is a domain, G is complex manifold, A C D is
locally pluriregular, and B C G is non-empty open.

(1.3) Property (1.2) and Step 1° implies that () holds for (D, G; A, B), where D, G
are complex manifolds and A C D, B C G are non-empty open sets.

(1.4) Observe that in fact we have the following surprising implication:

If (x) holds for (D, D; A, B), where A, B C D are arbitrary non-empty open sets,
then (x) is true for (D, G; A, B), where D, G are arbitrary complex manifolds
(of arbitrary dimensions) and A C D, B C G are arbitrary non-empty open sets.

Step 2°. Assume that G is a complex manifold and B C G is a locally pluriregular
set such that

(2a) (x) holds for (Dg, G; A, B), where Dy C C? is a fixed bounded domain and
A C Dy is an arbitrary locally pluriregular set,

(2b) (x) holds for (D, 68; A, BN 63), where D is an arbitrary p-dimensional com-
plex manifold, Gs is a connected component of Gs = {w € G : h q(w) <
1—-46},0<6 < 1/2,and A C D is an arbitrary non-empty open set.

Then (x)) holds for (D, G; A, B) with arbitrary p-dimensional complex manifold D

and locally pluriregular set A C D.
Consequently:

(2.1) Using Theorem 5.4.1 (to get (2a)), property (1.1) (to get (2b)), and Step 2°
we conclude that (x) holds for (D, G; A, B), where D is a complex manifold,
G C C?isadomain,and A C D, B C G are locally pluriregular.

(2.2) By symmetry, (x) holds for (D, G; A, B), where D C C? is a domain, G is a
complex manifold, and A C D, B C G are locally pluriregular.

(2.3) Property (2.2) and Step 1° imply that () holds for (D, G; A, B), where D, G
are complex manifolds, and A C D is non-empty open, and B C G is locally
pluriregular.

(2.4) Finally, properties (2.2) (to get (2a)), (2.3) (to get (2b)) and Step 2° imply (*) in
its full generality.

Proof of Step 1°. Put

X1:={(z.w) € Dx G 13, ,epro@,p) ¢ (A ND#2.
(ow) € Xy 9(3) = 23,

where X, := X(¢~1(4) N D, B; D, G). Put

foliw) = flp()w).  (how) € Xy,
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Then f, € O5(X,). By our assumption there exists a function f(p € (9(X¢,) such that
f¢J = foon X,. Deﬁnef X, — C:

f(z, w) = ﬁp()t, w), if (A, @) is a candidate for (z, w) as in the definition of X;.

First, we have to prove that this definition is independent of the chosen candidate (A, ¢).
For, take (zg, wo) € X and let (1;, ¢;) be two candidates for (zo, wg). Let V' be the
connected component of

{weG:hygw) <1 —max{h(’;?(AmﬂlD()tk) tk=1,2}}

that contains Wo. Applying Lemma 6 1.1, we know that B N V is non-pluripolar.
Observe that fw, A;,)€e@(V)and f% *;,) = f(zo, JonBNV,j=1,2.So, by
the identity theorem it follows that f,p1 (A1,7) = f(p2 (A2,-) on V. Summarizing, f is
a well-defined function on X;. R

Next we will prove that X1 = X. Indeed, let (z9, wo) € X1. Then, by definition,
one may finda ¢ € O(D, D) and a A € D such that ¢(A9) = zo, e 1(A) ND # @,
and (Ao, wo) € X,. Note that hy ;, o ¢ < h;—l(A)ﬂlD,ID on D. Hence,
h:;,D(ZO) = h;;,D © QD(A'O) = h:;*l(A)ﬂlD,[D(AO) <l- hz,G(wO),

which implies that (29, wo) € X. To prove the converse inclusion we start with
a point (zo,wo) € X. Fix an & > 0 such that &} ,,(z0) + hj 5(wo) + & < 1.

Applying Theorem 6.1.3 and Proposition 6.1.5, we finda g € @ (D, D) with ¢(0) = zo,
¢ " (A)ND # @,and I (xp\a © @) < h% ;(z0) + &. Then Lemma 3.2.7 leads to

1 o (©) + 5.6 (o) < T(Xpva 0 9) + b g (wo) < 13

thus (zg, wo) € X1.
So far we have constructed a function f on X = X;. Let (2o, wo) e AxQG.
Take an arbitrary ¢ € @(D, D) with ¢(0) = zo. Then (0, wy) € X; and f(zo, wo) =

f,p(O wo) = f(¢(0),wo) = f(z0,wp). Hence, f fonAxG.
Now let (zo, wo) € D x B and choose an & > O such thate < 1 —h} 1,(zo). Then

Theorem 6.1.3 and Proposition 6.1.5 implies that there is a ¢ € @(D, D) with ¢(0) =
20,97 (A) ND # @, and I (xp\a o ¢) < h p(20) + &. Applying Lemma 3.2.7, it
follows that

h:;—l(A)mD’D(O) + h;,G(u)O) = I(XD\A ° (,0) = hz,D (ZO) +e<li

in particular, (O wo) € X Therefore, f (zo, wo) = fw(O wo) = f(p(0),wy) =
f(zo,wp) or f f on D x B. So we have, in total, that f fonX.

In the remaining step we have to verify that f € (9(X ). Fix a point (zg, wg) € X
and then choose an & > 0 with b}y 5,(z0) + hp g(wo) < 1—2¢, hy 5(wo) < 1—e.
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Let V' be the connected component of the set {w € G : hp 5(w) < hp g(wo) + &}
that contains wg. Notice that B N V is not pluripolar (use Lemma 6.1.1 (a)). By
Lemma 6.1.6 we find a neighborhood U = U(zo), an open set T C C, and a family
(¢z)zev C O(D, D) such that

e ¢ € O(U x D), where ¢(z,A) := ¢, (1);

e 0;(0)=2z,z€eU;
0;(A) €A, AeTND,zeU,;
TNT # a;
* I(xm\1) < Bypa(20) +& = hZ,D(ZO) + &, where the last equality follows

from Proposition 6.1.5.

Observe that for each (z, w) € U x V the pair (0, ¢,) is a competitor for (z, w) in
the sense of X (because

h*_l(A)ﬁD D(O) —= I(X'I]'\¢ 1(A)) = I(XT\T)

Thus f(z, w) = f;z (0, w), (z,w) € U x V. Consequently, f(z, ) € O(V) for each
zeU.Ifwe BNV,then f(z,w) = f;Z(O,w) = f(e;(0),w) = f(z,w),z e U.
Thus f(-, w) € OU) for each w € B N V. Now Terada’s theorem (Theorem 4.2.2)
implies that / € O(U x V) (EXERCISE). O

Proof of Step 2°. For any a € A choose an open neighborhood U, C D such that U,
is biholomorphic to Dy. Put f, := f|x,, where Xa = X(A NU,, B; Uy, G). In

view of (2a) we find a unique holomorphic extension fa € (9(Xa) with fa =fa=1Ff
on X,. For § € (0,1/2) put

Uss =4z €Uy hjny, py,(2) <8}, Gs:={weG:hpsw)<1-35}.

Note that B C Gs and U, s x Gg C X,;in particular, ﬁz € O(U, s x Gs). Applying
Lemma 6.2.1, it follows that f;, = f4, on X4, N X,, whenevera;,a; € Aand U, N
Us, # @. Inparticular, f;, = fu, on (Ug, .56 N Uqy5) X Gs. Put As := e 4 Uass
Ag is an open nelghborhood of Ain D. Gluing the functions ( fa lU, sxGg)aca, gives a

new function f(g € O (45 x Gg). Observe that by construction f,g fon(AxGg)U
(As x B). Hence we may put

ﬁg(z,w) if (z,w) € As x Gg,

fo(z.w) = {f(z,w) if (z,w) € D x B.

By definition, f5 € O5(Ys), where Y5 := X(A4g, B N Gg, D, Gg) and Gg an arbltrary
connected component of Gg. By (2b) we get a unique extension fg € (9(Y5) with
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ﬁg = fs on Y. Fix a point (z¢, wg) € X and put

1 * *
8o = 5(1 —hy p(20) _hB,G(wO))'

Then choose an open connected neighborhood U = U(zp), such that
hy p(z) <hy p(z0) +80, z€U.

Moreover, let V' be the connected component of
{weG:hpqw) <hpg(wo) + 8o}

that contains wo. Note that BNV # & (see Lemma 6.1.1 (a)). We have V' C G, and

UxVeX.Nowlet§ e (0, 80]. Note that V' C Gg, C Gs. Let G be the connected
component of Gy that contains V. Thus, for (z, w) € U x V, we have according to
Lemma 6.1.1 (b),

hA,g D(Z) + hBﬂG G (w) = hA D(Z) + thG‘s'() GS() (w)

hg (W)
[
R 6 (wo) + 8o
[

<hip(z)+
< h:l,D(ZO) + 8o +

In particular, U x V C f’\g. Hence, ﬁg is a holomorphic function on U x V. Moreover,
ﬁg =f= fgo on U x B. Using Lemma 6.1.1 (a), it follows that ]?5 = fgo onU xV.

To summarize: for each point xo = (zo, wp) € X we have found a neighborhood
Wi(x9) C X of x¢ and a positive number 8(xo) such that for every § € (0,3(xo)]
one has the followmg equality fg = ]% on W(xg). Hence, on X we may set
f = limg_,¢ f,g as a holomorphic extension of f with f fonX. OJ



Chapter 7
Non-classical cross theorems

Summary. The aim of this chapter is to present some less standard results on separately holomorphic
functions. Section 7.1 presents an extension problem for separately holomorphic functions defined on so-
called generalized N -fold crosses. The main result is Theorem 7.1.4, which will be frequently used in the
second part of the book. Section 7.2 is devoted to a new class of N -fold crosses (called (V, k)-crosses) and
an extension theorem for them (Theorem 7.2.7), which may be a starting point for further research. Finally,
Section 7.3 discusses some aspects of continuation problems for separately holomorphic functions defined

on Cartesian products of crosses (Theorem 7.3.2).

7.1 Cross theorem for generalized crosses

§§23,3.2,5.4.

Let Dj € Rc(C™),let@ # A; C Dj,andlet X C A7 x A7, j =1,...,N. Put
X, = {(a},zj,a}’) € A} x Dj XA}/ : (a},a}’) ¢}, j=1...,N.

Definition 7.1.1. We define a generalized N -fold cross
N
T :=T(A1.....Ay:D1.....DN:Z1..... Zx) = T((4;. D;. Z)HN)) = (X
j=1

and its center
c(T):=TN(A; x--- X Ap).

Remark 7.1.2. (a) ¢(T) = (A; x---x Ax) \ Ap, where

N
Ay = ﬂ {(a).a;.a]) € A} x A; x A7 : (a].a]) € Z;}.
=1

(b) If one of the sets X1, ..., Xy is pluripolar, then Ay € PLP.

(© T((4;, D, 2)_)) = X((4;, D)L ).

(d) IfN = 2, then -H_(Al, Az; Dl, Dz; 21, 22) = X(Al \ Ez, A2 \ 21; D], Dz)
Thus, generalized 2-fold crosses are nothing new in comparison with the standard 2-
fold crosses. For N > 3 generalized N -fold crosses are geometrically different than
the standard ones — for instance, this makes the theory of extension with singularities
for N > 3 essentially more difficult — cf. Chapter 10.
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(e) Observe that in general T need not be connected. For example: Let D; =
Aj =D, b; € D", b* : (b’ b”) ¥ = [D”_l\{b LJj=1,....,n,n>3. Then
X; = {b’} x D x {b”} One can easﬂy ﬁnd points bl, ....bysuchthat X; N Xy =
for Jj # k Since each branch X; is open in T', we conclude that 7T is dlsconnected
See Corollary 7.1.6 for the case where 34,..., 2N are pluripolar.

Definition 7.1.3. We say that a function f: T — C is separately holomorphic on T
(f € O5(T))ifforany j € {1,..., N} and (a]’-,a]’-’) € (A;. X A}’) \ ¥;, the function

Dj > zj = f(a},zj,a}) € C

is holomorphic in D;.
Let O¢(T) denote the space of all f € Oy(T) such that forany j € {1,..., N}
and b; € D;, the function

(A} x AN\ X 5 (2}, 2)) = f(z}.bj.2])

is continuous.

Theorem 7.1.4 (Extension theorem for generalized crosses). Assume that D; is a
Riemann domain over C"/, A; C Dj is locally pluriregular, £; C A} x A is
pluripolar, j = 1,...,N, X := X((A,»,Dj)j.vzl), and T = T((A,-,Dj,zj)]f."zl).
Then for every f € Of(T) there exists an f € (9()?) such that f = fonT and
f(f) C f(T); in particular

<1 flg=1flr.

ZIAD() ZIAD() A~
u@n<wma; s . z=(z1.....2y) € X.

Observe that the inclusion f()?) C f(T) follows from Lemma 2.1.14 with
(G.D,Ag, A, F) = (X.X,e(T), T,O(T)).

The inequality is a consequence of Lemma 3.2.5 and Proposition 3.2.28:

ey x@ =h; e =h iy () Z"A/ p; (2))-

c(X)\40.X
Remark 7.1.5. (a) The case where ¥ = --- = Xy = J follows immediately from
Theorem 5.4.1.

(b) If N = 2, then Theorem 7.1.4 holds for arbitrary f € Os(T) (cf. Re-
mark 7.1.2 (d) and Theorem 5.4.1).

(¢)| ? | We do not know whether Theorem 7.1.4 remains true for all f € O4(T)

(d)| ? | Itis an open problem to extend Theorem 7.1.4 to the case of arbitrary complex
manifolds (cf. Chapter 6)
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c™

- — Cn2

cm

Figure 7.1.1. Generalized 3-fold cross.

Proof of Theorem 7.1.4. We apply induction on N. As we already observed the result
is true for N = 2. Assume that the result is true for N — 1 > 2. Take an [ € O(T).
Let

Q:=1{zy € AN : Fjer,. N1} (E))(zy) E PLP.
Then, by Proposition 2.3.31, Q € P£P. Takeazy € Ay \ Q and define
T (zn) == T((Aj. Dj. () zp)i). Y = X((47. DH)ITH.

Put;f}’ = Aj41 X ---xAN_l,&}’ ‘= (aj41,....an-1),j = 1,..., N — 1. Observe
that

Tizyy) =T (En) U (Ay \ ZN).
Then f(-,zy) € OS(T (zn)) (EXERCISE). By the inductive assumption, there exists an
Jzy € O(Y) such that f;,, = f(-,zn) on T (zn). Consider the 2-fold cross

Z :=X(Ay \Zy. Ay \ 0:Y.Dy) = (A \ Tn) x Dy) U (¥ x (Ay \ Q).
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c™

C"2

(B

Figure 7.1.2. Generalized 3-fold cross.

Note that Z = X (cf. Proposition 3.2.28). Let g: Z — C be given by the formula

f(@zy) if (2, zy) € (Ay \ EN) X Dy,
fon @) if (2 zn) € ¥ x (An \ Q).
Observe that g is well defined. R
Indeed, let (z/, zy) € (Ay \ En) X Dy)N (Y x(An\ Q)). If 2/ € T (zy), then
obviously f;, (z') = f(z',zn). Suppose that z’ ¢ T (zy). Then z’ € P(zy), where

gz, zn) = {

N-1
P(zy) := ﬂ {(w),wy, @)) € A} x Aj x A7+ (W}, W)) € (£j)(,zp) -
j=1

In view of the definition of Q, the set P(zy) is pluripolar. Take a sequence
N\ (SN UP(Ey) 3" -2

Then z’”¥ € T (zy). Thus fAZN (z"V) = f(z"%,zn) and, using the definition of O¢(T')
with j := N and by 1= zn, we get [z, (2') = f(Z/, zN).
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It is clear that g € O4(Z). By Theorem 5.4.1, we get a holomorphic extension
f € (9()?) with f = g on Z. It remains to show that f = fonT.

Take apointa € T. If a € (Ay \ ¥n) x Dy C Z, then f(a) = g(a) = f(a).
In the remaining case we may assume that a = (a1, ay) € Dy x (A} \ X1). Then

To:= |J TGen)x{zn}c¥x(Ay\0Q)CZ.
ZNEAN\Q

On the other hand, Ty C UZNEAN\Q T(.y) x{zn} C T. Observe that if b =
(b',bn) € Ty, then f(b) = g(b) = be (b") = f(b). Thus, we only need to show
that there exists a sequence (b”)32, C To N ({a1} x (A} \ £1)) with b* — a (and
then use the continuity of f(ay,-) on A7 \ Xy).

Since Q is pluripolar, we may find a sequence by, — ay with by, € Ay \ Q.
Let P := U§o=1(21)(-,b}(,)- In view of the definition of Q, the set P is pluripo-

lar. In particular, we may find a sequence (b3, ...,by_,) — (az,...,an—1) with
(by,....by_1) € (A2 x---x Ay—1)\ P. Putb” := (ay.,b3,...,by). Thenb’ — a
and obviously b” € T (b}, ) x{by} C Tp. O

Corollary 7.1.6. Let T be as in Theorem 7.1.4. Then T is connected.

Proof. Suppose that T = U; U U,, where Uy, U, are non-empty disjoint relatively
open subsets of T. Define f(z) := j, z € U;j, j = 1,2. Then f is continuous
and separately holomorphic on T. Consequently, by Theorem 7.1.4, f extends to an
f € (9(XA) with fA(XA) = {1, 2}; a contradiction. O

Remark 7.1.7. In the context of Theorem 7.1.4, one may formulate the following
general problem:

Assume that D; is a Riemann domain of holomorphy over C"/, A4; C Dj islocally
pluriregular, @ # B; C A} X A}’,j =1,...,N,

N
W= U {(@}.a;.a}) € A} x D; x A7 : (a}.a}) € B;}.
j=1

We say that a function f: W — C is separately holomorphicon W (f € Oz(W)) if
forany j € {1,..., N} and (a},a}) € B;, the function

Dj>zjw f(a},zj,a}) € C

is holomorphic in D;.

Given an f € O4(W), we look for conditions on By,..., By, and f, under
which there exists an open neighborhood 2 of W (independent of f) such that f
extends holomorphically to £2
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7.2 (N, k)-crosses

§§2.1,2.3,25,3.2,4.2,5.4.

The problem of continuation of a separately holomorphic function f: X — C
defined on an N-fold cross X describes the situation when we have (N — 1) “fixed”
groups of variables and only one group “free”, i.e. f(ai,....aj—1,".aj+1,...,aN)
is holomorphic on D; for arbitrarily fixed (a1,...,any) € ¢(X)and j € {1,...,N}.
Now we start discussing the situation where we have (N — k) fixed groups and & free
groups. More precisely, assume that D; is a Riemann domain over C"/ and A; C D;
is locally pluriregular, j = 1,...,N, N > 2. Fora = (a1,...,ay) € {0, 1}V put

Dj ifOtj = 1,

Xo 1= Xrgy X X Xnays Xy i= {A. o
J J =

Definition 7.2.1. For k € {1,..., N} define an (N, k)-cross

Xne =Xni((A4;. D))= | X

ae{0,1}V, |a|=k

In analogy to X we define

Definition 7.2.2.

Xww = Xne((47. D))
= {G1.....2) € Dix - x Dyt 0L by g (27) < K}

Remark 7.2.3 (Properties of (N, k)-crosses). The reader is asked to complete details
(cf. Remark 5.1.8). R R

(@ Xn1 = X((47, D)), Xna = X((4;, D))

(b) Xy.y = D1 x---x DN = XNN-

(c)A; x+--+ X ANy C XN,k C XN,k‘

(d) Xy« is arcwise connected.

(e) If (D k)3~ is a sequence of subdomains of D; such that D;x /" Dj, Djx D
Ajx /" Aj,j=1,...,N,then

X (Aje. D)) / X XAk, D)) /' Xk

(cf. Proposition 3.2.25).

(9] X N.k 1s connected.

By (e) we may assume that D; € Rp(C"), j = 1,...,N. Since Xy is
connected (cf. (d)), it suffices to show that every point a = (aj,...,an) € X N.k
may be connected in X\N’k with a point from Ay x -+ x Ay C Xyi. Puto =
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Figure 7.2.1. X352 = (A1 x D2 x D3) U (D1 X A2 x D3) U (A1 X D2 x D3).

( ]Nz_ll h:;j, D, (a j)) —k + 1 < 1. Observe that the connected component of the
open set {zy € Dy : hle,DN (zy) < 1 — o} that contains ay, intersects Ay
(cf. Proposition 3.2.27). Consequently, a may be connected inside of X N,k Wwith
(ai,...,an—1,bN), where by € Apn. _Repeating the above argument, we easily
show that @ may be connected inside of X x with a pointh € Ay x --- x An.

(&) If Dy, ..., Dy are domains of holomorphy, then X N,k is a domain of holomor-
phy (cf. Theorem 2.5.5 (e)/)\. R

(h) XN,k C XN,k-H, XN,k C XN,k-‘rl’k =1,...,N—1.

) Xnvk = (Xn—1 k-1 X DN)U(Xy_1k X AN), k=2,...,N—1,N > 3.

Example 7.2.4. If Xyt := Xz (((—1,1), D)), then

X\N,k = {(21,---,ZN) eDV: Z]N=1 ‘Arg 1+Zj‘ < I%}

1-z;

Definition 7.2.5. We say that a function f: Xy — C is separately holomorphic
(f € Os(Xyk)) if forall (ay,...,an) € Ay x---x Ay anda = (@1,...,an) €
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{0, 1}V with |a| = k, the function f|x,, is holomorphic with respect to the k groups
of free variables, i.e. the function Dy 3 z +— f(igz,«(z)) is holomorphic, where

Dy = 1_[ Dj7 g = (ia,a,la ey ia,oz,N)5 Dy — X,
Je{l,...,N}: a;=1
z; ifa; =1,

lgai(z) = i =1,...,N.
a,ot,]( ) {aj’ ifOlj — 0’ J

For instance, if &« = (1,...,1,0,...,0), then this means that the function
Dy x---XDp>(z1,...,2,) = f(z1,. .+ Zk» Ak 41, - - -, AN)
is holomorphic.

Proposition 7.2.6. Let ¢;: D; — D ;i be the envelope of holomorphy (cf. Defini-
tion 2.1.18). Observe that A; := ¢j(A;) C Dj is locally pluriregular (because @; is
locally biholomorphic; cf. Remark 2.1.11 (b)), j = 1,..., N. Put

¢: Dy x---x Dy —>51 x---xﬁN, ©(z1,...,2N) = (p1(21), ..., 0N (ZN)).

Let
Y :=Xni((A;. D)), Yir = Xyu((A;7. D)L ).
Then

* o(Xnx) C Yyg o(Xng) C Yag,
o for each function f € Os(Xn k) there exists a function f € Os(Yn ) such that

feop=f.

Proof. The inclusion ¢(Xyx) C Yy is trivial. The inclusion o(X Nk) C I?N,k
follows immediately from the fact that h:;j 4.5, cp; < h;j’Dj, j=1,...,N.
Fixan f € Os(Xy ). Takea = (ay,...,an).b = (b1,...,by) € A1 x---x AN
anda = (a,....an), B = (B1,....Bn) € {0, 1}V with || = || = k. To simplify
notation, suppose that = (1,...,1,0,...,0).
First observe that if ¢;(a;) = ¢;(b;), j =k +1,..., N, then

fCoags1,...,an) = f(,bg+1,....by)on Dy x -+ X Dy.

Indeed, since ¢;: D; — D ; is the envelope of holomorphy, for each g; € O(D;)
there exists a g; € O(D;) such that g; = g; o ¢;. In particular, if ¢; (z;) = ¢;(w;),
then g;j(z;) = gj(w;). Take arbitrary ¢; € A;, j = 1,...,k. Then

fler, .o CpyQpa1y-..an) = f(Cc1y. s Clybiy1,Aft2,...,aN)
== f(Cl,...,Ck,bk+1,...,bN).
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Thus f(-,ax+1,...,an) = f(C,bg+1,...,bN) 0n Ay X --- X Ag. It remains to use
the identity principle.
Recall that

(1 X -+ X @p): Dlx---ka—>51x---x5k

is the envelope of holomorphy (cf. [Jar-Pfl 2000], Proposition 1.8.15 (b)). Conse-
quently, the formula

JaCo@rr1@is1)s - on(an)) = (o1 x - x o)) (fCoaktrs ... an))

defines a holomorphic mapping on
ia = 51 X"'Xﬁk ng-i-l X“-XZN
withf:,wpzfopxa. _
In particular, fy o9 = f = fgog@on Ay x--- x Ay. Hence, by the identity
principle, fo = fg on Xy N Xpg. 0

The following result is a generalization of the main extension theorem for crosses
(Theorem 5.4.1).

Theorem 7.2.7 (Extension theorem for (N, k)-crosses). For every f € Os(Xni)
there exists an f € (9()21\/,/() suchthat f = f on Xy and f(ka) C f(Xnk) (in
particular; | fllg,, . = 1 xy0)

See also Theorem 7.2.11.
Proof. The inclusion f (f ) C f(X) follows from Lemma 2.1.14 with

(G7 D,AO,A,\?’V) = (XAN,kvX\N,kvXN,k’XN,kv OS(XN,k))

Using Proposition 7.2.6, we may assume that D; is a domain of holomorphy;
moreover, by Remark 7.2.3 (e), we may assume that D; € R,(C"/)and A; CC D;,
j=1,...,N.

The case k = N is trivial. The case k = 1 is the cross theorem (Theorem 5.4.1).
In particular, there is nothing to prove for N = 2. We apply induction on N. Suppose
that the result is true for N — 1 > 2.

Now we apply finite induction on k. The case k = 1 is known. Suppose that the
result is true fork — 1 with2 <k < N — 1.

Fix an f € Os(Xpy ). Recall that

Xnvk = (XN—14—1 X DN) U (Xn_1 % X AN).

For each zy € Dy the function f(:,zy) belongs to Os(Xy—;1 x—1). By the induc-
tive assumption there exists a g,, € O(Xn—1,k—1) such that g, = f(-.zy) on
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Xn—1k-1. Analogously, for each zy € Ay there exists an /,,, € (9()?1\/_1,1{) such
that h,,, = f(-,zy) on Xy_; k. Recall that X\N—l,k—l - X\N—l,k and A; X --- X
An—1 C Xy_1k—1 N XN—_1. Since the set Ay X --- X Ay_1 is not pluripolar, we
get gz = hz, on XN—I,k—l forzy € Ay.

Consider the cross

Y = X(Xn_1 -1, AN Xn—16 DN) = (Xn—16-1 X Dn) U (Xn—14 X AN)
andlet F: Y — C,

gy (2) if (2 zn) € Xy_14-1 X Dy,
hzy(2') if (2, zn) € Xn—1 4 X AN.

F(' zn) := {

To see that F € O4(Y), we have to prove that for each z’ € )?N—l,k—l, the function
Dy>zy—F (z’, zy) is holomorphic, or equivalently (by the Hartogs theorem), that
F € O(Xy—1k-1x Dn). We know that F(-, zy) is holomorphic foreach zy € Dy.
To prove that F € (9()? N—1.4k—1 X Dy) we are going to apply Terada’s theorem
(Theorem 4.2.2). Let Zy_1 k-1 := Xy—1,4-1((4), Dj)JN=2). Analogously as above,

for each z; € D, there exists a ¢, € (Q(ZN_Lk_l) such that ¢,, = f(z1,-) on
ZN—I,k—l~ Thus

F(z1,....z28) = f(z1,...,ZN) = @z, (22, ..., ZN),
(z1,....zN) € XN—1 k-1 X DN)N (D1 X Zy_14—1) D A1 XX Ay_1 X Dy.

Consequently, F(z',-) € O(Dy) forz’ € Ay x--- X Ay—_1.
Now, by the cross theorem (Theorem 5.4.1), there exists an f € @O(Y) such that
J = FonY (inparticular, f = f on Xy ). Recall that

v o / v A I *
Y ={(z',zy) € Xn-1x XDy 'hXANfl.kflafol.k(Z ) +hAN,DN(ZN) < 1}.

Thus, it remains to apply the following lemma.

Lemma 7.2.8. For an arbitrary Riemann domain of holomorphy D; € R(C") and

a locally pluriregular set A; C D;, j =1,..., N, we have
o _ N .
Lyg(z)i=hYg o (5) =max {0.35521 k%, p, (z) —k + 1} =t Ry (2),
z =(z1,...,ZN) € )?N,k-

Proof. By Proposition 3.2.25, we may assume that D; € R, (C"/) and A; CC Dj,
j =1,..., N. We apply induction on N and the following lemma.

Lemma 7.2.9. Let D € R, (C") be a Riemann domain of holomorphy and let A C D
be non-pluripolar. Put

A(r):={zeD:hyp(z)<r}, Alrl:={zeD:hyp(z)<r}, 0<r=1
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Then for0 <r < s < 1 we have

*
hA,D_r
s—r

L := h} () a¢5) = Max {O, } =: R on A(s). )

Remark 7.2.10. (a)|? | We do not know whether Lemmas 7.2.8 and 7.2.9 are true for

an arbitrary Riemann domain D € R, (C")
(b) Observe that

L =hap) a6 = Mgy, a6) = harae = R,
L=R=0o0nA(r), R=0onAlr].

In particular, if (}) is true (for given (D, A, r, 5)), then
*

hA,D B

r
A.AG) = Map1.ae) = Rarl.ae) = max {0’ } on A(s).
Proof of Lemma 7.2.9. Step 1°. Reduction to the case s = 1.

Suppose that0 < r < s < 1. Observe that A(s) is a Riemann region of holomorphy
(provided D is a domain of holomorphy). Moreover, by Proposition 3.2.27, A N § is
not pluripolar for every connected component S of A(s). By Proposition 3.2.27, we
have hZ,A(S) = (1/s)h} p on A(s). Hence,

hZ’A(S) — F/S}
1—r/s )

Thus the problem for (D, A, r, s) reduces to (S, AN S, r/s, 1), where S is a connected
component of A(s).
From now on we assume that s = 1.

Step 2°. Approximation. Let A, / A, D, /' D, where A, C D, is non-
pluripolar, v € N. Suppose that (f) holds for each (D,, A,,r). Then it holds for
(D, A,r).

Indeed, we know (Proposition 3.2.23) that h} , \( h} . Hence {h} , <
r} /" A(r). Thus hz‘hil,,Dq},D AW hZ(r),D‘

In particular, we may always assume that D is strongly pseudoconvexand A CC D.

L =hag),a6) =has , <r/syAs). R =max {0,

A, A(s)

Step 3°. If ($) holds for all non-pluripolar compact sets A, then it holds for all
non-pluripolar sets A.

Indeed, first observe that by Step 2°, formula (§) holds for all non-empty open
sets A.

Now let A4 be an arbitrary non-pluripolar set. Using once again Step 2° we may
assume that A CC D. Since A(¢) is open, we have

*
A@),D T

}, 0<e<l.
1—r

* f—
h{hZ(s).D<r}’D = max {0,
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By Proposition 3.2.15, we get

in particular, h’ Ae).D J h 4.p as &\ 0. Moreover,

{hA(e)D< 1_ }CA(V)C{hA(e)D<r} 0O<e<r.

Consequently,
hz( )} =
g),D —& _ * *
max {0?} b ., p<i=£10 Z Ma@).0
h* —r
* _ A(e),D
>h{hA(8)D<r}’D_max=0, - }, O<e<r.

Letting ¢ \ 0, we get (}).
Thus the proof reduces to the case where A is compact.

Step 4°. The case where D is hyperconvex, A4 is compact, and h 4,p 1s continuous.

Letu € PSH (D), u < 1,u < 0on A[r]. Using continuity ofh 4.p and Theo-
rem 3.2.31 (a), we easily conclude that A[r] is compact. Let U := D \ A[ ]. Observe
that for zo € dU we get

gi;n inf (h p(z) — (1 =r)u(z) —r)

11— —r)limsupu(z)—r ifzo e dD
z—>2(
r—(1—=r)limsupu(z) —r ifzg € Alr]

Z—>Z(

Hence, by Corollary 3.2.33, (1 —r)u+r < hj} AD in U. This shows that h o,1,p < R.
Thus, we get hA[r] p = Rforall 0 < r < 1. Observe that A[r,] /' A(r) for
0 < r, /' r. Consequently, by Proposition 3.2.25, L = R.

Step 5°. The case where D is hyperconvex and A is compact.

By Theorem 3.2.31 (d) we know that hA(s),D = h;‘l(g) D is continuous. Thus, using

Step 3°, we have

hA(E),D —r

h th @) p

<r}D—max{0 }, 0<ex 1.

1—r

By Proposition 3.2.24 we have h ) p /" ha,p as ¢ (0. In particular,

thyo p <r} \thap <r} ase\0.
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Hence, once again by Proposition 3.2.24,

h{hA(s)!Dfr},D / h{hA,DSr},D as ¢ \ 0.

Consequently,
h —r
h{hA,DSr},D = max {0, %} <R.
Thus h?hA,DSr},D < R. Observe that the set {hq,p < r}\ A[r] is pluripolar. Conse-
quently, hZ[r] p = R. We finish the proof as in Step 49, O

We move to the proof of Lemma 7.2.8. Fix2 <k < N. Let
hj = h:flj,Dj, j=1,...,N, h(z,....zn) ;= hi(z)) +---+ hn(zn).

It is clear that Lyx > Ryx and Ly = Ryx = Oon )?N’k_l. Fix an a =
(ay,...,an) € X\N,k \ X\N,k—l- We may assume that hi(a;) < --- < hy(an).
Suppose that hy(a1) = --- = hg(ag) = 0 and hg41(as+1),....hn(any) > 0 for an
s €{0,...,N}. Since h(a) > k — 1, we see thatinfacts < N —k < N —2. In
particulaAr, if N =2,thens = 0.

LetYn_g,p = XN_S,I,((AJ-, Dj)jvzs“), p € {k — 1,k}. Observe that

{ar,....asy xYn_s, C Xnp. pe€tk—1k}

Consequently,
h* . a) < h: - Agi1,...,4N).
XN,k—laXN,k( ) = YN—s,k—hYN—s,k( s+l N)
Thus, if we know that Ly _g x(@s+1....,an) < Ry—sx(as+1....,an), then

Lyk(a) = Rn—sk(@s+1.....an) = Ry(a).

This reduces the proof to the case s = 0,1i.e. hj(a;) >0,j =1,...,N.

Put

Aj,; = {ZjEDthj(Zj)<l‘}, j=1,...,N.

Take 0 < rj <s; <1,j =1,...,N,suchthatr; +---+ry =k —1 and

s1+ -+ sy = k. Observe that
Ay XX Anyy C )’(\N,k—h Al XX ANy C X\N,k-

Hence, using the product property for the relative extremal function (cf. Theorem 3.2.17)
and Lemma 7.2.9, we get

*
Lyk(z) = hAl,rl XX ANy A1 sy XX AN sy (2)

= max{hzl.r] sAl.Sl (Zl)’ e ZN.FN =AN,A‘N (ZN)}
{ hi(z1) —r1 hN(ZN)—VN}
= max 40, e s
§1—nI1 SN —FN

Z2=(21,....ZN) € A1) X X AN sp -
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Observe that there exist numbers sy, ...,y € (0, 1] such that s; + --- + sy = k and
hi(a;j)
hj(a;) <s; < —2~2—  j=1,...,N.
](a]) s] h(a)_k+1 .]
Indeed, since the case where h(a) = k — 1 is trivial, we may assume that i(a) >
k — 1. Note that i (a;) < h(%(_—a,gzq, j=1,..., N. Suppose that

_ @) <1, j=1,...0 M)
ha) —k + 1 h@) —k + 1

forao € {0,..., N}. Observe that

N
hj(aj))  h(a)
;h(a)—kJrl “h@—kt1F

so the case 0 = N is simple. Thus, assume that 0 < N — 1. We only need do show
that

O hy(a))
(;—h(a)_k+l)+N—a>k.

The case where 0 < N — k is obvious. Thus assume that o > N — k + 1. We have to
show that

> hia;) > (h(@) —k + 1)(k — N +0)

j=1

=(k—1-=N+o0)h(a)+ (Zhj(aj))

j=1
N
+( X hi@)) + (—k+ Dk =N +0),
j=o+1

or equivalently,

N
(k—l—N+o)h(a)+( 3 hj(aj)) <k —1)(k —N +0).
j=0+1

We have

N
(k—1—N + o)h(a) + ( 3 hj(a,-))

j=o0+1
<k-1-N+o0)k+N—-0<(k—-1)k—N +0),
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which gives the required inequality.
Now define
oo hitaj) —sj(h(@) —k + 1)
I k — h(a) ’

Then
« r; > 0because s; < 4@
j 7 < h@)—k+1°
* rj < s; because hj(a) < s;,
° r1+...+rN :k—l’
R hj(a;)—r; =h(a)—k+le =1,...,N.

Sj—r;
Thus

hi(ay) —ry hN(aN)—FN}
§1—TI T SN —IN
= max{0, h(a) —k + 1} = Ry x(a). O O

Ly k(a) < max {0,

Proposition 7.2.6 permits us to strengthen Theorem 7.2.7.

Theorem 7.2.11. Let ¢;: Dj — D i be the envelope of holomorphy. Put

¢: Dy x---x Dy —>51 x---xﬁN, ©(z1,...,2zN) = (p1(21), ..., 0N (zN)).

Let
Yy :=Xnx((A;. D)), Yar = Xyu((A7. D)L ).

Then for every f € Os(Xn ) there exists an f € (9(?N,k) such that f op = fon
Xy and f (Ryg) C (X (n particular, | g, = 1f 1,0

Corollary 7.2.12. Under the notation of Proposition 7.2.6, ¢: X Nk — ?N,k is the
envelope of holomorphy.

Proof. We know (Remark 7.2.3 (g) that ?N,k is a domain of holomorphy. Take an
f e (9()?N,k)- Then f|x,, € Os(Xnx). Consequently, by Theorem 7.2.11, there
exists an f € @(?N,k) such that f o@ = f on Xy . Thus, by the identity principle
(recall that X ~.k 1s connected — Remark 7.2.3 (f)), f op = f on X Nik- O

It would be interesting to know whether Theorem 7.2.7 is true in the case of
arbitrary complex manifolds (cf. Chapter 6)
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7.3 Hartogs type theorem for 2-separately holomorphic
functions

Let
N
X7 = Xnigkt)(Ag.j Dg )i D). g =1.....0 (cf.§7.2).

Definition 7.3.1. We say that a function f: X! x --- x X Q s C is 2-separately
holomorphic (f € Oss(X' x---x X 2)) ifforallg € {1,...,Q}Yand (x!,...,x9) e
X' x--x X2, the function f(x',...,x971 . x9*1 .. x92)is separately holomor-
phic on X9,

Theorem 7.3.2 (Hartogs type theorem for 2-separately holomorphic functions). For
every [ € Ogs(X' x -+ x X©) there existsan f € O(X! x --- x X2) such that
f =fonX'x---xX2 andf(X1 x--xX92)C f(X'x---x X Q) (inparticular,
171, 2 = I Ixexo)

Proof. As always, the inclusion f(X!x---x X2) C f(X!x---x X 2) follows from
Lemma 2.1.14.

We apply induction on Q. For Q = 1 the result follows from Theorem 7.2.7.
Suppose that the result is true for Q — 1 > 1. Fixan f € Qg (X! x --- x X©). For
eachx€ e X9, the function f(-, x2) belongs to Qs (X x-- -XXQ_ILg)nsequently,

by the inductive assumption, there exists an fo € 9(X Lwooox X Q_l) such that
fro = f(.x2)on X' x---x X271 Define

g: X x-x X2 1'xx?2 -, g(xl,...,xQ) = f;Q(Xl,...,XQ_l).
Theng(x',...,x271,.) € O4(X 2) forarbitrary (x',...,x271) e Xix...xX2°1,
Indeed, take a branch X g o of X 2 To simplify notation, suppose that
Xga = Do, %X Do) X Agk@)+1 X+ % Ag,N(0)-

We have to prove that for arbitrary

(aQ.k(@)+1:---+a0,N(©)) € Agk(@)+1 X -+ X Ao N(0)

the function g(x1, ..., xQ_/l\,-,aQ,k(Q)il;. .,ag,N(@)) is holomorphic on Dg 1 x
++X Dg k(o). Define h: (X! x -+ x X2 ) x(Dgy x-x Do k0)) — C by

h(x!,... ,XQ_I,XQ,L s X0 k(0))

= g(xl, . ,xQ_l,XQ,l, ey X0 k(0) A0 k(Q)+15 - - - ,aQ,N(Q)).

Observe that (-, Xg 1, - - . , Xx k(0)) is holomorphic on X ! x -+ x X 27! for arbitrary
(X015 -+, Xxk(0)) € Do,1 X -+ x Do k(o). Moreover, h(x!,...,x271 ) is holo-
morphic on Dg 1 X -+ x Dg k(o) for arbitrary (x!,...,x271) € X1 x ... x X271,
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Now we use Terada’s theorem ((Theorem 4.2.2) and we conclude that & € (9()/(\1 X
ex X9 x Do x---x DQ’k(Q)).

—_

Thus, for arbitrary (x!,...,x271) € X! x ... x X271 the function

g(xl,...,xQ_l,-)

.....

implies that the function

o~ e~

f: X'x...xX92 > C, f(xl,...,xQ) = fA(xl’m,xQ_l)(xQ),

is a holomorphic extension of f to X' x .-+ x X €. O

Exercise 7.3.3. Formulate and prove a Hartogs type theorem for k-separately holo-
morphic functions with & > 3.



Chapter 8
Boundary cross theorems

Summary. We discuss the so-called boundary crosses and the extension of a separately holomorphic function
for such crosses. We mainly study here the classical results due to [Zern 1961], [Dru 1980], [Gon 1985],
[Gon 2000].

8.1 Boundary crosses

§3.7.

Recall that so far N -fold crosses were built from domains D; and subsets A; C D;,
Jj =1,...,N. Now we deal with sets A; C dD;. We define:

Definition 8.1.1. Let D; C C" be adomainand @ # A; C dD;, j =1,...,N,
N > 2. The associated N -fold boundary cross is given by

Xp =Xp(A1..... An: D1..... Dy) = Xp((4;. D))
N
= U(A} x (D; U Aj) x A7),
j=1
where we have used the abbreviations from Section 5.1. Moreover, we set
N
X7 =) x Dj x A)).
j=1

X} is called the associated inner boundary cross.
Let%; = ((Ajq, (aj))aj ey, )aj oy be a system of approachregions for (4, D;)
(see Definition 3.7.1), j = 1,..., N. Put

X‘;[,b = {z €e(D1UA)x---x(DyUAN): ZJN=1 h*atj,A_,-,Dj (zj) < 1}’

where A = (Ay,...,Ay). In case we are dealing with the canonical system of
approach regions we simply write X, := X(*R R)b and Xp := X(g,..8).5-

Note that if N = 2 and h*QIj,A,-,D,- |Aj =0,/ = 1,2, then X\;[,b = fm,b U Xp.
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Lemma 8.1.2. Let D;, A;, U; be as above and assume that A; is locally 2 ;-plurire-

gular, j =1,...,N. Then X C f;i » C XAg[,b and X?I,b is connected.

Proof. For the first claim use Remark 3.7.8 (a). Now fix two points z’, z” € X\g[,b.
.. N
Choose a positive § such that ) ;_, thj,Aj,Dj (zj) + Né < 1 forz e {z/,z"}. Put
Aj:=Azj € Djhy, 4 p (z) <8}

A; is anon-empty open subset of D; (see Remark 3.7.8 (b)) and so it is locally plurireg-

ular. Moreover, we have h*% <h} < h%t § on D;. Therefore
’ Aj,Dj - %I_/"A./"Dj - Aj,Dj + J ’
N
E h:  (zj))+ N§ <1, ze{ z'}.
! Aj,Dj
]:

Applying the proof of Remark 5.1.8 (d), we conclude that the points z’,z” can be
connected inside of {z € Dy x -+ X Dy : Z§v=1 h} p.(zj) <1—N§j and hence in
Xy » (using the above inequality). (. O

We say that a function f: X3 — C is separately holomorphic on Xy, with respect
toA = Ay,....,q%N) (f € Ou(Xp)) if for any pointa = (aj,....an) € A1 x
--+x Ay and any j € {l,..., N} the following conditions hold:

« f(@}.-.a)) € O(D),

* imu, o (a))5z—a; S(a),2),07) = f(a), @) € [jq;.

For the first condition we write in brief f € O5(X}).

(S-Og) Similar to the classical cross theorem one may ask
» whether X C BXAQU, (see Lemma 8.1.2),
. whe/t\her for every function f € Og+(Xp) there exiAsts a unique f €
O(Xq,p) such that f is in a certain sense the limit of f".

We do not give a precise formulation since in the future we will restrict our dis-
cussion to the case where D; C C, A; = X, and f is “continuous” up to the
boundary sets A;, j = 1,..., N. In particular, we are interested in the case when
f € €(Xp) N O5(X}) asking whether then the function given by f on X ®.» and by

J on X} is continuous on Xg » U Xjp.
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8.2 C(lassical results
8.2.1 The Laplace-Fourier transform method

The first results for boundary crosses, proved by different methods, seem to be due
to B. Malgrange (1961) (unpublished, see [Eps 1966]) and by M. Zerner [Zern 1961].
They discuss the following geometric situation:

Let S :={ze€eC:0<Imz <1}, 8, = Xp(R,...,R;S,...,S). Using the
canonical system K of approach regions for (R, ) it is clear that the relative boundary
extremal function is given by h;?,[k, ¢(z) = Imz and that R is locally K-pluriregular.

Therefore, §b ={ze SN :Imzi+---+Imzy < 1} and S, C §b, Note that
S, = conv Sp.

Malgrange and Zerner proved similar results like the following one under vari-
ous additional assumptions on f (see also [Eps 1966], [Kom 1972], [Akh-Ron 1973],
Theorem 3, or the book [Ron 1977], Theorem 7.2).

Theorem 8.2.1 (See [Rud 1970], [Dru 1980]). Let Sy be as above and f: Sp — C
such that

. [ E0,(SD);
. f(a},-,a}’) € €(S UR) foranya = (a},aj,a}’) eRN,j=1,....N;
* flgy € ERY);
e f islocally bounded on Sp.
Then there exists exactly one f € f(gg‘) with f|§b € (9(3\33,1,) and f = f on Sp.

Note that all the assumptions in the theorem are necessary for the existence of an
f with the desired properties.

In other words, any function f as in Theorem 8.2.1 is the boundary value of a
holomorphic function f |, . This kind of result may be understood as a one sided
“Edge-of-the-Wedge" Theorem which has been studied before by theoretical physicists
(see, for example, [Vla 1966]).

Applying biholomorphic mappings Theorem 8.2.1 immediately implies the follow-
ing result.

Corollary 8.2.2. Let D; C C be a Jordan domain, Aj a connected relatively open
subset of 0Dj, j = 1,...,N. Put Xp = Xp(A1,...,An:D1,...,DnN). Let
f: Xp — C be such that:

* fe0s(Xy);

* flaj,-.a]) € €(DjUA;)foreverya € A= Ay x---xAyandj =1,...,N;

* fla e €(A);

e f is locally bounded on Xp.

Then there exists a unique f € ‘C’(f;) N (9()’(\1,) with f = f on Xp.
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The proof of Theorem 8.2.1 will be mainly based on Fourier transforms and the
existence of certain conformal mappings.

Proof of Theorem 8.2.1. Step 1°. It is enough 1o prove the theorem in the case where,
in addition to the above assumptions, f € €(Sp) and f is bounded on Sp.
Let f be as in the theorem. Put

T+z

D(t,a) := {zeﬂi:O<Arg <oz}, >0, a € (0,n).

T—1Z

Note that D(7, «) is given by the domain in the upper halfplane which is bounded by
the real segment [—t, 7] and the circle passing through +t and it tan(;/2). Recall
that the mapping @ 4,

T+z
T—2zZ

1
D(t,a) 2z~ — Log es,
o

is biholomorphic and extends to a homeomorphism between D (z, ) \ {£7} and S.
Obviously, @, (¢) = t tanh %
Fix an h € (0, 1). Put

ok = ahg = “arctan ', Dy = Dyy = D(k = oni = Pp,
k = Qi = - arctan -, k= Dni = Dk.ank). ¢k =¢ni =Py, -

Then ¢y is a biholomorphic mapping from S onto Dy which is a homeomorphism
from S onto Dy \ {£k}. Moreover, we define

gk(2) = fle1(z1).....oN(2N)). Z € 8p.

It is clear that g satisfies all the conditions of f in the theorem on S} and, in addition,
it is bounded there.

Let |gx| < My on Sp. We claim that g € €(Sp). Indeed, instead of discussing
g it suffices to verify this condition for the function gy,

N

8k (z) = gk(z) exp ( - ZZ]Z)

j=1

Since gy is continuous and bounded on R¥ , it follows that g is uniformly continuous
on RV,

Fixapointa = (a)y,ay) € R¥ "1 xS andlete > 0. Then, forz = (z)y,zn) € Sp
we have

18k (zy.2N) — &k (ay.an)|
<|gr(aly.zn) — gr(ay.an)| + |8(zy.2n) — Zr(ay. zn)|.
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Applying the continuity of gx(a)y.-) we see that |gx(ay,zn) — gk (@)y.an)| < &/2
whenever |zy — ay| < § for a sufficiently small positive § with

0<Im(ay)—08 <Imay +5=:1—-p < 1.

Observe that u/ := log |g(z}y.*) — &k (a'y. )| is continuous and bounded by My =

log(2My) on S and subharmonic in S. Using the uniform continuity of gx gy we get
uz, v = (log(e/2) = Mk(1 — p))/(1 — p) =: m when zly is near to ay. Then, by
the two-constant lemma for subharmonic function, it follows that

Uy, (zy) <m+ (Mg —m)(1—p), zynearay, |zy —an| <3.

Thus |g(z}y.2zn) — &k (@, zNn)| < &/2 for all the z’s as before.
Continuity at the points @ € RY can be shown in a similar way (EXERCISE).
Let € (0,1). Then our hypothesis applies to gx|g, ). where

Sp(t) = Xp(R. ... R:Sy.....S1)
with S; ;= tS. Put
Sp(t) = {zeSix-xS: Zf;llmzj <1}.

Then there exists a function g ; € ‘C’(.SA’Z;‘ (1)) N O(Sy(¢)) with 8kt = gk on Sp(1).
Let 0 <t <t < 1. Note that gx; and gx . are both defined on §l;*(t) For an
arbitrary x € RY we know that g, (xy, ) — 8k (Xy.+) € €(S; UR)NO(S,) and that
it vanishes on the real axis. Hence, the refection principle implies that it even vanishes
identically on S;. Now let (xgv_l,zN) e RVN-2 x S¢/n- Then for v > N the function

Skp(X1 +i/v,. .. xN—2+ /v, ZN) = G (X1 +i/v,....XN—2 + /v, an)
is bounded and holomorphic on S;,x. If v — oo, then, by Montel, we have that
gk,t(x17"'7xN—27‘7ZN) _gk,l/(xla"'axN—27'aaN)

is holomorphic on §;,x, continuous on S;/5 U R, and vanishes on R. As above we
conclude that this function vanishes identically on Sy, 5. Repeating the argument we get
8kt = 8k, on S;/ny X --- x S;/n. Then the identity theorem gives that gx ; = g
on §b (t) and hence on S 5 (). Finally, gluing these functions we attain a function
gk € €(S7) N O(Sp) and gk = gx on Sp.

Transforming back we define the function fi j, 1= g (7' ....¢"). Then

fin € €X) (k) N OFy(h,k)).

where Yy (h, k) := Xp((—k.k),....(=k,k); Dpk., ..., Dpx), such that fAh,k = f on
Yy (h, k). Note that

?b(h,k) = {Z S Dh,k X eee X Dh,k : Zj-\;l Im I/Ik(Zj) < 1},
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where Yy := (p]:1.
Observe that

* Dni C Dpjs1» Uk Dk = Shs
e Yy(h,k) CYp(h,k+ 1), limg_ oo Im Yy (z) =Imz/h;
* Urzy Yo(h k) = Sp(h), \UpZ, Yo (h. k) = Sp(h).

As above one can prove that fAh,k = fAh’kH on f'b* (h, k). Gluing now all these functions
leads to an f, € (S, (h)) N O(Sp(h)) with f, = f on Sp(h).

Finally we have to repeat the gluing process from above for the functions ﬁ, to get
the desired function f on S ; . Hence, the first step is completely verified.

Step 2°. A preparation to Step 3°.

Letu € L'(RY), K C RN compact and assume that K > y > u - e, € L'(RV)
is continuous, where e, (x) := exp(—(x, y)), x, y € R”. Then

(a) the function conv(K) 3 y > uey € LY(RY) is continuous;

(b) if | fpw u(t)e!edEN (1)) < b, y € K, then the same inequality holds for
every y € conv(K). (The reader who is familiar with these results from real analysis
or who is not interested in their proofs may jump directly to Step 3°.)

Indeed, to prove (a) fix an arbitrary positive €. Then, by virtue of the compactness
of K, we find points yi,..., v, € K such that for every y € K there is an index
k € {1,...,m} such that

[ le= ) — eIk |y () |d £V (x) < e.
RN

Looking at the L! ([RN)-functions u-ey,...,u-ey,, there exists a closed ball B’ :=
[B% (r) such that

[ ey (Ou@)deN(x) <e, k=1,...,m.
RV \B’
Hence for an arbitrary y € K we get

/ ey (Ou)ld 2N (x)
RN\ B’

< [ ley (x) — ey, (X)|[u(x)|d £V (x) + / ey, () [u(x)|d £V (x) < 2e,
RN\B’ ’

RN\B

when k is correctly chosen.

Denote by K C Y the set of all y’sin RV such that the former estimate holds for .
Then Y is convex (and so conv(K) C Y). For, take two points y’, y” € Y and let
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7 € (0,1). Then
Lo eorsamop@lild 2" )
RN \B’

- / (e () ey ()~ lu()|d 2N (x)
RN\ B’

1-t

< ([, @m@Ee @) ([ e@ildeto) <

where the last inequality follows because of the Holder inequality with respect to the
measure |u|d £V (x).
Finally, fix a y¢ € conv(K). Then, for y € conv(K) we have

fm ey () = ey (U)LY () = e+ LY (B')ley — ey 137 + 4o < 5¢

if y is sufficiently near to yo.

To verify (b) define U(z) = [pn u)e!ENdEN (1), z € RN + i conv(K). By
virtue of (a) we see that U is continuous and bounded on RY + i conv(K). Let Y
be the set of all y € conv(K) with sup{|U(x + iy)| : x € R} < b. By assumption,
K C Y. It suffices to show that Y itself is convex.

So take y’,y” € Y and oy € (0,1). Put y := (1 —0¢)y’ + 09y”. Fix anx € RV
and set z’ := x + iy’ and z” := x + iy”. Finally define the function

y(s):=U((1—s)z' +sz"), s=o0+it,0<0=<1.

Note that Im ((1 — 5)z’ + s2”) = (1 — 0)y’ + 0y” € conv(K). Hence, y is well
defined on the strip S = [0, 1] + iR and bounded and continuous there. Moreover, y
is bounded in the interior of this strip. Observe that |y(it)| < b and |y(1 +i7)| < b,
T € R (since y’, y” € Y). Then, using the maximum principle, one concludes that
|U(x + iy)| = |y(oo)| < b. Since x was arbitrarily chosen it follows that y € Y
meaning that Y is convex.

Step 3°. The case where f belongs, in addition, to ?(gb) and is bounded on S},.
Put g(z) := f(z)exp(— (z§ + -+ 4+ z%)), z € Sp. Obviously, it is enough to
prove the extension for the function g. Note that

—(x2 42 =
8@ =1 fls,e G-t 2 e 8.

Therefore, g is uniformly continuous on Sj.

LetV:={ye[0,1]N:3: y;,=0,j=1,...,N,j # k}. Thenforay € V
put gy := g(-+iy). By virtue of the above estimate, we get g, € L' (RV) N L2(RY).
Then the Fourier transform of g, is given by

1\Y »
Fgy(t) = (E) /[RN gy(x)e NG EN (x), teRY.



8.2 Classical results 165

Specifying y = (0,...,0,y;,0,...,0) (the y; € (0, 1) is at the j-th place) we have

1\" :
Fgy(t) = (E) /lRN—l (/[Rg(x]’-,xj —I—iyj,x]’-/)e—lzjtjdéﬁlxj)

N
—i ) Xkt Ne1
X e Kk=lLk#j dei— (xj’-,x]’-’)

1 N . .
= (5) / ( / 85 + e x)e TN AL ) )
4 RN—1 R

N
—i Z
=1.k

Xk lk
xe k=tk#; dENTV(xl X1y — Fgolt
e L5 (s )8_>0ng( )s

where the second equation is true for any € € (0, 1) because of the Cauchy integral
theorem and the limit follows because of the uniform continuity of g. Hence, ¥ g, (¢) =
e N Faot),t RN, yeV.

By virtue of Plancherel’s theorem we have ¥ g, € L?(RN), y € V. But we cannot
conclude that ¥ g, € L'(RY). Choose anon-negative cut-off function /, € €*(RV),
Y, = 0if ||x|| > r, such that [py ¥, (t)d £V (1) = 1. Define

iy () = hy(2) 1= fRN U (©)g(c — ALY E), z=x+iye S,
Then

Fhy(t) = F ¢, (1)F gy (1)
=FY,()e VN Fgo(t) = e VI Fho(t), teR", yeV.

Moreover note that V > y — g, € L?*(R") is continuous. Therefore, V > y
F gy € L>(RN) is also continuous. Then the Schwarz inequality implies that V'
y = Fhy, € LY(RY) is continuous. In particular, the Fourier inversion formula
applies to ¥ h,. Hence,

he(z) = hyy(x) = [[R N Fho()e! FdEN (1), z e S (%)

Using Step 2° it follows that conv(V) > y + Fh, € L1(RY) is continuous meaning

that the function 4, in () is even continuous on S, » and holomorphic in S, ». Moreover,
(b) in Step 2° leads to || A, lg = lnrlls,.
b

Recall that /2, =08 uniformly on S3. Then (/11 /) m is auniform Cauchy sequence
r—

on Sb; s0 it converges uniformly to a function which we call g. Then & € €(S) N
O(Sp) withg = gon S. O
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Proof of Corollary 8.2.2. The case where /TJ 0D;, j = 1,..., N, is an easy ap-
plication of Theorem 8.2.1 by a suitable biholomorphic mapping (EXERCISE). It re-
mains the case where A; = dD;, j = 1,...,51, Aj = dD; \ {a;} witha; € dD;,
J=s1+1,...,8,fors; <sp e{l,...,N}, andAj 3Dj,j =s+1,...,N.

Moreover, we may assume that D; = Dand -1 € 4;, j =1,...,N,and a5, 41 =
=as, = 1.
Define

Ajp :={zeT:|Argz|>nm/2k)}, j=1,....5

Then the former case implies that there exists a function _ fk € ‘6()? »(K)NO ()? »(k))
such that fk = f on Xp(k), where

Xb(k) = Xb(Al’k,...,Asz’k,AsT;_l,...,AN;[D,...,|D), k e N.

Note thath* D= hA s1.D (1 < j < s,) and therefore, X (k) C X*(k + 1). Let

uj = hmk_,oohAj . Then 0 < u; € $#(D) with u*R <O0on T*:=T\{l}.
So by the general maximum principle for subharmomc functions (see [Ran 1995],
Theorem 3.6.9) we have that u; = 0 on D. Hence,

o R R o0 R R
| Xpto) =Yy and | ) X,(k) = X,

k=1 k=1
where Y 1= Xp(T*, ..., T*, Agy41. ... AN,[D,...,ID).

Fix a k. Then we have two holomorphic functions fk fk+1 on X, (k) which are
continuous on X (k) such that f = fk = fk+1 on Xj(k). We want to show that
fk = fk+1 on X 5 (k). By assumption, one finds a positive ¢ such that

e D(=1.&) N T C (2 Aje N[ogyrr Ajn k € N

* Py(~1,6) N DY C X;(k);

¢ G:=Py(=1,6) N DY C X, (k).

Fix an arbitrary point Z € (T N D(—1, &))" ~!. Then the function

fG) = frm G

is holomorphic on D, continuous on D N D(—1,¢), and vanishes on T N D(—1, ¢).
Hence it vanishes on D. In a next step take a point (%, zy) € (T N D(—1,¢&))V =2 x
(DND(-1,¢)). Lett,, := 1—1/m, m € N. Then for sufficiently large m the functions

SeltmZ..28) = fiar(tmZ. - 2w)
are bounded holomorphic on D N D(—1, ¢). Taking m — oo it follows that

fueGozn) = frr1(Eoo2n)
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is holomorphic on D N D(—1, &) with vanishing boundary values on T N D(—1, ¢).
Hence it vanishes identically on D N D(—1, ¢). Continuing with the same Jargument we
get that fk — fk+1 coincide on G. Then the identity theorem gives that fk = fk+1 on
X, (k). Finally, contmulty implies equality on X k).

Gluing all these fk s we end up with a function g; € f(l?b*) N (9()2 ») such that

= fonYj.

If s; = 0, then we are done. Otherwise take s; + 1 pairwise different points
c1 = 1,c2,....¢5;4+1 € T near 1. Following the same procedure as above leads to
functions R R

g €Y, (j) NO(Xp) withg; = f on X,

where Y5 (j) := X(T \ {¢;}..... T\ {¢;j}, Ap41..... Ay:D, ..., D), j=1.

A

s1 + 1. Then, gluing the g;’s gives the final extension f € ‘C(X )N (9(Xb) f= f
on Xp. O

As a consequence we get a boundary cross theorem due to N. I. Akhiezer and
L. I. Ronkin (see [Akh-Ron 1973] and [Akh-Ron 1976], where this result is proved
under additional assumptions).

Corollary 8.2.3. Let D; := A(l,b;) and A; := T C dDj, j = 1,...,N. Put
Xp = Xp((4;, D-)N_l). Let f: Xp — C be such that

* f(d},-,a}) e €(D; UT)NOD;) foranya e TN and j =1,...,N;

° f|TN € t’(—I]—N)y

e f is locally bounded.
Thenthereexistsauniquef € ‘(f()?;)ﬂ@(fb) with [ = fon Xy and X, = intf;‘.
Notice that

Xy =1z € AlLby) x - x AlLby) - S0, R0 < 1),

Proof. We only present the proof for N = 2; the general case is left as an EXERCISE.
First introduce the following domains:

={z € A(1,b;) : | Arg(xz)| > 7/8},
={z € A(1,b;) : | Arg(£z)| > 7 /4}.

Note that 5}1 C D]i are Jordan domains. Put

={zeT:|Arg(xz)| > n/8}

and let u; = h;; A DF be the relative boundary extremal function with respect to
Aol

the canonical system of approach regions. Note that D;L = —D; and therefore,

hi% 47,07 (z) =uj(=z)on D;.
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Now let § be a positive number with 1 + 2§ < min{b;, b»}. Then there are positive
numbers §” < §’ < § such that

{zj e DF 11 <|zj| <bj =8} C{z; € DF 1uj(zj) <1-6},
{zj € DF 11 <|zj| < 148"} C{z; € DF 1u;(z) <8}

Put X, (£) := X(AT, AF; D, DF). Then, applying Corollary 8.2.2, we get two
continuous functions f* € ‘G(fg‘(i)) N O(Xp(£)) with f£ = f on Xp(%). In

particular, £ is continuous on

ZE@§) i={zeDExDEF:1<|z1| <8 1<|z2] <by— 8}

U{zeDEXDE:1<|zy| <by—8,1<]|z2] <8}

and holomorphic on int Z *(§).
Fixaz? € DS N D5 with 1 < |z3| < by — 8. Then f are holomorphic functions

on the annulus
G :={zeA,8"):|Arg(£zy)| > n/4}

having the same boundary values, namely f (-, z9), at the inner boundary of G. Arguing

as above, the reflection principle shows that f+(-,z8) = f~(-,z9) on the two con-

nected components of G. The same argument leads to the conclusion that f t = f ~on
their common region of definition. Hence we end up with a function gs € O;(Y (§)),
where

Y(8) := X(A(L 1 +87), A(1, 1+ 8"): A(L, by — 8), A(1, by — §)).

By virtue of the cross theorem there exists a g5 € (9(?(5)) with g5 = g5 on Y (9).
Note that

Y(§) ={z € A(1.by —8) x A(1,by — 8) : hy §(z1) + hps(z2) < 1},

where
log 21
81157

his(z:) = ’
33D = oab; —8)

Now take a sequence & \, 0 (1 + 28; < min{by1, by}) and the corresponding
sequence §; N\ 0. Put hjp = hj;s., Y = Y (), &k = &5, and gk = g5,

Moreover, put hj := llsggll)-jl_ on A(L,bj),j =1,2.

Fix a point 20 € X, with 711(z) + ha(z9) + 4n < 1 and 20 € A(1,b; — 2n)
(n > O sufficiently small). Then @(ZJQ, r) C A(l,bj — n) for a sufficiently small r

and /i < hj(z)) +non D(zj(.’, r). There is a ko such that for all k > ko we have
hjr < hj(zj(.)) +nonD(z%,r) C A(1,b; —8k), j = 1,2. Thus, P,(z%, r) CC Yg.

zZj € A(l,b]‘ —9).
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Moreover, for a fixed z5 € D(Zg, r), the function g (-, z5) is holomorphic on the
annulus {z € A(1,by — k) : by x(z1) < n}, since for these z; we have h; x(z1) +
ha i (zh) < ha(z9) +2n < 1.

Observe that gx41(-.25) — &k (-, 25) = gk+1(-.25) — gk (-, z5), k > ko, on the
annulus A(1, 1+ &) for a sufficiently small positive g;. But on this annulus the above
difference has zero boundary values on {z € T : | Arg(£+z)| > n/4}. Hence, the
function gx41(-, 25) — 8k (-, z5) is identically zero on A(1, 1 + & ). Finally, using the
identity theorem, we get that this function vanishes identically on the annulus

{z1 € A(Lby = 8p) 1 hyj(z1) <1 —hy j(z35), j =k, k+1}

which contains D(z?, ). Now we define a new function

A

f = lim g onPy(z°r).
k—o00

Obviously, f € (9(XA »). It remains to check that f satisfies the desired properties.
O

The following two examples show that the properties in the third and fourth bullet
in Corollary 8.2.2 are essential.

Example 8.2.4. [Dru 1980] The reader is asked to complete all details. Let A := {z €
T :Rez > 0} and put X := X (4, 4; D, D).
(a) Define for z = (z1, z2) € X the following function f:

exp(—(Log(l — z1) + Log(l — 25)) Log 25122 if z; # 1 # 25,
0 ifzz=1orz, = 1.

f@) = {

Then f satisfies all the assumptions in Corollary 8.2.2 except the third one. Note that
1= f(e',e™) el f(1,1). Moreover, f is holomorphic on (D \ {1}) x (D \ {1}).
t—

Note that (¢, ) € X, fors € (0, 1) near to 1, but nevertheless the radial limit f(z, 7) 7
t /1

£ (L),
(b) Now let f;: Xp — C,0 < a < 1/2, be given by the formula

exp(—(z1 — a)(Log ?J_F—Z)z) if z, # 1,

z = (z1,22) € Xp.
0 ifzy =1, (21.22) € Xp

Ja(z) == {

Then f, satisfies all the properties in Corollary 8.2.2 except the last one. The function
fa is not locally bounded at the point (—a + ia, 1) since | f;(y(¢))| §> 00, where
\O

3 ity 2\ —1 .
y(t)::(—a+(Re(Log1+eit)) —i—ia,e”), 0<t<l.
—e
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Moreover, f, is holomorphic on D x (D \ {1}), but
4—1\2 4—1t
fa(—a-i-(log ) +ia,1—t):exp(—1—ialog27)

t

has no limit when ¢t — 0+. Observe that

4—1\2 PN
(—a+(10g ; ) —l—la,l—t)eXb

for ¢ sufficiently near 0, i.e. f,] £, has no limit when approaching (—a +ia, 1) € Xp.

8.2.2 The Carleman operator method

A more general result was proved by Gonchar (see [Gon 1985], [Gon 2000]).

Theorem 8.2.5. Let D; C C be a Jordan domain, @ # Aj  0D; a relatively open
subset, ] = 1,2. Put

Xp = X(A1, A2; D1, D3).
Then for any f € €(Xp) N Os(X}), bounded, there exists a unique function f €
C(Xp U fb) N O(fb) with f = f on Xyp. Moreover,

. I .
FOI= AN 1D, 2 e X,
where u(z) 1= h}’AI’D] (z1) + hE,Az,Dz(Q)’ z = (z1,22) € D1 X D».
The proof will be based on:

 a Carleman formula ([Gol-Kry 1933], see also [Aiz 1990], Theorem 1.1) (see (a)
below),

* a theorem of Koranyi-Vagi (see [Rud 1980], Theorem 6.3.1) (see (b) below),

* classical results on boundary values in the theory of one complex variable; the
reader is asked to consult [Gol 1983], Chapter X, for more details.

(a) Carleman formula:

Lemma 8.2.6 ([Gol-Kry 1933]). Let B C T be relatively open and let f € Ly°(D).
Then

1 SR@) (e(2) \™ Ifllo lp(2)]
o5 = ) A Ee T
where ¢ € L;°(D) with |p*| = e almost everywhere on T \ A and 1 < |¢p| < e onD

(¢* denotes the radial boundary value of ¢ which exists almost everywhere because of
Fatou’s lemma). In particular,

m
) , zeD,me N,

o=t 25

m—oo 27ti Jp {—z

) d¢, zeD.
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Proof. Note that fo™ € L7°(D). Therefore, using the Cauchy integral formula (see
[Rud 1974], Corollary to Theorem 17.12) for f¢~™, we have

_ L (@ re@ N L 1) (92) \"
10 =57 12 (5@) 3 b =+ () 45 =P
which immediately gives the estimate in the lemma. O

(b) Koranyi-Vagi inequality:
In order to formulate the result of Koranyi-Vagi the following definitions are needed:

1
e =5 | %d;, zeD, when f e L'(T),
Mrad[g](eie) = Osupl |g(rei9)|, when g: D — C;
<r<

€ f is the Cauchy integral of f and M,.4[g] the so-called radial maximal function
for g.
Now we can give the precise statement (for a proof see [Rud 1980], Theorem 6.3.1).

Lemma 8.2.7. There exists a positive number C such that for every f € L*(T) the
following inequality holds:

27 ) 2w .
f (Ml £1(c1%))2d6 < C / £ (@) 2d8.
0 0

After all these preparations we start the proof of Theorem 8.2.5.

Proof of Theorem 8.2.5. Note that we may assume that D; = D, = D (use biholo-
morphic mappings).

Recall that the function h; := hg 4;.D is harmonic on D with boundary value
XT\a4,;. Letg; = h; + ih~j, where l;j denotes a conjugate function to 4;. Then
gj € O(D). Putg; := e%/. Then ¢; € L;°(D), |¢j| < e on D, and [¢}| = e on
T\ 4;,j=1,2.

Step 1°. Construction of the holomorphic extension K(f) € (9()’(\ »)-

Set A = Ay x Ap. For m € Ny put

_ o 1 S©) (o1(z1)p2(22) \" _ 2
K@) = Kn(NG) = s | FEH (e ) @6 2= Gne D

where ¢ — z := ({1 — z1) ({2 — z2). Note that K,,(f) € O(D?). R
We claim that the sequence (Kp,)5—, converges locally uniformly on Xp.
Indeed, it suffices to prove that the series Y o (Km+1 — Km) converges locally

uniformly on X, p- We write

Km+1 —Kn = (Km+1,m+1 - Km+1,m) + (Km-i-l,m - Km,m) = Kr,n + Ky/y/u
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where

bt s | L) (o

Then

50 = 2 Gie) () (o)

1 / 1 (‘/’1(21))Wrl
(i) Ja, $1 —z1 \ @] (&1)
f©) (<ﬂ2(22))m(902(22) )
2 2%2)  ag )dg“ .
(/A L-2\0@)) \g@) )
Recall that for any {; € Aj, z» € D the integrand under the second integral

¢2(22)\" (92(22) 1
<02(§2)) (fﬂz(fz) 1)?2—22

is holomorphic on D (note that the singularity at z, is a removable one). Hence, using
the Cauchy integral theorem, we get

K0lE) = Gy [A G 1{: (Ziﬁ)’"ﬂ
x (_ /T\Az Cjzr_(i)z (Zig) (zz(éz; - 1)d§2)d§1,

where f*({1,¢2) denotes the radial boundary value of f(¢1,-) € L$°(D), &1 € Ay,
which exists almost everywhere on T. Hence, for z € X p» We arrive at the estimate

Dazwf@l,zz)(

K] = e e O ) = (e + )

where C; = 2e is independent of m, z, and f. Hence, Z;‘;O K,, converges locally
uniformly on X}, to K’ with

I/ 1 xs
(1= 1z1)(1 = [z2D(1 = ()

where 0(z) = e In an analogous way one gets the convergence of K" =
> oo K}, together with an analogous estimate for K”(z). Hence,

K'(9)] =G z € X,

u(z)—l‘

K(f):= lim Kn(f)=Ko(f)+K'+ K" € O(Xp)

with
I/ 1x,
(I =]z1D(1 = 22D (A = 6(2))

z € Xp,

|K(f)2)]=C
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where C is a constant which is independent of z and f. Note that the operator K is a
linear one.
Put

K(f)(z) ifz € Xp,

f@)= {f(z) itz e X,

We will prove that f is continuous on Xp U X b-
Step 2°: Boundary behavior of K(f).

(a) Local Jordan domains.
Let a € T. Fix positive numbers s; < s, < 1 and « < 7 /4. Then we define the
following simple Jordan domain with piecewise €!-boundary:

2(a,a;s1,52) :=1{z € A(s1,52) : |Argz — Arga| < o}

\{z € A(s1.52) s /2 < |Argz — Argal, |z| <s1 + w(h —s51)}

and 2(a,a;s) = 2(a,a;s, 1) whens € (0, 1). Observe thatif s,z € (0,1),s(1+17) <
1 —1,t < ty, and ¢¢ sufficiently small, then 2(a, (1 — ¢t)a; (1 + t)s, (1 — 1)) CC
R(a,a;s) and gy, 2(a, (1 = t)a; (1 + )5, 1 —1) = 2(a, a;5).

(b) Discussion on the boundary values of K( f).

Fix an arbitrary point b = (b1,b,) € A; x D and choose a positive § such that
ha(b2) + 36 < 1. Take an r > 0O such that h5(z2) < ha(b2) + 6,22 € V := D(ba, 1),
and D(b,,2r) C D. Finally, choose an angle « € (0, 7/4) and an s € (0, 1) such that

2:=82a,a;8) C{z1 €D:hi(z1) <6}, 02NTC A.

Then K( f) is holomorphic on £2 x V.

We will prove that the function K( f)(-, z2), z2 € V, has non-tangential boundary
values almost everywhere on d§2. To do so it suffices to verify that the function
K(f)(,wz) € E2(£2), where E5($2) denotes the Smirnow class of order 2 on §2 (see
[Gol 1983]).

First we choose a sequence #; “\ 0 such that

2; = 2(a, (1 —lj)Ol;(l + lj)S, 1 —lj) 2.

It suffices to find a uniform estimate for

sup [ IK(/) (G122 ()

jeN

where do; is given by |y]’-|/Lj, y; is a parametrization of I'; := 0£2;, and L; is the
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length of I7j. Recall that |Kp+1 — Km|? < 2(]K},|*> + | K} |?). Then (see above)

K (2)

() [ 2 Gy () (- s s

_ (wl(zn)mﬂ L[ ko),
- 5 2_ — é‘ly
e i Jay &1 — 21
where
~ 1 * s m+1 m
hn(ly) 1= —— f (§17§2)( e ) (902(22)) (1 B 902(22))61&2’
2ri Jma, 2—2z2 \@i(51) ®2(82) 92(82)
é'l € Al.
Note that
. |(%)m+l| < 1 whenever z; € £2,
~ 2
()] < 2B e 1y 4y,
We have to estimate the Cauchy integral
(<)) L[ Hn(2)
2ni Ja, & — 2 ‘ 2ri Jr 1 — = a m(@)
along I';, where
0 if¢; € T\ 052,
Hue) = {2 Toe T
hm(&) if& € TNOS2.

Put I, =I7N (1 —¢t)Tand I}, := I} \ I;. Then we get

2
| VKo dos o) = 3 [ (Ml HnIG Doy 1) = 1y

Put 0y = Arga, F = Mrad[gHm]» Sj1 = 1+ lj)S, Sj2 = 1 - 1, and o =
(1 —tj)a. Moreover, let

2(60—0) —a;
ria(0) = sj1 + (Oa—_)J(Sj,z —55,1),
j

2(0 — 6y) — «j
rj,2(9) =851+ (—('))](Sj,Z - Sj,l)-

aj
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Then the second term in /; can be written as a sum of the following three integrals:

Oo—aj/2 . do
/9 P Jira @7 + 0 -

o—o
B0+ /2 ) 40
[ e
Oo—aj /2 LJ

Oo+o; ) do
/9 P 2@ + 07,007

o+a; /2

Therefore, using Lemma 8.2.7,

=G [ (M€ )G/ dos 1)

J.1
do
= CZ/[ (Mrad[me](Zl))zda(Zl) < C3/ |Hm(Zl)|2dO'(Zl), do‘ = —,
aNT T 2
Hence,
[ 1K@ Pdoye = Coem e,

T;
A similar estimate holds for the term Ko ( /') (EXERCISE).
On the other hand, the estimate for K, will be much simpler. Namely,

K (2)
~ () [ () (s o
1 \2 * (e . Y\ .
= (z) /ml( /A @ ! ng—) 2) (2&32?@3) (21(@3 -1)ag)ac,

where the last equality is, similarly as above, a consequence of the Cauchy integral
theorem. Hence, we get

K] = WX __omu—b < ¢poms

, € £, el
rdist(2, T\ 4) 71 2

Therefore, sup; frj |K!" (z1,22)|?d0j(z1) < Cee™2™M3.
Summarizing, we end with

/ K (21, 22)Pdo;(z1) < C,

T;

which shows that K(f)(-,z2) € E»(82), z € V. Finally, applying [Gol 1983],
Chapter X, §5, shows that K( f)(-, z2) has almost everywhere non-tangential boundary
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values K(f)*(-,z2) on 082, z, € V, and

f K(/)* (1. 22)Pdo (z1) = sup f 1K (21, 22)|Pdoy (21).
982

J I

Step 3°. Evaluation of K(f)* along 92 N T.

We want to verify that K(f)*(-,z2) = f(-, z2) almost everywhere on 952 N T,
zo € V. Indeed:

Write f = fi + if>. Then f; are bounded harmonic functions on D. Define
f}(é‘) = limsupg_,o f; (1 =1/k)$1,82), ¢ € T x A,. Note that f; are integrable
along T x A, j = 1,2. Then f = fl + if; is integrable along T x A, and for
¢, € Ay wehave f(-, &) = f*(-, {) almost everywhere on T.

Put

Ko () =
z) =
oo 2mi A> ZZ_ZZ

F(z1,0) (@2(22)\™
((ﬂz(Cz)) dz, 2 €T

To decide whether this function is the boundary value of its Cauchy integral we will
apply Theorem 1 in [Gol 1983], Chapter X. So we have to calculate

/ Kiom(1.2006kd 1 = 5 ( [ £z z)ﬁkdél)(zzgz;)mdzzzo

use that f*(:, z») is a boundary value of f(-,z3), z2 € V. Hence we conclude that
K3 m(:, 22) is along T the boundary value of its Cauchy integral

Koom(21,22) := C[K, ,n (. 22)1(z1), z1 €D, 25 € V.
To evaluate K*(f)(-, z2), zo € V, we discuss the integral
/ K*(f)(z1.22) — f(z1. 22)Pdo(z)
anNT

<2 / K*(f)(z1.22) = KX (21, 22) Pdo(z1)
02NT
+2 / K2 (21.22) — f (21 22)Pdo ()

02NT

< 2sup / K(f)(z1.22) — Koom (21, 22)Pdor; (1)

j JTj

12 / K2 (1. 22) — [0, 2) P (z1) = Ty + T
a2NT

The second inequality is a consequence that the integrand belongs to the Smirnow
class E>(£2) (see [Gol 1983], Chapter X). First, let us discuss the second integral (use
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Lemma 8.2.6):

= B fz1.8) (pa(z2)\™ 2
Hm_Z/Mmr‘Zni 4 2— 22 (¢2(§2)) dl, — f(z1,22)| do(zy)

< 2meS(A1)(Cw(M)m)2 < Cge™>™,

e

where mes(A4;) means the arc length of A;.
Finally,

Ly < 4Sl1p/ ) Z(Km+1(21722) - Km(ZlaZZ))‘szj(Zl)
7T k=m

+ 4sup/ }Km(zl,zz) — Koo,m(zl,zz)’zdoj (z1) < Coe™™® 4 1I1,,,.
j JI;

To study I1I,,, we write the integrand in full details for z = (z1,22) € 2 x V:

|Koo,m(Z) - Km(z)|

o) foon 2o (e ) 4z
= dist(”.g,”'l])fh\ ) o

Therefore, I1I,, < 4(%(”’8)2. Taking all the estimates into account we
finally get

/ K*(/)(2) = f(2)Pdo(z1) < Croe™ — 0;
a2NT m—00

i.e. K*(f)(-,z2) = f(-, z2) almost everywhere on T N 082,z € V.

Step 4°. Proof of |[K(f)llg, =< Il f Il x,-

We will use the geometric objects from Steps 2°, 3°. Then K(f)(-,z2) and
K(f™)(-, z2) have almost everywhere on T N 32 non-tangential boundary values
f(-.z2) and £V (-, z5), respectively, z, € V. Using the Privalov uniqueness result (see
[Gol 1983], Chapter X, §2, Theorem 1) we see that (K(f)(-,z2))Y = K(fV)(-. z2)
on £2, z € V. Applying the identity theorem, it follows that (K'(f DY = K(f")on
X},. Moreover, taking into account the estimate from Step 1° we have

IF1%,
(1= 21D = 22D (1 = 6(2))

and, since N € N is arbitrarily chosen, |[K(f)(z)| < | flx,.z € X5

KN =KM@l =C
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Step 5°. Continuity at points a € A.

Fix a point a = (a1,az) € A. We may assume that f(a) = 0 (substituting f by
f — f(a)). Now choose a positive . Then there exists an r > 0 such that | /| < € on
the new boundary cross

X, = ((D(ay,r) N D) x (D(az.7) N T)) U ((D(a1.r) N T) x (D(az, r) N D)).

Using biholomorphic mappings we find with the previous methods a Carleman exten-
sion K(f|x;) € (9()?1’)) with |[K(fx;)| < &on )?l; Fix a point a’, € D(a»,r) N D.
Following Steps 2°, 3%, we conclude that near a; the functions K(f)(-,z») and
K(f] X )(+, z2) have almost everywhere the same non-tangential boundary values,
namely, f (-, z2), where z, € D(a}, s), s sufficiently small. Therefore, by virtue of Pri-
valov’s uniqueness theorem and the identity theorem, it follows that K( /) = K( f| X;))

on X\l; Then, taking a §; > 0 such that
U := (D(a1,8:) N D) x (D(az,8,) N D) C X, C Xp,

it follows that |K(f)| < eon U} i.e. f is continuous at the point a.

Step 6°. Continuity at points a € Ay x D.

Fixapointa = (ai,a») € A; xD. We may assume that f(a) = Oand || f|x, < 1.
Now let a positive ¢ < 1 be given. Choose §,r, V, and §2 as in Step 3% Then we
can find a positive s, s < r, such that | f| < ¢ on (T N D(ay,s)) x D(az,s) and
D N D(ay,s) C 2. As in Step 3%, the function K( f)(-,z2) has almost everywhere
along T N D(ay, s) the non-tangential boundary value f(,z2),z2 € V.

Put, on D’ := D N D(a,s),

_ log |[K(f)(,w)| ~loge
v —loge

,  w € D(ay,s).

Then u € $H(D'), limsuppse_,, uw(§) < 1,z € dD" N D. Moreover, u has the
non-tangential limit O almost everywhere along A’ := 9D’ N T. Take a biholomorphic
mapping @ : D — D’. Then, in fact, @ is a homeomorphism from D onto D’ . Observe
that vy = uy o @ € $H (D) with lim supps¢_,, vy (§) < 1forall z € T \ A”, where
A" := &~1(A’). Moreover, vy, has the non-tangential limit 0 almost everywhere along
B. Applying Lemma 3.7.6, it follows that vy = uy 0@ < hg 4 = hg 4 p/oP on

D. Hence, u,, < hg 4. pr On D’. In particular, | K(f)(z)| < el g ar.pr (@) < Je,if
z7 is sufficiently near to a; and z, € D(az, s), which proves the continuity.

Step 7°. Estimate for f

Fix an a; € A,. Then f(-,a;) is holomorphic on D and continuous on D U A;.
Using the two-constant theorem one concludes that

1-hg 4 p(z1) kg 4 0D
|[fera)l <1 flly, I fllx, ™ , 71 €D.
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Now fix a point z® € X,. Put
D) :={z2€D:hg 4, p(z2) <1-6},

where § := h:‘LD(Z?). Note that A, C dD(8). As above we get

2 A 1=hg 4 p@®Z2) A kg 4, pes)(@2)
@z < I/ 2P A" 22 € D).

B
K,A5,D
1-hg 4, p(?)
for a similar result see Proposition 3.2.27) to get the claimed estimate for the point z°.
O

Finally, we only have to recall that kg A>.D(6) = on D(§) (EXERCISE;

Remark 8.2.8. The extension problem for boundary crosses may be formulated in the
following general context.

(S-0Og) We ask whether X; C a)?a,b and whether there are subsets fTJ C A4j,
Aj # @, such that:

» forany a € Xp((4;. D)) =1 Y, witha € A; x---x Ay =: Aand
anyo = (a1,...0n) € 114, X+ -x 1y 4, thereexist open neighborhoods
U; = Uj(a,a) of a; with

Ba(@) 1= (Ur N Ay (@1) % - x (Un N Axa, (@n)) © Xap:
» forany a € Y witha; € D; and any
j-1 N
(o), 0f) € (l_[ Is,as) x ( I1 Is,as) R A
s=1 s=j+1

there exist open neighborhoods V; = Vs(a,oc]’.,oz]’.’) ofag,s =1,...,N,
with V; C D; such that

j—1 N
By w1(@) = [ [VsNAsa @) xVix [T (VNose(@s) C Xup:
s=1 s=j+1

note that the family (By(a), Ba} o (a)) defines a system of approach
regions for (Yj, )?g[,b).
« for every function f € Oy (X} ) there exists a unique f € O(fg[,b) with

lim f(z) ifaeg,ocell,alx---xIN,aN,
By (a)>z—a
fla) = lim f(z) ifaeYy, aj € Dj,
i)’a/wa//(a)azea

ro :
S (aj,aj) Gla} Xla}/, 1<j <N
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Results discussing various aspects of the above general problem may be found
in [Pl-N'VA 2003], [Pfl-NVA 2004], [Pfl-NVA 2007], [NVA 2008], [NVA 2009] and
[NVA 2010].



Part 11

Cross theorems with singularities






Chapter 9
Extension with singularities

Summary. Section 9.1 shows that almost all slices (parallel to coordinate hyperplanes) of an §-region of
holomorphy are regions of holomorphy for certain families (induced by §) of holomorphic functions. The
next section starts with a discussion of the Gonchar class R of functions which allow a strong approximation
by rational functions. Then the theorem of Oka—Nishino (Theorem 9.2.19) is presented. It clarifies the
analytic structure of a pseudoconcave set in D x C under certain assumptions on the nature of its fibers over
the points of D. The section finishes with a result of Chirka—Sadullaev (Theorem 9.2.24) explaining that
fiberwise holomorphic extension outside of “thin” sets leads to a global holomorphic extension outside of a
global pluripolar, respectively analytic set. This result will play the main role in the following discussion of
cross theorems with singularities. The chapter concludes with theorems due to Grauert—-Remmert, Dloussky,
and Chirka (Theorem 9.4.1, Theorem 9.4.2) describing the envelope of holomorphy of D \ M in terms of

the envelope of D itself and some exceptional set.

9.1 Sections of regions of holomorphy

§§2.1,23.

This section is based on [Jar-Pfl 2005].
Let (X, p) € R(C"),C" = C*xCY, p = (u,v): X - CkxCE Put 2 := p(X),
2k = u(X) = prex (£2), t:=v(X) = pree(§2). Fora € §2; define

Xo=u'a)=p '({a} xCY, ps:= vlx,-
Similarly, for b € 2¢, put X? := v=1(b) = p~(C* x {b}), p? := ulys.

Exercise 9.1.1. (a) (X, p,) is a Riemann region over C* for every a € 2. If (X, p)
is countable at infinity, then so is (Xg, pa).

(b) By Theorem 2.5.5 (h), if X is a region of holomorphy, then each (X,, ps) is a
region of holomorphy.

Let @ # 8§ C O(X). Fora € £ define f, := flx,, Sa :={fa: f €8} C
O(Xa).

In view of Exercise 9.1.1 (b), it is natural to ask whether each (X,, p,) is an §,-
region of holomorphy provided that (X, p) is an §-region of holomorphy. In general,
the answer is negative as the following example shows.

Let X C C2 (k = £ = 1) be a fat bounded domain of holomorphy with 0 € X
(recall that X is far if X = int X). Take a non-continuable function g € @(X), put
f(z) = z1g(2), z = (21,22) € X, § := {f}. One can easily check that f is
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also non-continuable beyond X (EXERCISE). Observe that fo = f(0,-) = 0. Thus
Xo = X(@,) Cisnotan Sy-region of holomorphy.

Theorem 9.1.2. Let (X, p) € Roo(C?) be an S-region of holomorphy. Then there
exists a pluripolar set Py C §2y such that (X4, pg) is an 8,-region of holomorphy for
everya € §2; \ Pg.

Proof. By Proposition 2.1.26, we may assume that § is finite or countable.

Step 1°. There exists a pluripolar set P C $2j such that for any a € 2; \ P,
(X4, pa) is an 8,-region of existence.

Define Ryp(x) := d(Tx fu))s f € S, b € ¢, x € XP. Recall (§ 2.1.2) that

. 1 0.8 1 b
1/Rpp(x) = hmsup( max —|D© f(x)|) , xeX°.
votoo \Bez:(Bl=v P!

Obviously, Rsp(x) > dx(x),x € X b. By the Cauchy inequalities, we get

L1p0b ) < SUPy (xo.n) /|

5 w1 ., 0<r<dx(xo), x € Px(xo,7/2), p eZb.

Consequently, the function —log(Ry)« (Where « denotes the lower semicontinuous
regularization on X?) is plurisubharmonic on X?. Put

Prp = u({x € X2 1 (Rrp)«(x) < Rpp(x)}) C 2.

Then Py, is pluripolar (cf. Theorem 2.3.33 (b)). Put

Ry := inf Rrp., Ry := inf (Rsp)s.
b= I Rpp b fes( b))

Observe that — log(féb)* is plurisubharmonic on X 2. Put
Py = u({x € X0 : (Rp)«(x) < Rp(x)}) C $2%.

The set Py, is also pluripolar (cf. Theorem 2.3.33 (a)). Now let B C 2¢ be a dense
countable set. Define

P=( U Pu)u(Ur)ca

feS,beB beB

Then P is pluripolar.

Take an a € £2; \ P and suppose that X, is not an $,-region of existence. Then
there exist a point xo € X, and a number r > dx,, (xo) such that b := v(x¢) € B and
Rp(x9) > r. Since a ¢ P, we have

(Rp)«(x0) = Ry(x0) = inf (Ryp)x(x0) = Inf Ryp(xo) = Rp(xo) > .
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In particular, there exists 0 < & < dx (xg) such that (ﬁb)*(x) >r,x € ﬁSXh (x0, &).
Since

Rp(x) = inf Ryp(x) = inf (Rpp)(x) = Rp(x) = (Rp)x (),

we conclude that Rp(x) > r, x € HADXb(xo,e). Put U = I]ADX(xo,g). Hence, by
Proposition 1.1.10, for every f € §, the function f o (p|y)~! extends holomor-
phically to V := P(a,¢) x P(b,r). Since (X, p) is an §-domain of holomorphy,
by Remark 2.1.24, there exists a univalent domain W C X with U C W such that
p(W) = V. In particular, dx, (xo) > r; a contradiction.

Step 2°. There exists a pluripolar set P C $2) such that for any a € $2; \ P the
family S, weakly separates points in Xg.

Take a € 2, x', x" € X, with x” # x”, pa(x") = pa(x”) =: b, and f € § such
that T/ f 5% Tyrf. Putr := min{d(Ty f),d(Tyf)} and let

Poxixrf =4z € P(b,r): (Txf)(z,) = (Txnf)(z,°)}
= [\ {zeP.r): Tuf(z.w) = Turf(z.w)}.

welP(,r)

Then Py 7 x», P(a,r) is an analytic subset. For any z € P(a,r) \ Py x x7, f We
have (Tw f)(z,) # (Txf)(z.-) on P(b,r).

Take a countable dense set A C §2;. For any a € A let B, C X, be a countable
dense subset such that p; ! (pa(Bs)) = B,. Then

P = U Pa,x’,x”,

acA, x' . x"€B,, f€S
x'#x", pa(xXV=pa(x"), Ty f #Tn f

is a pluripolar set.

Fix ap € £2x \ P, x5, x5 € Xa, With x5 # xg and pg,(xg) = pa,(xg). Put
ro := min{dx (xy), dx (xg)}. Since (X, p) is an S-region of holomorphy, there exists
an fo € § be such that Tx6f0 % Tngo. Let e € (0,ro/2) be such that Ty fo # Ty fo
for arbitrary x’ € @X(x(/),s), x" e @X(xg,e). Take a € A N P(ap,¢) and x', x" € B,
such that x’ € @X(x(),g), x" € Px(xg.€), pa(x’) = pa(x") =: b. Observe that
r = min{d(Ty fo),d(Txrfo)} > ro/2. Since ag ¢ P(a,r) \ Pyx xv,f,» We con-

clude that (Ty fo)(ao.-) £ (Tx fo)(ao,) on P(b, r). Consequently, (Txéf)(ao, ) #
(Tyyf)(@o. ), which implies that Ty fuy # Ty fao- -

Example 9.1.3. The following example shows that in general the set Py from Theo-
rem 9.1.2 is not contained in any analytic subset of §2; of dimension < k — 1.

Let A C C be a dense F, polar set (e.g. A := Q?). By Theorem 4.2.5 there exists
a function f: C x C — C such that

* f(-,b) € O(C) foreach b € C,
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¢ f(a,-) € O(C) foreach a € A,
¢ f is unbounded near some point (z¢,0) € C x C.

By Theorem 1.4.7 there exists a non-empty domain V' C C such that f € O(C x
V). Let ¢: (C x V,id) — (X, p) be the { f|cxy }-maximal extension. Put f =
(flexv)? € O(X), § = {f} Then (X, p) is an §-domain of holomorphy (cf. Re-
mark 2.1.19). Observe that C x V' C p(X). We will prove that for every a € A, the
region (X4, pgs) is not an §,-region of holomorphy, which shows that A C Py, for any
set Py as in Theorem 9.1.2.

We may assume that the maximal extension (X, p) is a domain in the sheaf of germs
of holomorphic functions in C? (as in Remark 2.1.13).

First, observe that X must be univalent and f = fop.

Indeed, take a sequence of bidiscs Q; = Q} X Q}’ cC?j=1,....,N,and a
sequence of functions f; € O(Q;), j = 1...., N, such that

¢ Q/l/ cv, fl = lel’

cQiNQi1#3, fj=fi+1onQ;NQjt1,j=1,...,N—1
We want to show that fy = flo,-

We apply induction on N. Suppose that we already know that fy_; = floy_;-
Takeana € ANQ’_ NQ’ # @. Then f(a,-), fn(a,-) € O(Q7% ) andthey coincide
on O%_, N Q% . Consequently, f/ = fy on (AN Q%_, N Q%) x QY. Now take
ab e Q%. Then f(-,b), fn(-.b) € O(Qy) and they coincide on A N Q'y,_; N Oy
Since A is dense, we conclude that they coincide on Q' .

Thus, we may assume that X is a domain in C3,CxV CX, ¢ =1id, and f =f
on X. Take an a € A and suppose that X, is the f (a, -)-region of existence. Since
f(a,) € O(C), we conclude that X, = C. Consequently, for every R > 0 there
exists an 7 > 0 such that D(a,7) x D(R) C X. Hence f € O(D(a,r) x D(R)),
which implies (Proposition 1.1.10) that f € O(C x D(R)). Finally, f € O(C x C);
a contradiction.

The following consequences of Theorem 9.1.2 will be used in Chapter 10.

Proposition 9.1.4. Let (D, 7p) € R (TK), (G, 7g) € Re(TY). Let 2 € D x G be
a Riemann region of holomorphy, and let M C §2 be a relatively closed pluripolar set
that is singular with respect to a family § C O (£2\ M). Then there exists a pluripolar
set P C D such that for any a € prp(82) \ P, the fiber M, .y is singular with respect
to the family S :={f(a,"): f € 8§} CO(R2,) \ M(,))

Proof. First assume that (D, rp) = (C”,id). Observe that £2 \ M is a region of
holomorphy with respect to the family S := § U O(£§2). Moreover, it is easily seen
that 2, = 2.y, a € C* (where £, is taken in the sense of Theorem 9.1.2 and
Ry ={w € G : (a,w) € £2}). By Theorem 9.1.2, there exists a pluripolar set
P C C* such that for any a € pre« (£2) \ P, the fiber 2(,.) \ M, is a region of
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holomorphy with respect to the family (S¢),. In particular, for any a € pre« (£2) \ P,
the fiber M, .y is singular with respect to $,.

In the general case write D = | J7¢ =1 Dj, where each D;j C D is a univalent
pseudoconvex domain. Let £2; := 2 N (D; x G), §; = S|9] J € N. By the first
part of the proof, for each j there exists a pluripolar set P; C D; such that for any
a € prp(£2;) \ Pj, the fiber M, ;) N (£2j)(q,) is singular w1th respect to the family
Sal(2))a.,- It remains to put P := (J72, P;. O
Lemma 9.1.5. Ler D C C¥ be a domain of holomorphy, let (G, ) € Re(CY) be a
Riemann domain of holomorphy, let Gy be a subdomain of G, andlet A C D. Assume
that for every a € A we are given a relatively closed pluripolar set M(a) C G. Let

S = {f € (9(D X GO) VaEA Elf €0(G\M(a)) ° fa = f(ll )OI’l GO}

Assume that for every a € A the set M(a) is singular with respect to the family
Sq = {fa f € 8}. Then there exists a pluripolar set P C A such that if we put
Ag := A\ P, then the set

M(4y) = | {a} x M(a)

acAy
is relatively closed in Ag x G.

Proof. Put G(a) := G \ M(a),a € A. We have to prove that there exists a pluripolar
set P C A such that the set

G(4o) := (Ao x G) \ M(4o) = | a} x G(a)

LlEA()

is open in Ag x G. In particular, it would be enough to prove that G(Ag) = (Ag X
G)Ny(Y),where Y C X isopenand ¥ : (X, p) = (D x G,id x ) is a morphism.

First observe that (G(a), ) is an S,-domain of holomorphy for every a € A
(because M (a) is singular with respect to S4, and (G, m) is a domain of holomorphy).

Let ¢: (D x Gg,id x 7) — (X, p) be the maximal §-extension. Observe that if
p = (uv): X - CKkxC¢ then D = (o @)D x Gy) C u(X). Since (X, p) is
an §¥-domain of holomorphy, Theorem 9.1.2 implies that there exists a pluripolar set
P C Asuchthat (X,, pg)isan ($?),-region of holomorphy foreverya € A\ P =: Ay
(we keep notation from Theorem 9.1.2).

Leta € D. Observe that ¢(a,-): (Go, ) — (Xa, pa) is a morphism. Let X2 be
the connected component of X, that contains ¢({a} x Gg). Then

p(a,?): (Go.m) = (X7 pa)

is an S,-extension with S, := {f(a,-) : f € 8} and (8,)?@) = (§%), Ixg.
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Consequently, for every a € A the Riemann domain (G(a), ) is isomorphic with
(X2, pa)iletog: (X2, pa) — (G(a), ) be anisomorphism such that o, 0¢(a, ) = id
(notice that o, is uniquely determined).

Since O(D x G)|pxg, C § and (D x G,id x x) is the Riemann domain of
holomorphy, the lifting theorem ([Jar-Pfl 2000], Proposition 1.9.2) implies that there
exists a lifting of the inclusion (D x Gy, id x 7) — (D x G,id x ), i.e. a uniquely
determined morphism ¢ = (¥p, ¥g): (X, p) = (DxG,idx ) suchthat yop = id.

Then Vg : (X4, pa) = (G, ) is a morphism such that ¥g o ¢(a,-) = id. Conse-
quently, Y = 0, on X? for every a € Ay.

Finally,
G(Ay) = | J {a} x G(a) = | ] {a} x 0a(XQ)
acAy acAy
= U@ xvex) =v( | x¢) =v)n o x 6,
a€Ag acAo
where Y := |J,cp XZ. It remains to observe that Y is open. O

9.2 Chirka-Sadullaev theorem
§§23,2.4,3.2,9.1.

9.2.1 The Gonchar class R?

To be able to present a result of Chirka—Sadullaev (see Theorem 9.2.24) which will
be the basis of the following discussion we need some results from classical complex
analysis of one complex variable mainly due to G. A. Gonchar (see [Gon 1972] and
[Gon 1974]). This subsection is based on the classical potential theory — all needed
tools may be found in [Ran 1995], Chapter 5.

Definition 9.2.1. Let D C C be a domain and let f € @ (D). We say that f belongs
to the class RO if there is a disc D(a, r) CC D such that
lim (o, p@a.rn (/N =0,
k—o0
where
Pk,D(a,r)(f) == inf{| f = p/qllp@.r : P.q € Pr(C)}.
Note that f € R 0 if and only if, there exist a disc D(a,r) CC D and a sequence

k . .
(Pr/9K)k> P> gk € Pi(C), such that || f — pk/qk|||]13/(a’r) it 0. We will see that in
fact the definition is independent of the disc D(a, r).
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Proposition 9.2.2. Let D C C be a domain with D(a,r) UD(b,s) C D, f € O(D).
Assume that || f — pk/qk|||]1)/(]; 5y = 0, where pi.qr € Pr(C), k € N. Then there
exist polynomials py, i € Pr(C), k € N, such that

S 1k
I f - pk/QkHID(a,r)UD(b,s) k—_:oo 0.

In particular; if (p,p(a,n (f)/* — 0, then (pe.pe.s) (/) — 0.

Proof. We may assume that @ = 0. Let v’ > r be such that D(r') CC D. Choose
smooth domains D, CC D; CC D such that D(r") UD(b, s) C D,. Recall that such
domains are regular with respect to the Dirichlet problem.

By assumption there are polynomials pg, gx € Px(C) with

1/k 1/k
e =1 = pe/arlig, — 0.
We may assume that pg, gx do not have common zeros and that g < 1 for k > k;.
Put v; := pi/qr. Then vy is holomorphic in a neighborhood of D(r); in particular,
qx has no zeros on this neighborhood.

Fix a k > k. Denote by B 1,.... Bk, (¢x =< k) all the zeros of g (counted
with multiplicities) which lie inside of D(2R) with R := max{l,sup,cp, |z[|}. Put
wi(z) := ]_[;";1 (z = Bk,j)- Then s = riwy is arational function of degree less than
or equal to k which has no poles inside of D(2R). Then

sk lloe) < vk lloe Ik loey < (1 Ioey + DFGR)E =: 4F.

Moreover, there is a ¢ > 1, independent of k, such that || |pr) < tk||sk|||D(,).
Indeed, let G := C\ D(r). If B € G, then g (B, -) means the classical Green function
with logarithmic pole 8, i.e. gg(B,-) is harmonic on G \ {8}, bounded outside of a
neighborhood of §, gg(B,z) = —log|z — B| + O(1), and g (B, 2) —>Z 0 for all

zZ—>

¢ € dD(r). In particular, we have gg (B, z) = log |§|73__r22‘|.

Denote by o 1, ...,k all poles of 5. Recall that they lie outside of D(2R).
Then

skl
up = log 86 (a5
®Tsklloe ; 7

is subharmonic on G with non-positive boundary values. By the maximum principle
it follows that

Li

15k (2)] = llskllpe exp (ch(ak,j,Z)), z€G.
j=1

Using the concrete formulas for the involved Green functions, we receive

R k
52| < llswlloin (%) = € DR\ D().
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It remains to put ¢ := 3R/ r.
Put F, := (f — rx)or = fwp — si. Note that F, € O(Dq). Then, from the
considerations before, the following inequalities become true:
Isillp, < *lsillpe) < (A" =: A3,
IFellpe) < ek @R + r)* =: g A5,
1Fel 5, < 115, loxllber) + lIskll5, < (1+1£15,)5(1 +3R)* + A5 < 4§,

Applying the Two Constants Theorem with respect to D, \ D(r) it follows that
Fe(@)] < (ex A7 QAT < @aL ze Dy,

where y(z) := 1, |z| < r, and y is the solution of the Dirichlet problem on D; \ D(r)
with the inner boundary values identically one and the outer ones identically zero.
Recall that y is positive on D». Put ¢ :=inf, 5, y(z) > 0. Then we have

c qk
1£(2) — v (2)] < &3

| (2)]

, 2652\{,3](,/ j =1,...,}{k}.

It remains to estimate wg from below. Fix s/ > s with D(b,s") C D,. Letd =
min{dist (D(r'), 3D,), dist (D(b. s"), dD), 1}. By the Cartan-Boutroux lemma (see
[Ber-Gay 1991], Lemma 4.5.13), there is a finite number of discs K, ..., K, with
>9_, diam K; < d such that

j=1
d \* d \¥ ¢
wot- ()= () see\(n

Put G; := D(r') U K; and G}/ := D(b, s") U |J K;, where the union is taken over
those K;’s which intersect D(r"), respectively D(b, s). Then G := G, UG} CC D».
Therefore,

|f(2) —1x(2)] < £ AR (12/d)F =: £ AK, 2z € 3G, UDG].

Note that vz has no poles on 0Gy.

Now let ek 1, ..., 0 k) denote all poles of i which are inside of Gi. Then ri
may be written as its Laurent expansion around o s, i.e. ¥x = hgm + gk,m» Where
him means the principal part. Set v} 1= rx — ) y ikl) h, ;. Then vy is holomorphic in
G. Moreover, rj — r,t is holomorphic outside of G and vanishes at co. Hence,

fo—r@ = [ 1OZu®, L [ fO-wd)

= d¢, zeD(r),
2ri Jyey, (—z 211 Jag,, {—z 6 2 )
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and
ooy | SO - ® 1 (@) —rx(§)
MO 5 eyt T mmi ey coe
z € D(b, s).

Taking the estimates from above one gets

8214]6{ max{2xs’ + nd,2nr' + nd}

-] < < ¢ Ak,
I/ = vilbeyupe.s = T mints — 5.7 — 1} = fk
Since the constants ¢ and 47 are independent of k we have || /' — 1 |||}3/(l:)UD(b 5) k—> 0
> —>00
with v7 i= v if k < ky O

The main result of A. Gonchar compares the property described in the former
definition and the single-valuedness of the domain of existence Wy of f. Recall that,
in general, Wy may be a Riemann domain over C. For the proof of this result we need
the following max-min comparison result for a rational function.

Lemma 9.2.3 ([Gon 1969]). Let K1, K> be disjoint closed discs in C. Then there is a
number p = p(K1, K3) > 1 such that

min{|re (2)] : z € K2} < p¥[|viclk,
for each rational function v = py/qx with deg vy := max{deg g, deg pr} < k.

Other versions of this estimate may be found in [Gon 1967], [Gon 1968], and
[Gon 1969].

Proof. We may assume that K1 = @(rl), K, = I]_)(az,rz), and a, > 0. Choose
p € (0,r1), ¢ € (az — ra,az) such that pq = r#, (a2 — p)(az —q) = r7. Then
K; ={zeC: |Z:q| = Aj} with Ay := p/ry and A, := (a2 — p)/r2 (EXERCISE).

zZ
Puth(z) := 4-2=£, p:= X5/A1 > 1. Then h(K,) = D and h(K>) = C \ D(p).
Let 1 be a rational function of degree equal to k with ||rg|x, = 1. Put T :=
ri oh~ 1. Then T is a rational function with ||Tx||p = 1, degTx = k. We have to show

that ming, p ) [Tk| < 0*. We may assume that Ty has no zeros on C \ D(p), i.e.
14

Hj:l(z —aj)

l_[;'n=1(Z - Bj)

where k = max{{, m} (the ;’s and the 8;’s are written as often as their multiplicities
and it is assumed that {o; : j = 1,... £} N{B; : j = 1,...,m} = @). Note that

Tre(z) = A A#0,
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|Bjl > 1, j = 1,...,m. Moreover, we have k = £ > m, since oo is by assumption
not a zero of Ty.. Put s := £ — m. Then T}, = z*T}, where

~ l_[f=1(z — ;)
=A
ST G- B)

is a rational function that is holomorphic at co. Observe that degTy = k = £. We
have ming, ) [Tk| = A° ming, p,) |Tx|. Thus the problem reduces to estimate T.

Puts,,(z) := ]_[71:1 % Then T /S, is holomorphic on C \ D(p) and we have
% < 1, z € dD. Therefore, [Fx| < |$m| on C \ D(p). To finish the proof we
only need to verify that ming\p,) [sm| < p™. Puto = 1/p, a; := l/ﬁj € Dy,

Jj=1,....,mand 8,(z) :=[]/, % Then

1
min [$,(2)| = = .
T\D(p) maxyp(o) [Sm(2)]

It remains to show that maxyp(e) |Sm| = o™. Note that it is enough to prove this
inequality for those o witho # |aj|, j = 1,...,m.
Using the mean value equation for harmonic functions, we have for an a € Dy

2 logla| if]a| > o,

27 Jo

log|oe —aldt = ,
logo  if|a| <o.

Therefore,

1 m 2w . .
2—2/ (logloe' —aj| —log|l —ajoe'|)dt
7~ Jo
j=1

1 m 27 )
) Z/ logloe" —a;|dt = E logo + E log|aj| > mlogo.
T~ Jo
]:1

Jilajl<o Jilajl>o
Thus, maxyp() [Sm| = ™. O

Remark 9.2.4. The number p in this lemma is nothing other than the so-called modulus
of the doubly connected domain C \ (K; U K3).

Theorem 9.2.5 ((Gon 1972]). Let D C C be adomainwith0 € D andlet f € O(D).
Assume that f € R°. Then the domain of existence Wy of f is univalent, i.e. Wy is a
domain in C.

Proof. It remains to show the following statement: if D, D, be two domains with
D(r) € D1 N Dy and f; € O(D;) with f = fi = f> on D(r), then f; = f> on
D1 N D,.
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Take rational approximants vy = pi/qr of f,ie. || f — rk|||})/(]:) — 0ask — oo.

Fix ana € Dy N D, and a disc D(a,s) C D1 N D,. Then, using Proposition 9.2.2,
. . = . 1/k

there are rational approximants v;x = pjx/q;k With || f; — rj,k|||D(a sune) — 0
J = 1,2. Inparticular, r; ¢ |p(a,s) — fj uniformly on D(a, s). Take now disjoint discs
D(r") € D(r) and D(b, s’) C D(a,s).

Put T := ry g — rpk; Tk is then a rational function of degree less than or equal to
2k converging to f; — f> uniformly on D(a, s). Then

ITklloey < 11 = v1klloe + 11F = v2kllpe) < 26k,

where g := max{| f — 1« ||;3/(I:),j = 1,2}. Applying Lemma 9.2.3 we see that

min{[F¢(2)| : z € D(b, s")} < 2(pex)¥ 0

Therefore, f; — f> has at least one zero on D(b, s'). Since s’ could be arbitrarily small,
it follows that (/1 — f2)(b) = 0 and, since a,b # a were arbitrary, both functions
coincide in @ and so on D1 N D5. O

Remark 9.2.6. (a) To conclude that Wy is univalent it is sufficient to know that
lim infg— 400 (0k.D(7) (f)) /% = 0 (see [Gon 1972]).
(b) A similar result remains true in higher dimensions; see [Gon 1974].

A large class of functions belonging to R is given in the next theorem.
Theorem 9.2.7. If S C C is closed and polar, then O(C \ S) C R°.

Theorem 9.2.7 is already mentioned in [Gon 1972] saying that it is a consequence
of results by J. L. Walsh. Here we present a complete proof which is based on a paper
of J. Karlsson (see [Kar 1976]).

First let us repeat some simple facts from interpolation theory. Let f € O(D) and
fix 2n + 1 pairwise different points ay, . ..,a2,+1 € D. Then there are polynomials
Py, On € $4(C), Oy normalized, such that (fQ, — Py)(a;) =0, =1,...,2n+ 1.
In fact, here we have 2n + 1 equations with 2n unknowns which can be solved, and
so P, and Q, exist. Observe that the rational function v, = P,/Q} is uniquely
determined (EXERCISE). We say that P,/ Q,, is the rational interpolant for f and the
pointsaj, j =1,...,2n + 1.

As preparation for Theorem 9.2.7 we prove an approximation result up to small
exceptional sets, small in the sense of the logarithmic capacity cap. To be precise we
have the following statement.

Proposition 9.2.8. Let S C C be a closed polar set with 0 ¢ S and f € O(C\ S).
For eachn, fix2n + 1 pairwise different points a,j € D(p), j = 1,...,2n+ 1, where
D@3p) NS = @. Denote by P,/Q, the rational interpolants for f and the ay ;’s.
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Then, for any ¢ > 0, § > 0, gnd R > 0, there exists an ng such that for eachn € N,
n > ng, there is a set A, C D(R) with cap(A4,) < & such that

|f(2) = (Pa/Qn)(2)| < €", z € D(R)\ Ap.

Proof. Step 1°: In a first step we assume that:

¢ S is compact and polar (not necessarily 0 ¢ S),
¢ f is bounded at infinity,
* all points a, ; belong to an arbitrary compact set E which is disjoint to §
(e.g. E = D(p) as in the proposition).
Now fix ¢, §, and R as in the proposition. Put 26; := min{l, %} and y =
dist(E, S). Moreover, take a positive < §; sufficiently small (the precise choice of 7

will be made later). Then, since cap(S) = 0, there is a normalized (monic) polynomial
h(z) = z*¥+lower degree terms (k = k(1)) such that

Sc{zeC:|hz)|<yy=D,=D

(see [Ran 1995], Chapter 5.5). Let n > k and choose £ = £(k,n) € N such that

n—k <kl <n. Putw,(z):= ]_[jz-ffl(z —dp, ;). Then

g = hé% € O(C\S).

Note that |g(z)| | — 0. Chose an integration cycle I" C int D such that
—>00

z|
dist(I,S) < y/2, indr(a)=-1,a€ S, and indr(a) =0, a ¢ D,

where ind,, denotes the winding number. Then the Cauchy integral formula gives

() = WO On = P)Q) , r= L (h* fOn)(©)

2ni Jr wa(§)( —2) 27 Jr 0n(§)(§ —2)
The second equation is true because the winding number is zero for points outside
of D.

d¢, zeC\D.

Therefore,
< Mok 10nllr ’ C\D
lg(z)| = Mn it on @)l zeC\D,
where
Mo e DI

2 dist(I,C\ D)
and /(I") equals the length of I". So we have for z ¢ D, Q,(z) # 0:

N w10ulr  lon)]
’h (Z)(f Qn)(z)‘fM” 100 ()] it lon (@]
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We may assume that R > 1, I" C D(R), and E C D(r) for a suitable positive r.
Then

(2R +1
infr |wn (§)] — 14

Let Q,(2) = ]_[;"=1(Z—bnjj),m < n. Assume that b, ; € DQR), j = 1,...m*,
and |b, ;| > 2R for the remaining zeros. Then
1§ — bn,j 3R

|z =bnjl = |z = bl

2n+1 _
) = Mt zeD(R)\ D, Qu(z) #0.

j=1,....m".

If j > m™, then

1§ — b, | < |§|+|bn,j|S|§|+2RS
|bn,j| — |z] 2R —|z|

|z —bp,;

Hence,
100
|0n(2)] —
where 0 (2) := [[J, (z = bn,))-

What remains is to find a lower estimate for (h* 0:)(z). Put

=BR)"/IQ*@)], |zl =R, LT, Qu(z) #0,

By = {w e C:|(h*Q})(w)| < sFFm™1.

Recall that 2¢Q* is a normalized polynomial of degree kI + m* < 2n. Therefore,
cap(By) < 67 (see [Ran 1995], Table 5.1). Consequently,

(r- o)e

1 2n
< nkeM(?,R)ann—Fl(S ) < 8”,
1
z€D(R)\ (B, UD), Qn(z) #0,
when 7 is correctly chosen.

Put4, := (B,UDU{b, ; : j =1,.. .,m})ND(R). Recall thatcap(D) < n < §;.
Using [Ran 1995], Theorem 5.1.4(a), it follows that

1 1 e
2R = 2R Z

log otay  log cap(B) log 257 IS 1o itn

Since the last sum in the above estimate vanishes, we have cap(4,) < (§;2R)/? < §,
which finishes the proof of the compact case.
Note that the set A, may be chosen to be closed.

Step 2°. Now we assume that
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¢ S is an unbounded closed polar set,
« all other conditions are as in Proposition 9.2.8.

Fix a point a outside of S with |a| > 2p and denote by L the map
Liz):=(z—-a)', zeC\{al

Put S’ := L(S) U {0}. Then S’ is compact. Set g := f o L™!. Obviously, g is
a holomorphic function on C \ S’. Note that g is bounded at infinity. Finally, let
Sk := S N D(k), k € N. Then, using [Ran 1995], Theorem 5.3.1, we conclude that

I 1
L(S)) < ——— cap(Sg) < ———— cap(§) = 0.
cap(L(S)) = Giaars)z APK) = G sy 4P

Therefore, L(S) is polar and so is S”’.

Put a, ; := L(an,;). Observe that all these points are sitting in the compact set
E := L(D(p)) which is disjoint to S’. Hence we can apply the first step for the data
S’,ay,j, E,and g.

By pn/qn we denote the rational interpolants for g and the d, ;’s. Put Q,(z) :=
(z—a)*qn(L(z))and P,(z) := (z—a)" py(L(2)). Then @, P, € $,(C). Moreover
we have

(fOn— Pn)(an,j) = (an,j _a)n(an - pn)(gln,j) =0, j=1....2n+1;

i.e. the P,/ Q, (after normalizing Q) are the rational interpolants for f and the ay, ;’s.
Now fix positive numbers ¢, §, and R. Let D(R) C D(a, r) for a suitable positive
r and choose
¢ §< min{r, Ial%}’
o8 <8/r2,
e & =cand R > 1/6.

Then, applying the compact case, there is an n¢ such that for all n > ny there exists
aclosed set A, C D(R’), cap(A4)) < &, such that forallw € D(R’) \ 4, the following

q

n

Fix such an n. Then
I(f = Pa/Qu)(@)| €. L(z) € D(R)\ 4. z € D(R) \ D(a.$).
Observe that for these z we have 1/r < |L(z)| < 1/8 =R.
Put A, := D(a,§) U L™Y(B,), where B, := A/, N A(1/r,1/8) is compact. Using
[Ran 1995], Theorem 5.3.1, for L~!: B, — C we get that

cap(L™Y(By)) < r?cap(B,) < r?§ <.
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Recall that cap(D(a, §)) = §. Moreover, note that diam(4,) < |a| 4+ r. Then using
[Ran 1995], Theorem 5.1.4(a), it follows that

cap(4,) < ((la] +r)8)* <6,
which finishes the proof. O
Proof of Theorem 9.2.77. We may assume that 0 ¢ S. Fixan f € O(C\ S)andr >0
with S ND(r) = @. Foreachn € N choose 2n + 1 pairwise different points inside of

D(r/3). Let P,/ Qx be the associated rational interpolants. Moreover, let r; > r such
that D(ry) does not intersect S. Put p := (r1 —r)/2,s:=r+ p,and I" := ID(s).

Write Q, = Q,, Q. with polynomials Q/,, O/, where Q, contains all linear factors
of 0, whose zeros have absolute value less then r+ p/2. Using power series expansion
around the origin we may write fQ) = p, + z"t!'g,, where p, € £,(C) and

gn € O(D(r1)). Then, using the Cauchy integral formula, we get

1 (fOn — Pn)(©) d§+L (Pn — @, Pn)(©)
27i Jr 00N (¢ —2) 7 2mi Jr Q)" - 2)
Note that the integrand in the second integral is holomorphic outside of D(r + p/2)
and vanishes at infinity. Therefore, this integral is equal to 0.

Now fix k € N and choose ¢ > 0 (sufficiently small). Put § = p/16 and R = ry.
Then, using Proposition 9.2.8, we find an nj such that for each n > nj there exists a
set A, C D(r1), cap(A,) < 8, such that

(fQn = Pa)(2)] < {10 (2)],  z € D(r1) \ Ap.

Put Ay = {z € A1 |(fQn—Pu)(2)] > &;]| Qullg}, Where A = A(s —p/2,5+p/2).
Then A, C A, and A, is openin A. Let A’ be a connected component of A,. Then,
by the maximum principle, we see that it has to cut JA. Recall that (see [Ran 1995],
Theorem 5.3.2(a))

gn( ) dé’, VARS D(r)

diam A < 4cap A’ < 4cap A, < 48 = p/4;

therefore, A, and I" are disjoint.
Now we continue our estimates for z € D(r) (note that Q; is without zeros in
D(r)):

n+1

pa(2) | _ |8(2)z r\"*tt 1 o 19nllx

" - " = 5-27s| ETon

n(2) 0,(2) 2 |0 (2)]infig1= |07, (D)
Let Q(z) = (z —a1) - (z —am)(z — am+1)---(z —ag) withm < £ < n and
laj| < r+p/2,j =1,...,m, and |aj| > r + p/2 for the remaining zeros. If
z € D(r), then

‘f()—

Z f—
19nla _ I s+p/2+a;] _ (2s+p)Z m
1071 laj|—r /2 ’

j=m+1
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and if |{| = s, then

10,lla 194 25+p 2s +p\"
10, (D] — 1_[ s—r—p/2 7~ (P/Z)

Finally, we end up with

Jj=1

o B« LB oy,
or
\f()—gj,(()) < M(M'Y'el, zeD(). n > ny.

where M := 1+ = and M’ := %ﬁf"). Without loss of generality, we may choose
ny < ng4+q for all k’s. Then

(ono) D" < MM < 1/k. ng <n < g,
if the e ’s were correctly chosen (observe that all other constants depend only on the
geometric situation). Hence, (p,,p¢) (f ))1/ T - 0. O
n—oo
On the other hand we have the following partial converse result (see [Kar 1976]);
the full answer will be given in Theorem 9.2.14.

Proposition 9.2.9. If D C C is a domain such that K := C \ D is compact and
O(D) C RO, then K is polar:

To be able to present the proof of this proposition we need the following information
about the behavior of Padé approximants.

Lemma 9.2.10. Let f € O(D(R)). For eachn € N denote by P,/ Q the n-th Padé
approximant of f at zero of order n, i.e. Py, Q, € $,(C) with
Onf — Py = canp12°" ! + higher terms.

Assume that deg Q, = n, 0,(0) # 0, Q, normalized and without zeros in D(R).
Moreover, let v, = py, /qn be a rational function without poles in D(R). If r € (0, R),
then

R+ 7)2" I/ —rullDe)
R—r r—|z|

2n+1
0~ Baf ool = 2 . zeD).

Proof. We may assume that g, has no zeros in D(R). Using the Cauchy integral
formula we see that, for z € D(r),

(Z)(an — Py)(2) _ L/ qn(§)(fOn — Pn)(é‘) dt
n z2n+1 - 2 D) é—2n+1(é— )
! /0 .

" 270 Japgy 20 I(E - 2)
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(the integrand of the remaining integral tends to zero if z tends to infinity and hence
this integral vanishes).
Therefore (with the same argument),

z2ntl L / 0n(Q)(fan — pn)(©)
On(2)qn(2) 271 Jop(ry  P"THE —2)

(f = Pn/On)(2) =
Then

[\*" |QnPnlloe) | = Pn/dnlloe
(= paf @] = 2| ) (S Lroe L Pulen) - ¢ p),

d¢, z e D(r).

It remains to observe that

| Qngnllpery - (R + 7)2"
min{|(Qngn)(2)| : 2 €D(r)} ~ \R—r/ ~
which proves the lemma. O

Proof of Theorem 9.2.9. We may assume that 0 ¢ K. Suppose that K is not polar. Put
K’ :={z € C:1/z € K}. Then, using [Ran 1995], Theorem 5.3.1, it is clear that
K’ is a compact set which is not polar. Put D’ := {z € C : 1/z € D}. Then D' is
connected and K’ = C \ D'.

In what follows we need the Bernstein Lemma (see [Ran 1995], Theorem 5.5.7)
telling us that for a Fekete polynomial g, for K’ of degree n > 2, the following
inequalities hold:

egy(z,oo)(cap(K@)fD/‘Z’“) - (|qn<z)|
52(K') = \lgallx

Here §,, denotes the n-th transfinite diameter (see [Ran 1995], Definition 5.5.1) and
tps is the Harnack distance (see [Ran 1995], Definition 1.3.4) of D’. Recall that

1 <tp(,00) — 1, 1p(:,00)is continuous, and that cap(K’) < §,(K') — 1
|z|—>o00 n—oo

(see [Ran 1995], Fekete—Szegd Theorem 5.5.2).

Put n; = 1 and ngyq = 2n; + 1. Now choose numbers Ay with |Ax| =
((1 — &) cap(K"))"k, where ¢ € (0, 1). Fix an arbitrary point a € D’ N C and choose
a closed disc I]_)(a,sa) C D’. Then, tp/(z,00) < M,, z € D(a, s,), for a certain
positive M,. Applying [Ran 1995], Theorem 5.5.4, we conclude that

~ cap(K’)"k \cap(K’)

1/n
) <80/ 2 e D'\ {ool.

Ak
dny

Mg,
) , z € D(a,sq).

For large k, k > k,, we have 1 < (8,, (K")/ cap(K’))M“ < (1 + ¢). Thus |A’E| <

lgn, (2)] —
(1 — &2)" k > k,. Therefore, the series

g =) A/qn (2), zeD',
k=1
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is uniformly convergent on D(a, s,). Since a was arbitrary, we conclude that g is holo-
morphic on D’. Moreover, we know that tp/(z, 00) < 2 whenever |z| is sufficiently
large. Using the former estimates gives that g remains bounded at infinity.

Put f(z) := g(1/z),z € D\{0}. Then f is holomorphic on D \ {0} and it extends
holomorphically to the origin, i.e. f € @ (D). Observe that

[e.¢]

(=1)*k Ay z"k
_ , D.
7 1; Wi, 1 - Wiy (2 = T/ wie ) -+ (2 = 1/ Wi ny) o
Put k
._ (=1)" Apz"
(Pk/Qk)(Z) T ng Wi ... wj,nj (Z — l/w]',l)"'(Z - l/wj,nj).

Obviously, Ok, Pr € Pn, (C),and deg O = ng, O is normalized and without zeros
in D(dist(0, K)), where Ny := Zle nj. Moreover, we have

(e ¢]

Pe(z) 5 (—1)" Ay 2"

Ok(z) Wit Wi, (2 = 1/wj1) (2 — 1/wjn;)

which has a zero of order at least ng; = 2N; + 1 at the origin, i.e. Px/Qy is the
Ng-th Padé approximant of f at the origin.

Fix now a point zg € D(r/4) \ {0}, where r := dist(0, K), and choose the A in
such a way that Ag /g, (zo) > O for all k. Then

fz) -

j=k+1

k
_ Aj
£ Go) — (Be/ Qo) =01/ 20) —; Pty
Ak _ ((1 — &) cap(K"))"**
a an+1(1/20) |an+](1/20)|

Applying the right-hand side of Bernstein’s lemma and [Ran 1995], Theorem 5.5.4, we
get

1/n
|anJrl (I/ZO)|1/nk+l < egD/(l/ZO,OO)||an+l ”K’ k1< egD/(l/ZO,OO)(gnkH_

In particular, we end up with

(1 _ 8) cap(K/) )2+1/Nk
e8&p’(1/20,00) § '

1/ (z0) — (Pe/ Q1) (z0)[ /M = (

Nk+41

Obviously, the last sequence does not converge to zero.

It now remains to show that f|p(.) does not belong to R°. Assume the contrary.
Then we have rational approximants p, /g, without poles inside of D(r/2) such that
\f — Pn/Gn ||[})/(’:/2) — 0 asn — 0. Then, using Lemma 9.2.10, it follows that

~ ~ N,
| £(z0) = (Pe/ Q) z0) [V < const | f — v, /i sy — O:
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a contradiction. O
There is another way to characterize those functions f which belong to R°.
Theorem 9.2.11. Let f € O(D), f # 0. Put
jp = Aji+k-1
Vi(f) =Vi:= sup |det| : ... : , keN,
J1senJi

je v Ajg+k—1

where f(z) =Y 7o aj zJ denotes the power series expansion of f. Then:
0o . . 1/k% _
f € R ifandonlyif khm Vi = 0.
—00
To be able to prove this result various preparations are necessary. Put

(sup|ajck + .- —I—aj+kco|), k> 0.

Mk+1 = Me+1(f) := inf
(Chsers€0)ECKX{1} " j>1

Note that nx > ng+1, k > 1. Indeed, take (cx—1,...,Co) € Ck-1 x {1}. Then

sup |ajck—1 +---+a;xk—1)col = suplaj_10+a;cx—1 +---+ajrEk-1col = Nk+1-
j=2 j=2

Since (cg—1, . - ., o) was arbitrarily chosen, it follows that nx > 1z 1.
First we express the property that f € R in terms of the numbers ny.

Lemma 9.2.12. If f is as in Theorem 9.2.11, then:

f€R® ifandonlyif lim /% =o.
k—o00

Proof. Assume first that f € R°. Using Lemma 9.2.2 it follows that

lim (p,p(f)"* = 0.
k——+o0

Therefore,
1/k
|7 =l =0
gk 'D

for suitable pg,qr € Pr(C).

Fix a k. We may assume that any zero of g is not a zero of py and g (0) = 1.
Then all zeros of g lie outside of D. We denote the zeros of g by Qe 1se s O gy
(counted as often as their multiplicities), i.e. s < k. Then

z z
_ak,l _ak,sk
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Hence, for z € D, |qx(z)| < (\ak 1+ 1) (Ia/ m + 1) < 2k,
So we reach the following estimate:
k k Pk |\/* 1/k
laf = pellg* = a1 = 25|57 =25 = 2|5

D k—>c>o

Write pg(z) = Zﬁ:o dez® and gi(z) = Zﬁ:o ¢sz%. Recall that ¢ = 1 and
lcj| < 2% Then

00 k
aw@f@O—p@) =3 (Y ao)" =Y duz", zeD.
m=0

m=1 s+o=m

Let m > k. Then, by the Cauchy inequalities, it follows that

lam—kck + -+ + amcol < gk f — pr |-

So we get ) < llgie.f — picll/“FY

To prove the converse implication let us assume that lim 1,

— 0. Hence, limy _, o n,lc/k = 0.
/K — 0. Obviously, we

may assumethat || f||p < 1. Then we find apolynomial g, = Zm:O cemz™ € Pr(C)
with ¢g o = 1 such that

Me+1 < suplajci + -+ + ajykcicol < &k,
Jj=1
where g 1= 2ng 41 if ng41 # 0, otherwise g := ¢*. Then 9 (2) f(2) = pr(2) +
Yookt (Xstomm dsCh,o) 2™ with px € P (C). For |z| < 1/2 we get:

oo

k() (D) =@ < ) a1/ = a2

m=k+1

k
thus [|g £ — picllgs 0y < (1/2)(e0)"/* = 0.

Write gx = q;,qy, where q;., q;, € Px(C) with ¢, (0) = q 70) =1 such that the
zeros of the first polynomial are not in D while all zeros of q;, belong to D. It is easy
to see that |q; (z)] > 27% |z| < 1/2. Then

9¢(2) f(2) = pe(2) /a1 (2)| < ek, |z] < 1/2.
What remains is to handle the factor g;'. Fix a § € (0,1/40) and put Ey := {z €
D(1/2) : g} (z)| < §¥}. Then
cap Ex < cap{z € C : |g;(2)] < 8"}
= cap{z € C: |ok,1 s g5 ()] < 8 etge1 -+ s, |}

< Slags g |VE <6,
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where the oy ; denote the zeros of ;. Set Ay := {r € (3/8,1/2) : 3y, : re e Ei}.
Using [Ran 1995], Chapter 5, Exercise 3, one has cap E; > E1(Ar) /4. Therefore,
we find a radius pr € (3/8, 1/2) with Ex N dD(px) = .

Put

1 "k (8)

v¥(z) 1= —
27ti Jom(or) &~ 2

d¢.
Note that r} is a new rational function of degree at most k. If z € D(1/4), then

* Pk€k Ek
| f(2) —I‘k(z)| =< m < S_k

Hence, || f — r*|||]13/(lf/4) < (4e)V* /8§ — 0,ie. f € R°. O
Moreover, we have the following lemma.
Lemma 9.2.13. Let f be as in Theorem 9.2.11. Then
Me+1Vie < Virr <k + D1 Ve, k> 1.

Proof. Note that V; = 0 implies V;4; = 0. Fix a k with I, # 0. Foran ¢ € (0, 1)
choose indices i, ..., jx such that

At Gjitk—1
A i=|det| : ... : > V(1 —e).

Aje 7 Ajr+k—1

For an arbitrary j we conclude that

Ajy o Aji+k—1 Atk
Vi+1 = |det :

Ajg =+ Qjgtk=1 djp+k

aj o Ajtk—1 djtk

Thus,

A4 Ag
Viv1 = Arlaj—— 4+ ajpk——| = V(1 = &)M41.
Ak Ak
Since ¢ is arbitrary chosen, the left inequality is proved.
For the right inequality let ¢ > 0 be given. Then there exists (ck., ..., co) € CFH1,
co = 1, such that

suplajck + -+ ajykcol < k41 + &
Jj=1
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Then we start with arbitrary indices ji, ..., jr+1. We get
aj T aji+k
det : :
Ajkt1 """ Qg +k
ajy vt Gjitk—1 dji4kCo Tt 4 Ck
= |det : :
Ajgyr " Qjgtk—=1 Gjg gy +kCo o+ djp g, Ck
<(k + DVisuplajck + -+ ajtrcol = (k + D)Vi(e+1 + €),
j=1
from where the left inequality immediately follows with & — 0. O

Proof of Theorem 9.2.11. Lemma9.2.13 leadstony---nx < Vx <klny---ne, k > 1.

If Vkl/kz — 0, then Vkl/k2 > (- me) V> (ni)l/kz, which gives the claim.

Now assume that f € R®. By Lemma 9.2.12 it follows that n,lc/k — 0. Then

1/k? - ) V5 Fi ~ :
Vi < (k'ny---nr) . Fix an arbitrary . Then there is a k. such that for all

k > k, we have n,lc/k < ¢. Thus, if k > kg, then:

k2 2 2 2
VIR < ()R (g o ) VA2 ket D)

2
which implies that lim sup Vk1 [k < J/&, i.e. this sequence converges to 0.
Hence the theorem is completely proved. O

Using the former result we get
Theorem 9.2.14. If D C C is a domain with O(D) C R°, then C \ D is polar.

Proof. We may assume that 0 € D. The case when K := C \ D is compact follows
from Proposition 9.2.9.

Now let K be arbitrary and suppose it is not polar. Put K; := K N D(j). Then K )
isnotpolar forall j, j > jo > 1. Put D; := C\ K. Two cases have to be discussed.

Case 1: (C\ D(jo)) \ K # 2.

Fix two points a,b € Dj,. If both points are not contained in K, then they can
be connected by a path lying in D C Dj,. If a, b are outside of K}, then there is a
curve outside of Kj, connecting them. Moreover, if |a| > j and |b| < j, one may
connect them inside of Dj, via a point ¢ € (C \ D(jo)) \ K. Hence D o 1s connected.
Then the compact case applies and leads to an f € O(Dj,) C O(D) with f ¢ R%;a
contradiction.

Case 2: C \ D(jo) C K.

Then Dj, C D(jg). Put

1@ =Y =Y /0. Izl < o
k=1 k=1
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and
al Y an

Ap=1 1 .. : , neN.
dp +*+ d2p—1

Obviously, f € O(D(jo)). Suppose that ¥ € R°. Then the former criterion leads to

; 2 . 2 . 2k . 179k

0= lim Ve(/)"* =timsup|Ae/V* = tim |4 |'?" = 1im jo/* =1
k—+o0 k—>—+00 k—>+o00 k—+00

a contradiction. Hence, f ¢ R°, which gives the desired contradiction. O

Remark 9.2.15. A similar result in higher dimensions was proved in [Sad 1984].

The last criterion may be used to discuss the fiberwise behavior of functions of
several complex variables. Namely, we have the following result, due to Sadullaev.

Theorem 9.2.16 ([Sad 1984]). Let f € O(DP*!) and let A C D? be not pluripolar.
Assume that f(z',-) € R® forall z’ € A. Then f(z',-) € R® forall z/ € D?.

Proof. Without loss of generality we may assume that /' € O(D? x D)and | f] < 1

on DP*1. Let f(z) = f(z/,zp4+1) = Z}";O aj(z’)zéJrl be the Hartogs series of f.

The a; are holomorphic functions on D? with |a;| < 1. Put

aj (') - @ r-1(2)

MNE) = Vi) = sup fder| 2]
JloeesJk aj, (Z/) ajk-i-k—l(z/)

keN,z eD?.

Observe that log Vj is the upper semicontinuous supremum of a family of plurisubhar-
monic functions, bounded from above. Hence, V;, € PSH (D?).
Putv := lim supy_, oo (1/k?)log Vk. Thus Theorem 9.2.11 implies that v = —c0

on A. Using Proposition 2.3.12 we have v* € £$H# (D?). Moreover, v* = v = —00
on A\ P for a suitable pluripolar set P (see Proposition 2.3.22). Note that A \ P is
not pluripolar which implies that v* = —oo on D?. In particular, v = —oo on D?,
which proves that f(z’,-) € R?, z/ € D?. O

9.2.2 Oka-Nishino theorem

Definition 9.2.17. Let D C C” be a domain and let S C D be relatively closed. We
say that S is pseudoconcave if any pointa € S has a neighborhood U, C D such that
the open set U, \ S is a region of holomorphy.

Proposition 9.2.18. Assume that D is a domain of holomorphy and S C D is relatively
closed. Then S is pseudoconcave in D iff D \ S is a region of holomorphy.
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Proof. Assume that S is pseudoconcave. Let (Dg)p2, be an exhaustion of D by
domains of holomorphy. It suffices to show that Dy \ S is pseudoconvex, £k € N
(cf. Theorem 2.5.5 (a)). Since the notion of pseudoconvexity may be localized (cf. The-
orem 2.5.5 (f)), we only need to show that each pointa € d(Dg \ S) has a neighborhood
U, such that (D \ §) N U, is pseudoconvex. The situation is trivial ifa ¢ S. Ifa € S
and U, is as in Definition 9.2.17, then (D \ S) N U, = Di N (U, \ §) is also
pseudoconvex. O

The following important result describing certain pseudoconcave sets in an analytic
way will be used in the proof of Theorem 9.2.24.

Theorem 9.2.19 (Oka—Nishino theorem). Let D C C? be a domain of holomorphy
andlet @ # S C D x C be a pseudoconcave set such that

(a) foreverya € D there existr, R > O with S N (P(a,r) x C) C P(a,r) x D(R),
(b) the set{a € D : #S(,,.y < 400} is not pluripolar.
Then there exist s € N and g1, ..., gs € O(D) such that

S={zw)eDxC:w' 4+ g @w 7 =0}
In particular, if the set {a € D : #S(,,) = 1} is not pluripolar, then
S={(z,w)e DxC:w= f(z2)}
is a graph with f € O(D).

Proof. Let Ay :=1{a € D : #S(,,.) < k}, k € Z . First observe that A is empty.

Indeed, suppose thata € Ag. Letr, R be asin (a). Since S N({a}xD(R)) = @, we
may assume that » > 0 is so small that P(a,7) CC D and S N (P(a,r) xD(R)) = .
Thus S N (P(a, r) xC) = @. Take an arbitrary domain of holomorphy Uy CC D with
P(a,r) C Up. Using (a), we find an Ry > 0 such that S N (Uy x C) C Uy x D(Ry).
Now, by the cross theorem (Theorem 5.4.1) applied to the cross

(P(a,r) x C) U (Up x A(Ryp, +00)),

we conclude that every function f € O((UpxC)\ S) extends to Uy xC. Thus § = &;
a contradiction.

We have assumed that | Jg=_, A is not pluripolar. Lets € N be the minimal number
such that A;_; is pluripolar and Ay is not pluripolar. Define

2
Di(z2) := max{( 1_[ lw,, — w,,|) D e € S(Z,.)},

n<v

zeD, keN, k>2.
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It is known ([Nis 2001], Theorem 4.8) that log Dy € PSH (D). Since Dy = 0
on As and A is not pluripolar, we conclude that D = 0. Thus Ay = D. For

z€Do:= D\ Agy let Sy = {E1(2). . & ()},

Pzw):=[[w-&@) =w +) gE@Hw™/. (z.w)e DyxC.

j=1 Jj=1

Take an ag € Do and let S(y,,.) = {b1,...,bs}. Let § > 0 be so small that D(b,,,8) N
D(b,,8) = @, u # v. Fixa§ € (0,8) and let » > 0 such that S N (P(ao, r) X
A(b;,8.8)) =@, j =1,...,s. Suppose that P(ag,r) ¢ Do and leta € P(ao,r) N
As_1. We may assume that S N ({a} x D(b;,8)) = @. Let p > 0 be such that
P(a,p) C P(ag.r) and S N (P(a, p) x D(by,8)) = . Applying the cross theorem
(Theorem 5.4.1) to the cross

(P(ao.r) x A(b1,8",8)) U (P(a. p) x D(b1,6)),

we conclude that every function f € O ((P(ag, ) *xD(b1,8))\S) extends to P(ag, r) X
D(b1, 6); a contradiction.

Thus P(ag,r) C Dg. In particular, Dy is open and, consequently, a domain
(because Ay is pluripolar). Moreover, we may assume that §;(z) € D(bj,(ﬁ), z €
P(ag,r), j = 1,...,s. Using the Hartogs theorem ([Nis 2001], Theorem 4.7), we
conclude that §; € O(P(ao,r)), j =1,...,s. Thus g1,...,8s € O(Dyp). In view of
(b), the functions g1, . . ., g5 are locally bounded in D. Thus, by the Riemann theorem,
they extend holomorphically to D. In particular, the function P extends to D x C. Let
So:={(z,w) e DxC: P(z,w) =0}. Wehave S N (Dg x C) = So N (Dy x C).
It remains to show that S = Sy. Since A;_; is pluripolar, for each point (ag, by) € So
there exists a sequence ((ax,bx))z=; C So N (Do x C) with (ax,bx) — (ao, bo).
Thus So C S. Conversely, let (ag,bg) € S N (As—1 x C). It suffices to find a
sequence ((ak, bx))ge, C S N (Do x C) with (ag, bg) — (ao, bo). First, by the same
methods as above, we find 0 < §' < & and r > 0 such that D(bg, §) N So,) = 1bo}
and S N (P(ag,r) x A(by,8".8)) = @. Leta € Do N P(ag,r). We only need
to observe that D(bg, §) N S@,) # @ because otherwise, using the above argument,
we would conclude that every function f € O((P(ag,r) x D(bg, 8)) \ ) extends to
P(ag,r) x D(byg, 5). O

Corollary 9.2.20. Let D C C? be a domain of holomorphy andlet @ # S C D x C
be a pseudoconcave set such that

(@) SN (D x Ag) = &, where Ag C C is a domain with 0 € Ay,
(b) the set{a € D : #S(,,) < 400} is not pluripolar.
Then there existt € N and hy, ..., h; € O(D) such that

S={zw)eDxC:Yi hjxw =1}.
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In particular, if the set {a € D : #5(,. = 1} is not pluripolar, then
S={z,w)e DxC:h(z)w =1}
withh € O(D), h # 0.

Proof. Let Sy := {(z,1/w) : (z,w) € S}. Notice that S; is pseudoconcave in D x C.
Consequently, the set Sg := S1 U (D x {0}) is pseudoconcave in D x C. It is clear
that Sy satisfies both assumptions of Theorem 9.2.19. Thus there exist s € N, s > 2,
and g1,...,8gs—1 € O(D) such that

So={(z.w)eDxC:w'+ Zj;ll g (2w =0},
which, after the inverse transformation, gives
S={z.w) eDxC:Y\g@w =-1}. O

Remark 9.2.21. (1) Notice that in [Nis 2001] (Theorem 4.9) the Oka—Nishino theorem
is formulated under weaker assumptions (a’)+(b), where

(') for each a € D the fiber S, .. is bounded.

Unfortunately, the proof presented in [Nis 2001] contains gaps.

(2) Moreover, Corollary 4.1 in [Nis 2001] (which follows from Theorem 4.9) says
that if for each a € D the fiber S, .) is bounded and the set {a € D : #S(,,.) = 1} is
not pluripolar, then S is a holomorphic graph over D.

Observe that this result is false — as a counterexample one can take D := C and
the pseudoconcave set

S ={z,w)eCxC:zw=1} Cc CxC,

which obviously is not a graph over the whole C.

9.2.3 Chirka-Sadullaev theorem

The following deep result of Sadullaev will play an important role in the sequel.

Theorem* 9.2.22 ([Sad 1982], see the proof of Theorem 1). Let M C D? x D be a
pseudoconcave set with M N (D? x A(1 — e, 1)) = @ (for some 0 < ¢ < 1). If for
almost all z' € DP the fiber M.y is polar, then M is a pluripolar set.

In fact we will use the following corollary of the above result.

Theorem 9.2.23. Let M C D? x C be a pseudoconcave set with M N DPF! = & If
for almost all z' € DP the fiber M(, .y is polar, then M is a pluripolar set.

Proof. The result has local character. Take a point (a,b) € M. Then, by Proposi-
tion 2.3.21 there exists an R > |b| such that M, ., N dD(R) = @. Consequently,
(P(a,r) x A(R—¢, R+ ¢)) N M = @ and we are locally in the situation of Theo-
rem 9.2.22. O
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Notice that Theorem 9.2.22 has been generalized in [Sad 1984].
Finally we arrive at the main result in this section dealing with “extension” of
singularities.

Theorem 9.2.24 (Cf. [Chi-Sad 1987]). Let D C C? be a domain of holomorphy, let
A C D be non-pluripolar, and let & # Ao C C be a domain. For a € A, let
M(a) C C be a closed polar set with Ag N M(a) = @. Define

§:={f €0(DxAg):Vaeu Elfae(D(C\M(a)) : ﬁl(w) = f(a,w), w € Ao}.

Then the §-envelope of holomorphy of D x Ay is of the form (D x C) \ M, where M
is a relatively closed pluripolar set such that

o M(a,.) is polar, a € D,
. M(a,.) C M(a), a € A,
e ifall the sets M(a), a € A, are discrete, then M is analytic.

Proof. Define

Sqa:={f(a,’): fe8}, aeD.
Theorem 9.2.7 implies that | J,c4 S« C R°. Consequently, by Theorem 9.2.16,
Usep 8a C R°. Hence, by Theorem 9.2.5 (a), for any g € $,, a € D, the do-
main of existence G ¢ C C of g is univalent. Let G, denote the connected component
of the open set int [ geSa ég that contains Ag. Then Ga is the S,-envelope of holo-

morphy of Ag (cf. [Jar-Pfl 2000], Proposition 1.8.3). Observe that C \ M(a) C Ga,
ae€ A Put B:=J,cpla} xGq.
Let
@: (D x Ayp,id) = (X, p)

be the maximal S-extension. Put p = (u,v): X — C? x C. Since p o ¢ = id, we
get D x Ay C p(X). Since ¢: (D x Ag,id) — (X, p) is also an O(D x C)|pxa,-
extension, we get p(X) C D x Agp. In particular, u(X) = D. Since (X, p) is an §¥-
domain of holomorphy, Theorem 9.1.2 implies that there exists a pluripolar set P C D
such that (X, pg)isan ($?),-region of holomorphy foreverya € D\ P. Observe that
@(a,-): (Ap,id) = (Xg4, pq) is a morphism. Let X? be the connected component of
X, that contains p({a} x Ag). Then ¢(a,-): (Ag,id) — (X2, pas) is an S,-extension
and (8,)%@) = (§9), Ixg. Hence, ps(X7) C Ga,a € D. PutY := Uaep X2
Observe that Y is open. We have proved that p(Y) C B. Moreover, since G, is the
S4-envelope of holomorphy of Ag, we conclude that (X2, p,) ~ (Gg.id),a € D \ P.
In particular, p,(X?) = Ga,a € D\ P. Thus, p is injective on Yq := Usenp\p Xa
and p(Yo) = U, D\ pla}x @a =: By. Since P is nowhere dense, we easily conclude
that p is injective on the whole of Y.

Take anag € D and a g € O(p(Xg,)). Since X is Stein and X7 is a connected
component of the analytic set X,, = {x € X : u(x) = ao}, the function g o p extends
toa g € O(X) (cf. [Jar-Pfl 2000], Proposition 2.5.10).
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Since pa(X7) = G,DC \ M(a) fora € A\ P, Theorems 9.2.5 and 9.2.16 imply
(as at the beginning of the present proof) that g o (p|y)~'(a,-) € R, a € D. In
particular, g = g (py)~!(ao,-) € R°. Consequently, by Theorem 9.2.14, C \ p(X?)
is polar,a € D.

Let G := p(Y), M := (D x C) \ G. We know that

*DxAygCG,ByCGC B,

« every function f € § extends to the function f := f% o (ply)~! € O(G),

* every fiber M(a,.) ispolar,a € D.

In particular, M does not separate domains.

Indeed, suppose that (U x V') \ M is disconnected for adomain U x V C D x C.
Write (U x V) \ M = £2; U £2,, where £2;, £2, are open non-empty and disjoint. Put

={aeclU:(V\ M(a’.)) N (£2}) @,y # D}, ] = 1,2. Observe that Wy, W, are

open and non-empty. Since V' \ M (a,) 18 connected for every a € U, we conclude that
win W2 =gJa contradlctlon

Let M := M 5,5 with S = ={ f f € 8} (cf. Remark 2.4.3). We have obtained a
relatively closed subset such that

* every function f € § extends to an f eO((DxC)\ 1\2),

* (DxC)\ M is an { f : f € §}-domain of holomorphy (in particular, M is
pseudoconcave),

. 1\7I(a’.) @ M(a,.) ispolar,a € D,

* M,y C Mgy C M(a),a e A.

It remains to use Theorem 9.2.23 to prove that M is pluripolar.

We move to the case where all the fibers A’/}(a,.), a € A, are discrete. We may
assume that 0 € Ag and let pg > 0 be such that D(po) C Ap. It suffices to show that
M N (D x D(Ry)) is analytic for arbitrary Ry > 0. Fix an Ry > po and let

={zeD: M N (U x D(Ryp)) is analytic for an open neighborhood U of z}.

Obviously, Dy is open. First we check that it is non-empty. Take an a € A* (cf. Defi-
nition 3.2.8). In particular, AN U is not pluripolar for any arbitrary open neighborhood
U of a. Since M(a,.) is discrete, there exists an R > Ry such that M(a,.) NAJD(R) =
Since M is relatively closed, there exists an 7 > 0 such that P(a,r) CC D and M N
(P(a,r) x dD(R)) = @. Observe that A N P(a,r) C {z € P(a,r) : A//}(Z,.) is finite}.
Consequently, by Theorem 9.2.19, applied to S := MnN (P(a,r)xD(R)), we conclude
M N (P(a,r) x D(R)) is analytic. In particular, Mn (P(a,r) x D(Ryp)) is analytic.
Now we check that Dy is closed in D. Take an accumulation pointa € D of D.
Recall that the set C := M, is polar. Let C' := {1/w : w € C}. Then C’ C
D(1/p) is also polar and, therefore there exists an R > Rg such that C’' NdD(1/R) =
@ (cf. Proposition 2.3.21). In other words, 1\71(,1,.) NdD(R) = @. Then, as above, there
existsanr > Qsuchthat P(a,r) CC D and MnN (P(a,r)x0D(R)) = @. Observe that
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Do N P(a, r) is open, non-empty, and Do N P(a,r) C {z € P(a,r) : M(Z,.) is finite}.
Thus, using once again Theorem 9.2.19, we conclude that MnN (P(a,r) x D(Ry)) is
analytic.

Finally, Dy = D and the proof is completed. O

9.3 Separately pluriharmonic functions II

Theorem 9.2.23 implies the following extension theorem for pluriharmonic functions.

Proposition 9.3.1 (Cf. [Sad 2005], [Sad-Imo 2006b]). Let D C C? be a domain of
holomorphy, let A C D be non-pluripolar, and let Ay C C be a domain with 0 € Ay.
Fora e A, let M(a) C C,#M(a) < 1, Ag N M(a) = @. Define

Fi={u € PH(D x A¢) : Vaeca Fi ere @\ M) : Ha(w) =ula,w), w € Ao}.

Then there exists an analytic set M C D x C such that
. M(a,.) C M(a), a € A,
e M ={(z,w) € D xC:h(z)w =1}, where h € O(D),
* every function u € F extends to a multivalued pluriharmonic function U on
(DxC)\ M.

Moreover; in the case when (x) A is not contained in any set of the form | Jy—, Ak,
where Ay = {z € Uy : x(z) = 0}, Uy C D a domain, ¢ € PH(Uy), px % O, the
above extension U is univalent.

The result will be partially extended in Proposition 10.5.1.

Proof. Let [ = g—;. Then f € O(D x Ag) and for each a € A the function
f; = %’% gives a holomorphic extension ofAf (a,-)to C\ M(a). Thus, we may apply
Theorem 9.2.24 and we get an analytic set M C D x C such that

. 1\71(,,’.) C M(a),a e A,

e fextendstoan f € O((D xC)\ M).

Define
w
Few)i= [ feDdt e ®xO\ M,
0
where the integration is over an arbitrary piecewise €! curve y: [0,1] — C \ 1\2(2,.)

with y(0) = 0, y(1) = w. Then F defines a multivalued holomorphic function
in (D x C)\ M. Thus #i(z,w) := 2Re(F(z,w)) + u(z,0) defines a multivalued
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pluriharmonic function on (D x C) \ M. Observe thatif a € A, then

ﬁ(a,w)=2Re(/0w8

(03t ) + ua, 0

E=EHN pe (/Ow (aa?ds + a;nad") - fow (aaﬁnadé - a;z;dn))
+u(a,0) = iig(w).

Consequently, i is an extension of u.

Let P :={a € D : M, = @}. Note that if a € P, then the function i(a, ) is
univalent. In particular, if M= , then 1 is univalent. Thus, we may assume that
M # .

Using Corollary 9.2.20, we easily conclude that

M ={(z,w)eDxC:h(z)w=1}

with h € O(D), h # 0. Consequently, P = h~1(0) is an analytic subset of D. In
particular, Do := D \ P is adomain. Puto := 1/h on Dy,

¢(z) :==Re (/{_a(m:g f(z,g)d;) = Re (/m:a fz,00) + g)dg), z € Dy.

Observe that

* ifa € Dy, then the function %(a, -) is univalent iff ¢ (a) = 0; in particular, ¢ = 0
onA\ P,
*pcE g)e}f(Do)

Thus, if A satisfies (), then we must have ¢ = 0, which implies that # is univalent.
O

Example 9.3.2 ([Sad 2005]). Put in Proposition 9.3.1, D := D, 4 := (—1,1) C R,
M(a) :={-1},a € (—1,1), u(z,w) := Re(zLog(w + 1)), (z, w) € D x D (where
Log stands for the principal branch of logarithm). Observe that if a € (—1, 1), then
u(a,w) = alog|w + 1|, w € C\ {—1}. Thus u satisfies all the assumptions of
Proposition 9.3.1 (cf. Example 3.2.20(c)). Notice that A is the set of zeroes of the
harmonic function D 5 z + Im z.

Taking M = D x {—1} we see that 1i(z,w) = Re(zlog(w + 1)), (z,w) €
(DxC)\ M, is not univalent.

9.4 Grauert—-Remmert, Dloussky, and Chirka theorems

$§2.1,23,24,25,2.7,2.8,9.2.3.

The following extension theorems with singularities, which are nowadays standard
tools in complex analysis, will play an important role in the discussion on cross theorems
with singularities.
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Theorem 9.4.1. Let (X, p) be a Riemann domain over C" such that O (X) separates
points in X and let ()? , P) be its envelope of holomorphy. We assume that X is a
subdomain of X ; in particular, p|xy = p.

(a) (Grauert—Remmert; [Gra-Rem 1956]) Let M C X bean analytic subset of pure
dimension (n — 1). Then X \ M is the envelope of holomorphy of X \ M.

(b) (Dloussky; [Dlo 1977], see also [Por 2002]) Let M C X be a relatively closed
thin subset. Then there exists an analytic subset M of X such that M N X C M and
X \ M is the envelope of holomorphy of X \ M.

__ Roughly speaking, the above results say thatif M C X is analytic, then m =
X \' M where M C X is analyticand M N X C M. Observe that in general
MNX M,e.g. if M isanalyticanddim M < n—2,then M = & (cf. [Jar-Pfl 2008],
Propositions 1.9.11, 1.9.14).

Proofs for (a) and (b) may be found in [Jar-Pfl 2000]. Here we present a proof for

(b) given by Porten (see [Por 2002]). We emphasize that (b) is also true in the case
when @ (X) does not separate points of X.

Proof. (a) For the proof see the one of Theorem 2.5.9 in [Jar-Pfl 2000]).

(b) From the very beginning we may assume that M is an analytic set of pure
dimension (n — 1) (use Remark 2.4.3 (e) and Proposition 2.4.6) and that all points of
M are singular withrespectto O (X \ M) (see Proposition2.4.4),i.e. M = M o(x\m)-

To prove (b) we have to find “an extension” of M as an analytic subset M of pure
dimension (n — 1) of X and to apply (a). In fact, let

a: (X \ M, plx\m) = (W.q)

be the envelope of holomorphy of X \ M. Recall that « is injective. Obviously, dy\y <
dw oa and therefore,  := @©" D (W)oa c @D (X \ M) (cf. Definition 2.1.8).
Applying that W is an @©"+1D (W)-domain of holomorphy (see Theorem 2.5.10) and
that "+ (W) is a natural Fréchet space of holomorphic functions, there exists a
g € OO tD (W) such that W is a {g}-domain of holomorphy (see Proposition 2.1.27
and Remark 2.1.28). Put f := g o a. Recall that 0" D (X \ M) may be thought
as a subset of M(X), i.e. there is an fy € M(X) with fo = fon X \ M (see
Proposmon 2.8.3). Applylng Theorem 2.8.4 glves a meromorphic extension f()
M(X ) of fo, i.e. fo = fo on X. In particular, fo |x\ar is holomorphic. Therefore,
S(f()) NXcM.

Note that if §( fo) NX = M,then M := 8( fo) is the analytic set we are looking
for. So it remains to apply (a). Assume that MnX M. Then there exists a
point xo € M which is non-singular for { fo}. Hence there is a connected open
neighborhood U = U (x9) C X and fj extends holomorphically to the whole of U.
Put X := X U U and note that 1dX\M g X\M — X is an { fo}-extension. Observe
that g is the holomorphic extension of fy via @. By Proposition 2.1.23, it follows
thata: X \ M — W is a maximal { fp}-extension. Therefore, we find a morphism
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v (X, plg) — (W.q) with ¥ oidy, 5y g = a. Fix now an arbitrary he O(X\M).
Take h € (9(W) with h oo = h and puth =ho oy on X. Then h € O(X) and
ho 1dX\MX =ho oY oidy\ g = hoo = h,ie hisa holomorphic extension
of h to X. Since h was arbitrarily chosen we get a contradiction to the fact that

M =Ms,(9(X\M)~ OJ

A similar result is true when the exceptional set M is assumed to be pluripolar.

Theorem 9.4.2 (Chirka; [Chi 1993]). Let (X, p) and X be as in Theorem 9.4.1 and
let M C X be a relatively closed pluripolar set. Then there exists a relatively closed
pluripolar set M C X suchthat MNX C M and X \M is the envelope of holomorphy
of X \ M.

To prove this theorem we have to use a local argument based on Theorem 9.2.24 as
it was done in the original proof by Dloussky for Theorem 9.4.1 (see [Jar-Pfl 2000]).
The main step is the following lemma.

Lemma 9.4.3. Put T := (D" ! x A(p, 1)) U (P,_1(r) x D) (r,p € (0,1)) and let
M C T be a relatively closed pluripolar set with M C Pp—1(r) x D(p). Then there
exists a relatively closed pluripolar set M C D" such that

e MNT CMand M C D" ! x D(p),

e forany f € O(T \ M) there exists an f e (D" \]\2) with f = fon T\M,
e D™\ M is a domain of holomorphy.

In particular, D" \ M is the envelope of holomorphy of T \ M.

Proof. We may assume that M = M o(r\pm). Put
M ={(z'.zp) € Pu_1(r) x Cy : (., 1/2,) € M}.
Then M € P£P and M N (D! x D(1/p)) = @. Put
= {2/ € Pyi(r) : My & PLP).

Proposition 2.3.31 (a) implies that B € P£5. Finally, set A := P,_1(r) \ B. Then
A is locally pluriregular. Applying Theorem 9.2.24 (with D = D", Aq = D(1/p),

M(a) = M(a,o), a € A)leads to arelatively closed pluripolar set M in D" x C such
that

(a,) is pluripolar, a € D",

z) Ez)

. M(a)CM(a ), a € A,
M (D" xD(1/p)) = @
« (D"~! x )\ M is a domain of holomorphy,
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(%) forevery h € O(D""! x D(1/p)) such that h(a, -) extends holomorphically
to C \ M., a € A, there exists an he@(D" ! xC)\ M) suchthath = h
on D"~ x D(1/p).
Now fixan f € O(T\ M). Notethat f(z’,-) € O(A(p, 1)),z € D*"!. Therefore,
f can be written as its Laurent expansion

Gz =) ajEzg = Y a4+ Y ez = T+ ).

JjeZ JEZ JEZ\Z

Note that £+ € @O(D") and f~ € O(D" ! x A(p, >0)). Moreover, f~ is bounded at
infinity. Hence, f~ = f — fTon D"~ ! x A(p, 1). Let

7oy @ = fT(@) ifz e (Pami(r) xD)\ M,
fzy:={7" nee G
f=(2) ifz € D" x A(p, 00).

Note that /€ O(((Pa—1(r) x C) \ M) U (D"~ x A(p, 00)).

Set g(z) =: f(z/,1/z,) on D" ! x A(0,1/p). Then g € O(D""! x A(0,1/p)).
Observe that g is bounded along D*~! x {0}. Thus, we may even assume that g €
O (D" ! x D(1/p)). Summg\rizing, g satisfies the condition in (x). Therefore, there
existsag € O((D"~'xC)\ M) withg = §on D"~ xD(1/p) andon {a}x(C\ M),
a € A. R

Finally, put £ (z) := (2, 1/z,) on (D"~! x D,) \ M’, where

M :={(z,z,) € D" ' x Dy : (', 1/z,) € M}.

Note that M’ is a relatively closed pluripolar subset of D"~ ! x D, that (D"~ x D )\M !

is a domain of holomorphy, and that M( y C© M,), a € A. Moreover, f f on
D" ! x A(p, 1) and f(a, ) = f(a, Jon Dy \ My, a € A

Set f := f + fT. Then f € O((D"! x Dy) \ M’). Observe that f = f on
D" 1 x A(p, 1) and f(a ) = f(a,-) on Dy \ M(a ) whenever a € A. So we have
assigned to any f € O(T \ M) a new function f € O((D" U x Dy) \ M’) with all
the properties described just before. Then we define M : (M U (D" x {0)s. 7>
where ¥ :={f : f € O(T \ M)}.

It remains to show that M, gy C M(4,0), a € Pr—_1(r). Otherwise one may find a
point z0 = (a°,a®) € M \ M with a® € P,_;(r). Then, since M is relatively closed,
P.(z°% ¢) C (P,—1(r) x D)\ M for a small . Note that f* and f are holomorphic
on the domain G := P,(z°,¢) \ M. Moreover, they coincide on the non- plurlpolar

set G N (A x Dy). Therefore, f f on P,(z°,¢)\ M , which contradicts that M is
singular for . Hence, MnN (P,—1 x D) C M. With a similar argument it follows that

f=FfonPui(r)\ M, 0
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Lemma 9.4.4. Let T be as in Lemma 9.4.3 and let M C T be relatively closed
pluripolar. Then there exists a relatively closed pluripolar set M C D" with
«MNTCM,
e forany f € O(T \ M) there exists an f e 9D \]\71) with [ = fon T\M,
o« D™\ M is a domain of holomorphy.
In particular, D" \ M is the envelope of holomorphy of T \ M.

Proof. As in the previous lemma we may assume that M = M o(1\m)-
Fix numbers p < ¢’ < ¢” < 1 and put

B:={z' eD"': M. NaID(s) # @ foralls € [0",0"]}.

Recall that B C {z/ e D71 : M.y ¢ PLP} (see [Ran 1995], Exercise 5.3.3 (i)).
Therefore, B is pluripolar (see Proposition 2.3.31 (a)). Moreover, the fact that M is
closed in T implies that also B is closed in D”~!. Hence, G’ := D"~!\ B is a domain
(see Proposition 2.3.29 (c)).

We claim that (x) for any b’ € G’ there exist a positive number r(b’) with
Py—1(d’,r(b’)) C G’ and a relatively closed pluripolar set My C Py (b, r (b)) x
D =: Zp such that

s My NT C M;

e forany f € O(T \ M) there exists a uniquely defined extension sz €O Zy\

]\711,/) such that f = fb/ on(TNZy)\ M;

« My = (My)s.5,,, where T := {fo : f € O(T \ M)}.

Obviously, there is nothing to verify when b’ € P,_1(r) N G’. Now fix a b’ €
G’ \ P,_1(r) and take another point a’ € P,_1(r) \ B. Choose a continuous curve
y: [0, 1] — G’ connecting a’ with b’.

Let us first take an arbitrary 79 € [0, 1]. We find a number o (¢9) € [0’,0”] such
that

My (10),) N ID(0 (1)) = @.

Applying that M is closed in T there are numbers p < o’(fp) < o(to) < 0" (fp) < 1
and a neighborhood V(y(#p)) C G’ with

(V(y(t0)) x A(0'(t0).0" (10))) "M = @.
Finally, by a compactness argument, we may choose points 0 = 79 < t; < -+ <
ty = 1 and polydiscs Q; := Pr,—1(y(j),7;) C V(y(z;)) such that
* Qo C Pp—y(r);

- UXo@; D y(0.1]);
e y(tj))eQj—, j=1,...,N.
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Take an r; > O such that V; := P, (y(t;),7;)) CC Q-1 NQ;, j =1,...,N.
Then, for j = 1,..., N, put

T; := (V; x D(0})) U (Q; x A(g},07)),

where 0]’- :=0'(y(tj)) and oj’.’ = o"(y(t)).

__ We claim that for any j = 1,..., N there is a relatively closed pluripolar set
M; C Q; x D satistying
«M;NT C M;
e forany f € O(T \ M) there exists a unique f; € O((Q; xD)\ I\Alj) such that
J=Jion((Q;xD)NT)\ M;

s (Mj)s,g; = Mj, where §; :={f; : f € O(T \ M)}.

To verify this statement we use induction. In the first step set My := T; N M.
Obviously, M is a relatively closed pluripolar subset of 77 with M; C V; x [D(UJ’-).
Therefore, we may apply Lemma 9.4.3. So we get a relatively closed set M, C
Q1 x D(o7), My € PLP, such that

. Ml N 7Ty C My and Ml C Qq x [D(O'{),

e any g € O(T; \ M) extends to a uniquely defined function § € O(T; \ M)

Wlthf = gOH T \Ml

In particular, if f € O(T \ M), then f|r,\m, extends to fio= flrm, €
O((Qy x D(oy)) \ My) with f = fion Ty \ M;. )

Moreover, we may assume that My = (My),,7,, where 1 :={f1 : f € O(T \
M)}.

Let f € O(T \ M). Note that f and f; are defined on the domain G; :=
(Qy xD(oy))NT)\ (M U M) and f = f; on Q; x A(o7, 07). Then the identity
theorem gives that both functions coincide on G1. Applying that M; = (M;);,#, and
M = Ms,@(T\M) leads to

M;N (@ xD(@/)NT =Mn (@, xD@})NT.
Hence, f; = f on (Q; x D(oy)) N T \ M. Put

S on((QixD)NT)\ M,

My =M UMN (@ xD)), fi:= {];1 0n(®1><|D(0{/))\M1~

Then M 1 and fl satisfy the condition in the above statement.
Assume now that the statement is proved for a j < N, i.e. there is a relatively
closed pluripolar set M;_1 C Q1 x D with

«M;_,NTCM,
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« forany f € O(T \ M) there exists an f;_; € O((Qj—; x D) \ M;_;) with
f=fi-ion (T N(Qj—1 xD))\ M,

o j—-1 = (Mj—l)s,f/_l’ where .T’j_l = {fj—l . f € O(T \ M)}

Observe that M;_; N T N (Qj_; xD) = M N T N (Qj_; x D).

Put M; = Y] i1 N T;. Then M; is a relatively closed pluripolar subset of 7;.
Applying again Lemma 9.4.3 we find a relatively closed pluripolar set M; C Q; X
D(o}') such that

d 1\7[]' NT; C M; andﬂj CQ; x [D(U}),

« forany g € O(T; \ M;) there exists a g € O((Q; x D(5})) \ MJ-) such that

g=gonT; \ M.

Fix an f € (9(T \ M). By induction, we know that there exists an f] 1 €
(9((@1 1 X [D)\M, 1) such that f = f] 1 0n (Q, 1 XxD)\ M. Thus, f] llTj\Mj
O(T; \ M;). Therefore we find an f; € O((Q; x ID(O]/-/))\M]) such that f; and f;_,
coincide on 7; \ M;.

Now we may assume that 1\7[]- = (Mj)s,f/, where ¥ :={f; : f € O(T \ M)}.
Arguing as above it follows that M i and M coincide in T N (Q; x ID(UJV )). It remains
to set

Wy = B U (@ xD)n M), f, =L On (& xDINTHA M,
i on(@; x D)\ M.
Hence, () is completely verified.
Now let there be two points b’ and b” in G’ with Q(b’,b") := P,—1(b', r(b’)) N
Pu—1(0",r(b")) # @ and take Mp, and M as above. Because of the fact that both sets

are singular with respect to %, and Fpr, respectively, we easily see that Mb/ Mbu
on Q(b', b"). Therefore, M : = Up e My C G’ x D is arelatively closed pluripolar
set such that

s MNT CM;

* any f € O(T \ M) extends holomorphically as a uniquely defined f € O(G' x
D\ M).

It remains to put M := (M U (B x D))s,#, where ¥ := {(f: feO(T\ M)

O

Now we are in the position to prove Theorem 9.4.2; in fact, we will follow the
argument used in the original proof of Theorem 9.4.1 (see [Jar-Pfl 2000], proof of
Proposition 3.4.10).

Proof of Theorem 9.4.2. Again we may assume that M = M, o(x\ M) Let

a: (X\M,p)— (Y.q)
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denote the envelope of holomorphy of X \ M; recall that ¢ cax = p. Put W :=
a(X \ M); W is a subdomain of Y.

By Proposition 1.9.9 from [Jar-Pfl 2000] there exists the lifting of the identity
morphism id: (X \ M, p) — (X, p) to amorphism ¢: (¥, q) — (X, p) withgoa =
id. In particular, ¢|w: W — V := X\ M C X is a biholomorphic mapping from W
onto V.

With respect to ¢ we have (see Section 2.6)

=¢ - =9 ~
* the Hausdorff space ¥ and the continuous mapping ¢: ¥ — X;

. . X = =¢ . = g
¢ the Riemann domain (Y , ¢ |;¢;), where ¢ (= pogandY =Y U3

= *Q = ~
* the morphism (p|;¢: Y, q<p|;w) — (X, D).
Note that (W) = X \ M, M is relatively closed pluripolar, and
o: W —->X\M

is a biholomorphic map.
¢
Then Proposition 2.6.4 implies the existence of an open set U C Y such that

= = *Q =
W C Uandg: U — X is biholomorphic. Thus ¥ := (gly)™': (X.p) = (¥ . ¢")
is a holomorphic extension of X.

*Q
For a moment assume that (Y , qw) is a domain of holomorphy. Then

= ¥ =9 P

p: Y. q)—>(X.p)

is an isomorphism. Put M = go(E) Then M is a closed pluripolar subset of X
and ¢: (Y,q) — (X \ M p) is an isomorphism. Hence X \ M is the envelope of
holomorphy of X \ M, i.e. the theorem is proved.

*Q
So it remains to verify that (Y , qw) is a domain of holomorphy. The proof of this
statement is based on Theorem 2.7.1(v). Take the morphism

ol (V. 7" be
<P|;w-( » q |;<0)—>( . D)

andrecall that X is a domain of holomorphy. Fix r and ,o andlet 7 be asin Lemma9.4.3.

Take a biholomorphic mapping f: T — f(T) C Y such that g := —pof:T—>X
extends to a biholomorphic mapping g: D" — g(D") C X. We have to show that

A * A
there is a holomorphic extension f: D" — Y(p (ie. f = fonT).
In fact, set P := f~'(f(T) N X). Then P is a pluripolar set relatively closed in
T. By Lemma 9.4.4 there is a pluripolar set P c D, relatively closed in D", such
that D" \ P is the envelope of holomorphy of 7'\ P. Applying the lifting theorem
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([Jar-Pfl 2000], Proposition 1.9.9) we see that f extends to a biholomorphic mapping
f:D*"\ P — f(D"\ P) C Y (recall that Y is a domain of holomorphy). Then

9o flrp =¢of =gonT\ P. Therefore, p: f(D"\ P) —>g(|D”)\g(P)IS
b1h010m0rphlc Again usmg Proposition 2.6.4 we find an open set U C Y satisfying
f (D™ \ P) C U such that ga U — g(D") is biholomorphic. Now it remains to define
the extension as follows: f = (<p|U) 6 g, which finishes the proof. O



Chapter 10
Cross theorem with singularities

Summary. Our main aim is to discuss a general version of the Chirka—Sadullaev Theorem 9.2.24. We find
a counterpart of the Grauert—-Remmert, Dloussky, and Chirka theorems (Theorems 9.4.1, 9.4.2) for crosses;
most of the presented results are based on [Jar-Pfl 2001], [Jar-Pfl 2003a], [Jar-Pfl 2003b], [Jar-Pfl 2003c],
[Jar-Pfl 2007], [Jar-Pfl 2011]; see also [Ale-Ama 2003].

The main result is Theorem 10.2.6 whose proof will be given in §§ 10.4, 10.6.

10.1 Oktem and Siciak theorems

The next step after Theorem 9.2.24 was taken 10 years later by Oktem who studied the
following range problem in mathematical tomography (ct. [Okt 1998], [Okt 1999]).
For w = (cos «, sin ) let wl = (—sina, cos «). Define

lwp =1x = (x1,x2) € R?: (x,0) = x;cosa + xpsina = p}, peR,

and let £, , be the Lebesgue measure on the line £, ,. For u € Ry, the exponential
Radon transform is given by the mapping

R
€ (R2,C) 3 h > Ry(h), R,(h): TxR—R,

Ru(h)(w. p) = / h(x)e" @) d g, o (x).

Lo, p

The main problem is to recover & from R, (7) which is measured. So it is important to
know the shape of the range of R,. Assume that g = R, (h) for some h € ‘C’(‘,"’(Rz, C).
Letg: T x C — C be the Fourier transform of g with respect to the second variable,
i.e.

§0.0) 1= /{R ¢(@. p)e a2 (p).

Easy calculations lead to g(w,{) = E(Cw + ipwt), where h denotes the two-
dimensional Fourier transform of /. Taking ¢ = it,t € R, gives g(w,it) = g(o, —it)
whenever tw + pot = —to + uot, w,0 € T. It turns out that this necessary
condition is, in fact, also a sufficient one.

Theorem 10.1.1 ([Okt 1998]). Let g: T x R — C and u # 0. Then the following
statements are equivalent:

(i) thereisanh € ‘C’(‘)"’([Rz, C) with g = R, (h);
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(i) g € €°(T x R,C) and g(w,it) = g(o,—it) whenever w,0 € T andt € R
are such that tw + pw* = —to + pot.

To prove this result Oktem used the following extension theorem with singularities.

Theorem 10.1.2 ([Okt 1998], [Okt 1999]). Let
X :=X(R,R;C,C) =(RxC)U (C xR)

(note that X = C? — cf. Proposition 3.2.3). Let M := {(z1,z5) € C?: 2y = z,}. Let
f: X\ M — C be such that for all a, b € R the functions

C\{a}sw+ f(a,w), C\{b}>2wr f(z,b)

are holomorphic. Then there exists an f € O(C?\ M) with f =fonX\M.

We should mention that there are also different proofs of Theorem 10.1.1; see, for
example, [AEK 1996] and [Bar-Zam 2009].

Sketch of the proof for the sufficiency in Theorem 10.1.1. Assume p > 0 and let g €
€°(T x R) such that g(w,it) = g(o,—it) whenever tw + pot = to + pot,
w,0 € T.Put f =g.

Note thatany x € R?, ||x|| > u, lies on exactly two lines Rw + ™ and Ro + o+
with w, 0 € T. Hence, one may define for x € R?, ||x| > 2,

F(ix) := f(w,it) ifx =tw + pw® forsomew € T,7 € R.

By the necessary condition the function F is well defined on K, := R? \ B¥(u).
The main goal in the proof of Oktem is to show that
(%) there exists an entire function F* € O(C?) with F*|ix,, = F.
It follows that F* allows an inverse Fourier transform 4. Then h € €*(R?, C)
and R, (h) = g. Hence it remains to verify the holomorphic extension (*).
To see the main argument for (x), let £ € R and put w(§) := (%, %) e T.
Then one defines a mapping ¢ : R? — K, by

o, n) :=ix, where x € (Rw(§) + ,ua)(é)l) N (Ro(n) + /Lw(r])L).

Calculation gives
i
1+ &n
Note that ¢ is even defined on C?\ I', where I" := {(£,7) € C? : £ = —1/n}. Finally,
put G = F o ¢.
One can prove that
* G(£,-) extends to a holomorphic function on C \ {—1/&} for £ € R,

e, n) =— € +nén—1).
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* G(-,n) extends to a holomorphic function on C \ {—1/7} for € R.

Note that the transformation (&, n) — (&, —1/n) puts us, in principle, in the situation
of Theorem 10.1.2. So it follows that G extends to a holomorphic function G* €
O(C2\ ).

What remains to verify is that the function F'* defined by the relation G* = F*og
is the entire function we were looking for. O

Oktem’s result (Theorem 10.1.2) was extended by J. Siciak in [Sic 2001].

Theorem 10.1.3 ([Sic 2001]). Let A; C C be locally regular, j = 1,..., N, and let

N
X :=X((4;. 0 ) = A1 x - x Aj 1 xCx Ajyy x - x Ay
j=1

(observe that X = CV). Let M := {z € CVN : P(z) = 0}, where P is a non-
constant polynomial of N -complex variables. Let f: X \ M — C be such that for
all j € {l,...,N}and (a},a}) € A} x A} with M(a},.,a}/) =% C, the function

C \ M(a};,a}’) > Zj = f(ll},Zj,a},

is holomorphic. Then there is an f € O(CN \ M) such that f =fonX\M.

Notice that Oktem’s theorem is just the case where N = 2, Ay = A, = R, and
P(Zl,Zz) =Z1 — Zp.

The above theorems have been generalized in [Jar-Pfl 2001], [Jar-Pfl 2003a],
[Jar-Pfl 2003b], [Jar-Pfl 2008] to various cross theorems with analytic and pluripolar
singularities, which will be presented in the next sections.

10.2 General cross theorem with singularities

§§2.1.1,2.3,24,32,54,7.1,9.1,9.2.3,9.4.

We begin with the formulation of a very general extension problem for crosses with
singularities. Consider the following configuration:
(C1) Dj is a Riemann domain of holomorphy over C"/,
(C2) Aj C Dy, Aj is locally pluriregular,
(C3) B; C B C A} x A}, 22 is pluripolar, j = 1,..., N,
(C4 X :=X((4;, D)), T :==T((4;, Dj, £)1,), T == T((4;, Dj, ENI,
(note that T® C T C X),
(C5) M CT,



224 10 Cross theorem with singularities

(C6) forany j €{l,...,N}andany (a}.aj) € (4] x A]) \ &;, the fiber M(a},.,a;/)
is closed in Dj,

(C7) forany j €{l,..., N} andany (a},a}) € (4} x A7) \ %9, the fiber M(a},.,a}/)
is pluripolar in D;.

Remark 10.2.1. (a) Clearly:

cif¥; =9,j=1,...,N,thenT = X,
< if X0 =%;,j=1,... N, then T =T.

(b) Note that some fibers M, (@) a)) with (a’; aaj al) e 20 \ ¥ may be also pluripolar,

i.e. the sets Y, ..., =% need not be “minimal”.
(c) If M is relatively closed in T, then (C6) is automatically satisfied.
(d) If M is pluripolar, then for every j € {1,..., N} the set

Cj:={(a).aj) € (A; x A))\ Z; : Mg} a7y is not pluripolar}

is pluripolar (cf. Proposition 2.3.31). Consequently, E;’ =%,UC;,j=1,...,N,
are minimal sets with (C7).
We will see in Remark 10.7.2 (b) that there are non-pluripolar sets M with (C7).
(e) If M is analytic, i.e.

(C5.) M =T NS, where § C U is an analytic subset of an open neighborhood
U C X of T with codimS > 1, then for any j € {1,...,N} and any
(a},a}) € (A, x A7)\ Z;, we have:

M(a},.,a}/) is pluripolar <= M(a},.,a}/) is thin in D;

= M(a};,a}/) is a proper analytic setin D;
= My a7 # Dj.

In particular, if we take E.? asin(d), j =1,...,N,thenT°\ M =T \ M.

(f) For every locally pluriregular set By C Dy, the set (47, \ £%) x By) \ M
is locally pluriregular (by Proposition 3.2.21) and dense in ((4)y \ X N) X BN)\ M.
In particular:

* ¢(T°)\ M is locally pluriregular and dense in ¢(T) \ M,

e T\ M is locally pluriregular and dense in T \ M.

Indeed, take (ay,an) € ((Ay \ Zn)x By)\ M. Since A’ is locally pluriregular
and E?V is pluripolar, there exists a sequence

Ay v sdk o 4
\ N k—+o00 N
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The set P := M4k .y is pluripolar. In particular, there exists a sequence By \

P> a’;\, — apn. Then

(M%\E%)XBMHAI9@*ﬂ§“;1”@kﬂN)

Definition 10.2.2. We say that a function f: T \ M — C is separately holomorphic
(wewrite f € Og(T\M)) ifforany j € {1,..., N}andany (a},a}) € (4;xA))\E;,
the function
Dj\ M, a7 2 zj = fa},zj,a}
is holomorphic (if M(a}’,,a}/) = Dj, then we understand that the above condition is
automatically satisfied).
Notice that in the case where M = & the above definition coincides with that of

Os(T) (Definition 7.1.1).

Remark 10.2.3. With the notion above one may reformulate Theorem 10.1.3:

Let X, M be as in Theorem 10.1.3. Then every f € Os(X \ M) extends to an
feOX\M).

Assume that (C1)—(C7) are satisfied and let @ # F C O5(T \ M). Our aim is to
decide whether there exists a new set M C X such that every function f € ¥ extends
holomorphically to X \ M. We will always assume that the family ¥ satisfies the
following “almost necessary” condition for holomorphic extension:

(C8) for every a € ¢(T) \ M there exists a polydisc I]AD(a, pa) such that for every
f € F thereexists an f, € O(P(a, pg)) with f;, = fon P(a, ps) Ne(T)\ M.

The following class of functions will be needed in our results (Theorems 10.2.9,
10.2.12).

Definition 10.2.4. Let O (T \ M) denote the space of all functions f € Ox(T \ M)
such that forany j € {1,..., N} and any b; € D;, the function
(A x AN\ (55 U Mep;) 3 (2 2)) o f() by 2))
is continuous (cf. Definition 7.1.1).
Obviously O (T \ M)NET \ M) C O(T \ M).

In order to shorten some long formulas we propose the following useful conven-
tion. Suppose that D is a Riemann region, A C D, a € D, and Pp(a,r) exists
(cf. Definition 2.1.3). Then we put

Ala,r] == AN ﬁISD(a,r).

Lemma 10.2.5. Assume that (C1)—(C7) are satisfied.

(@) If M C T is relatively closed, then ¥ := O (T \ M) satisfies (C8).

(b) If M C X is relatively closed, then the family ¥ := Os(X \ M) satisfies (C8)
forT = X.
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Proof. (a) Take ana € ¢(T) \ M and let r > 0 be such that @(a,r) NM=g. Put

X, = Xla, r] = X((4;]a.r], Blaj, r)Y)),
T, := Tla.r] = T((4;]a;j.r]. P(aj.r). Z;[(a}.a)). rDI)).

Observe that |, € OF(T,) for every f e ¥ Consequently, by Theorem 7.1.4, we

know that each f extends to an fa € (9(X ) with fa = f on T,. It remains to take a
Pa € (0,7) so small that IP(a Pa) C X..

(b) Use the same method as in (a) with Theorem 5.4.1 instead of Theorem 7.1.4.

O

Our main goal is to prove the following extension theorem.

Theorem 10.2.6 (Main extension theorem for generalized crosses with pluripolar sin-
gularAities).A Under assumptions (C1)—(C8) there exists a relatively closed pluripolar
set M C X such that

M1) M Ne(T% C M,

(M2) forevery f € F there exists anf € (9()/(\\]\71) such thatf = fonc(T°)\M,

(M3) the set M is singular with respect to the family F = { f . f € &} (c¢f Defini-
tion 2.4.1),

(M4) ifforany j € {1,...,N}and (a’ a”) € (A; x A7)\ 0 the fiber M(a ah) is
thin in Dj, then M is analytic in X (and in view of (M3), either M=@orM
is of pure codimension 1 — cf. Remark 2.4.3 (e)).

The proof of Theorem 10.2.6 will be givenin §§ 10.4, 10.6. First we discuss various
consequences. We need the following two lemmas.
Lemma 10.2.7. Under the notation of Theorem 10.2.6, ifE;’ C E} C A} X A}’,
j = 1....N, aresuch that M 0N T' C M for T' := T((4;.D;. =), then
f=FfonT'\Mforal f € F

Proof. Forany j € {1,..., N}, (a},a]) € (A} x A7)\ ¥, and f € ¥, the functions
f@,- aj)and f(a},-a ”) are holomorphic in the domain D; \ M(a ah) and equal
on the non-pluripolar set A; \ M @, al): It remains to use the 1dent1ty pr1nc1ple O

Lemma 10.2.8. Under the notation of Theorem 10.2.6, there exist pluripolar sets
¥ C A x A with ) C X, j = 1,...,N, suchthat M N T' C M with T' :=
"I]'((A], D], > )N - In pamcular by Lemma 10.2.7, f fonT' \ M for all
fe¥

Proof. By Proposition 9.1.4, for each j € {1,..., N} there exists a pluripolar set
T C A x A, E;’ C X7, such that for any (a},a}) € (A} x A}) \ X, the fiber
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]\7I(a al) is singular with respect to the family { f (a},-.a}): f € ¥}. In particular,
M(aj,.,a}/) C M(aj’.,a;_/) for any (a},a}) € (4] x A7)\ E’-, j = 1,...,N, which
means that M N T’ C M. O

Using Lemmas 10.2.5 and 10.2.8, we easily conclude that Theorem 10.2.6 implies
the following fundamental result.

Theorem 10.2.9 (Extension theorem for generalized crosses with pluripolar singular-
ities). Assume that (C1)—(C7) are satisfied and M C T is relatively closed. Let

Os(X\ M) ifS;=-=3y =0,

= f(T\M) = {(95(1‘ \M) otherwise.

Then there exist a relatively closed pluripolar set M C X and a generalized N -fold
cross T' := T((A4;, D;j., E})jl.vzl) C T with Z? C X} C Ay x A7, ¥ pluripolar,
j=1,..., N, such that
P1) MN(e(T°YUT)C M,
(P2) forany f € ?thereexistsanf € (9()/(\\]\71) withf = fon(c(THUT")\ M,
(P3) M is singular with respect to the family { f 1 feFy
(P4) ifforall j € {1,...,N} and (a},a}’) € (A} X A}-’) \ X9, the fiber M(a},.’a}/) is
thin in Dj, then M is analytic.
(P5) fA()’(\ \ M) C f(T \ M); in particular
-nﬂmmswmnw

jlhAD() Z/lAD()

1= 1 Dorrin 1 7ot 2= (o) € X

Remark 10.2.10. (a) Notice that from the point of view of Theorem 10.2.9 it suffices
to consider only the following two configurations:

s CH-(CHwithYE; =2,j=1,....,N, M C T = X, M relatively closed,
and ¥ = O5;(X \ M),

« COACH withS; =% j =1,....N, M C T = T°, M relatively closed,
and ¥ = OS(T°\ M).

Observe that condition (P5) follows from Lemma 2.1.14 with
(G,D, A9, A, F) = (D1 x--x Dy, X\ M,c(T)\ M, T \ M, F (T \ M)).

To get the inequality in (P5) we use Lemma 3.2.5 and Propositions 3.2.14, 3.2.28

* _ _ % N * .
e(TO\M, X\M( )= (TO) X( 2) = hc(X) X( 2)=2j=1 hAjsDj z))).
(b) Note that if we were able to prove Theorem 7.1.4 for a class of functions more
general than O (X) (cf. Remark 7.1.5), then we would get a more general version
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of Lemma 10.2.5 (a) and, consequently, more general versions of Theorems 10.2.9
and 10.2.12.

To understand better the role played by the “test cross” T, let us consider the
following example.
Example 10.2.11. Let N = 2, ny =npy = 1, D1 = D2 = G:, A1 = ID, 21 = 22 =
7,29 := 2,29 :={0}. Then X := X(D, 42;C,C) = T, T° = X(Dx«, 42;C, C).
Note that X = C2.

Assumethat M C {0} xC isaclosed (pluripolar) set. Then (C1)—(C7) are obviously
satisfied. Suppose that M is a solution of the above extensjon problem with (P1)—(P4).

PutY := X(D«, A2;C4,C) C X\ M. ObservethatY = Cux xC. If f € O5(X \
M), then f|y € O5(Y). Thus, everyf € O5(X \ M) extends to anf €O(Cyix0O)
with / = finY and, consequently, f= f on (Cyx xC)\ M. Since M is singular,
we conclude that M C {0} x C. Consider the following two particular cases.

(a)Let A, = D, M := {0} x D. Let fy: X\ M — C,

l/z ifz #0,
ifz=0, |w| >1,

Jo(z,w) :=

and observe that fy € Os(X \ M). Since fy extends to an fo € O(C? \ M ) with
fo = foonT'\ M, we conclude that fo(z w) = 1/z,(z,w) € (Cx xC)\ M. Hence
{0} xC C M. Thus M = {0} x C. Consequently, MNX = {0} x C ¢ M, which
shows that, in general, MnX M.

(b)Let A :={weC:r<|w <l},where) <r <1,
={0} x{weC:|w|l=r}
Now we look at the function fo € O5(X \ M) defined by

ifz#0or(z=0and |w| > r),
ifz=0and |w| <r.

folz,w) = {g’

Obviously, fo(z, w) = w, (z,w) € C?\ M. Observe that w = fg(O, w) #
fo(0, w) = 0 for |w| < r, which shows that, in general, f % f on X \ M (even if f
is defined on X \ M).

In the special case (C5,) we can prove much more, namely we have the following
result.

Theorem 10.2.12 (Extension theorem for generalized crosses with analytic singulari-
ties). Assume that (C1)—-(C4), (C5,) are satisfied. Let

Os(X\M) ifSy=-=3%y=0,

=F(T\M):= {(9§(T \ M) otherwise.
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Then there exist an analytic set M C X and an open neighborhood Uy C U of T such
that:

(S1)y MNUycCS,

(S2) forany f € F there existsanf € (9()2\]\2) withf =fonT\M,

(S3) M is singular with respect to the family {f feFy,

84) ifU = X, then M is the union of all one codimensional components of S,

(S5) F(X\ M) C f(T \ M); in particular:

* W g = If llr\ae

Sieiki, p, ) o YLk p ()

|f(2)|< ”f”c(T)\M ”fHT\M Z=(Zlv---yZN)€X\-

Notice that from the point of view of the above theorem it suffices to consider only
the following two configurations:

* (CDH—(C4), (C5,), (CT) with Z; = @, E;? minimal (as in Remark 10.2.1 (d)),
j=1,...,N,and ¥ = O;,(X \ M),
e (C1)—~(C4), (C5,), (CT7) with E;’ minimal, and ¥ = OS(T \ M).

Observe that condition (S5) follows from Lemma 2.1.14 with
(G.D, A, A, F)=(X\M, X\ M,c(T)\ M, T\ M, 5 (T \ M)).

To get the inequality in (S5) we use Lemma 3.2.5 and Propositions 3.2.14, 3.2.28.

The proof that Theorem 10.2.9 implies Theorem 10.2.12 will be given in the next
section.

It is clear that Theorem 10.2.12 generalizes Siciak’s Theorem 10.1.3.

Remark 10.2.13. Let S U C X bean analytic subset of an open connected
neighborhood U of X. Put My := SN X, Mr := SN T and let Mx, Mr be
constructed according to Theorem 10.2.9 with respect to ¥ = O5(X \ MX) and

=0T \MT) respectively. Take an f € O4(X \ My) and let fX € (9(X\MX)
be such that fX = f on X \ My. Inparucular flr\my = fX|T\MT € OS(T \ Mr).
Let fT € (9(X \ MT) be such that fT = fonT \ Mr. By the identity principle
we have fT = fX on X \ (MX U MT) Since MX is singular, we conclude that
MX C MT. We do not know whether MX = MT

Observe that condition (S4) says that the above equality is satisfied if U = X.

Remark 10.2.14. (a) | ? | It would be interesting to have results similar to Theorems
10.2.6, 10.2.9, 10.2.12 for (N, k)-crosses (cf. § 7.2)

(b) We also mention that there are extension results for boundary crosses with
singularities — cf. [NVA-Pfl 2009], [NVA-Pfl 2010] for details.
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10.3 Proof of Theorem 10.2.12

$§7.1,10.2.

The aim of this section is to prove that Theorem 10.2.9 implies Theorem 10.2.12.
The proof is based on [Jar-Pfl 2011]. Roughly speaking, the main idea of the proof is
the following:

* We apply Theorem 10.2.9 with minimal E?, j=1,...,N (asinRemark 10.2.1)
and we get a relatively closed pluripolar set M C X and a generalized N -fold
cross T’ with (P1)—(P3). In particular, (S3) is satisfied.

* ByRemark 10.2.1(10.2.1), forany j € {1,..., N}and (a}.a}) € (4] xA”)\EO,
the fiber M(a ~al)) isthinin D;. Thus, by (P4) M is analytic, and consequently,

either M = @ or M is of pure codimension 1.

* By (P1) we know that M N T’ C S.

* By Remark 10.2.1(10.2.1) and Lemma 10.2.7 we know that if MNT C M,
then f = fonT°\ M = T \ M. Thus (S2) is a consequence of (S1).

¢ In the first part of the proof (Lemmas 10.3.1, 10.3.2) we show that (S4) is a
consequence of (S1)—(S3).

* Next (Lemma 10.3.3) we prove that in fact we may assume that U = X.

* Finally, we show that if M # &, then for any irreducible component My of M
we have @ # 2 N My C S for an open set £2 C X. Consequently, the identity
principle for analytic sets (cf. [Chi 1989], § 5.3) implies that Mo C S, which
finishes the proof.

Lemma 10.3.1. Assume that (C1) and (C2) are satisfied. Let Q C X be an arbitrary
analytic set of pure codimension 1 and let T" = T((A;j, D;, Z}’)j-\;l) C X bea
generalized cross with XY, ..., Z, pluripolar. Then Q N T" # @.

Proof. Supposethat QNT" = &. Since Q is of pure codimension 1, X \ @ isadomain
of holomorphy, and therefore, there exists a g € O(X \ Q) such that X \ Q is the
domain of existence of g. Since T C X \ Q we conclude that [ := g|r» € OS(T").
By Theorem 7.1.4 there exists an f € (9(X ) such that f f on T”. Consequently,
since T is non- pluripolar, we conclude that f g on X \ Q. Thus g extends
holomorphically to X'; a contradiction. O

Lemma 10.3.2. Condition (S4) follows from (S1)—(S3).

Proof. Let Sy be the union of all irreducible components of S of codimension 1.
Consider two cases:

So # @: Similarly as in the proof of Lemma 10.3.1, there exists a non-continuable
function g € (9(X \ SO) Then f := g|T\M € OS(T \ M) and, therefore (by (S2)),

there exists anf € (9(X\M) w1thf fonT\M C X\(SOUM) The set



10.3 Proof of Theorem 10.2.12 231

T \ M is non-pluripolar. Hence f =gonX \ (So U M). Since g is non-continuable,
we conclude Ehat So C M.

The set M, as a non-empty singular set, must be of pure codimension 1. Since
MNUy C S and 0 NUy # @ for every irreducible component Q of M (by
Lemma 10.3.1), we conclude, using the identity principle for analytic sets, that McCS.
Consequently, M C So.

So = @: Suppose that M # @. Then M must be of pure codimension 1. The
above proof of the first part shows that M C S. Since Sy = @, the codimension of S
is > 2; a contradiction. O

Lemma 10.3.3. [fTheorem 10.2.12 is true withU = X (and arbitrary other elements),
then it is true in general.

Proof. 1t suffices to show that for every a € T there exists an open neighborhood
Us C Usuchthat MNU, C §. Wemay assumethata = (ay,...,an) = (ayy.an) €
(Ay\Xn)xDy.Let Gy CC Dy be adomain of holomorphy such that Gy N Ay #
@,an € Gy. Since {aly} x Gy C {a;\,} x Dy C T C U, there exist domains of
holomorphy G; CC Dj,a; € Gj, j =1,...,N —1,suchthat Gy x---x Gy C U.
Consider the N-fold cross X, := X((A N G,,G )N 1) C X. We have X, C

Gix--xGy CU,a € X,. Consequently, the analytic set S N X, satisfy all the
assumptions of Theorem 10.2.12 with (U, T') substituted by

(Xa,"[l'((A NG;,G;, % ﬂ(G’ xG”)) —1))-

Hence, M N fa cS. O

Proof that Theorem 10.2.9 implies Theorem 10.2.12. Recall that we may assume that
U=X. _We know that MNT' CM.We want to prove that McCS.

Let M, be an irreducible component of M. By the identity principle for analytic
sets we only need to show that @ # £2 N Mo C S for an open set £2 C X.

For every pointa = (ai,...,an) € M there exist an open neighborhood U, and
a defining function g, € (9(Ua) for Mo N U, (cf. [Chi 1989], § 2.9). We may assume
that U, = Uall X +ee X U(g\,, where Ua]j CC Dj is a univalent neighborhood of a;,
jA= 1,..., N. Using the Lindelof theorem, we find a countable set I C 1\710 such that
M, C Uael U,. Let

Cia = (prppy(Mo N Ua)) N (4] x AD\E)). j=1....N.ael.

Suppose that all the sets Cj, are pluripolar. Put £7 := X% U (J,e; Cja- Then
T/ is pluripolar, j = 1,...,N. Let T” := T((4;, D;, E}’)}Vzl). Observe that
]\710 N T” = @, which contradicts Lemma 10.3.1. Thus there exists a pair (/, a) such

that Cj 4 is not pluripolar.
Consequently, the proof is reduced to the following lemma.
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Lemma 10.3.4. Let D C C?, G C C4? be domains. Let S(’) C D x G be an irreducible
analytic set of pure codimension 1. Let g € O(D x G) be a defining function for
So and let S := {(z,w) € D xG : h(z,w) = -+ = hx(z,w) = 0}, where
hi,....hx € O(D x G). Assume that there exists a non-pluripolar set A C prp S|,
such that S{ N (A x G) C S. Then there exists an open set 2 C D x G such that
@ #S;NCSs.

Proof. Let V := {z € D : g(z,-) = 0}. Then V D is an analytic set. Hence
Ao := A\ V is not pluripolar. Fix a pluriregular point ag € Ay and let (ag, bo) € Sj.
Write by = (by, bo,q). Using a biholomorphic mapping of the form

C? x C9 5 (z,w) = (2, by + ®(w — by)) € C? x CY,

where @ is a suitable unitary transformation, one can easily reduce the problem to
the case where g(ao, by, ) # 0 in a neighborhood of by ,. Consequently, there exist
neighborhoods P of (ao, by) and Q of by 4 suchthat P x Q C D x G and the projection
prp: S;N (P x Q) — P is proper. Thus, there exists an analytic set A P such that

prp: (So N (P x Q) \prp'(4) - P\ A

is an analytic covering. Observe that the set B := (49 x C4~1) N (P \ A) is not
pluripolar. Fix a pluriregular point ¢ € B. Then there exists an open set 2 C P x Q,
an open connected neighborhood W C P of ¢, and aholomorphic functiong: W — Q
such that

So N2 ={(z,w, ¢ w)):(z,w)e W}
In particular, /1 (z, w’, ¢(z, w’)) = 0, (z, w') € BNW. Since BN W is not pluripolar,

we conclude that i (z, w’, p(z,w’)) =0, (z,w’) € W, j = 1,...,k, which implies
that S; N 2 C S. O

10.4 Proof of Theorem 10.2.6 in a special case for N = 2

§§ 1.4,2.3,2.4,2.9,3.2,4.2,5.1,5.4,9.2.3,9.4, 10.2.

The aim of this section is to prove Theorem 10.2.6 for N = 2 in the case where M
is relatively closed in X and ¥ = F (X \ M) = Os(X \ M). We should point out
that this case is essentially simpler than the general one — recall that in the case N = 2,
each generalized 2-fold cross is a 2-fold cross.

To simplify notation put p :=ny,q :=ny, D := D1, G := Dy, A := A1 \ X5,
B:= A\ T1, A% := A1\ X9, B? := A, \ 9. Recall our main assumptions:
(C21) D, G are Riemann domains of holomorphy.

(C32) A, B are locally pluriregular.
(C23) A\ A%, B\ B are pluripolar.
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(C24) X :=(DxB)U(AxG),X%:=(D xB%U(4° x G).
(C5) M CX.

(C26) For any (a,b) € A x B, the fibers M, .y, M(. 4 are closed.
(C27) Forany (a,b) € A° x BY, the fibers M (4., M(. p) are pluripolar.

Our aim is to prove the following theorem.

Theorem 10.4.1 (Cross theorem with singularities). Let (C1)—(C37) be satisfied. As-

sume that M is relatively closed. Then there exists a relatively closed pluripolar set
M C X such that

Py MNX°C M,
(P2) forany f € Os(X \ M) there exists an f € (9()?\1\2) with f = fon X°\ M,
(P3) the set M is singular with respect to the family { f feO,(X\ M)},

(P4) if for any (a,b) € A° x B° the fibers M.y, M(p)y are thin in G and D,
respectively, then M is analytic.

(B

B
|
W a0
A cr
b

Figure 10.4.1. Extension theorem with singularities.

The main tool for the proof of Theorem 10.4.1 is the following result.
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Theorem 10.4.2 (Gluing theorem I). Let (C1)—(C;7) be satisfied. Fix a family @ #
F C Os(X \ M). Let (Dr)72,, (Gr)z2, be exhaustion sequences of Riemann
domains of holomorphy for D and G, respectively (cf. Definition 1.4.5), such that

@#A)=A°ND CANDy = Ay, @ # B :=B°NGy C BN Gy =: By.
We assume that for each k € N and (a,b) € By 1= (Ag X B,?) \ M, there exist

* polydiscs @(a,rk,a) C Dy, UAD(b,Sk,b) C Gy,

e relatively closed pluripolar sets
Sk,a C ﬁls(a,rk,a) x G =: Vk,a, Sk’b C Dy x ﬁls(b,sk,b) =: Vk’b,

such that
o Ska N (A%a, 1k q] X Gp) € M, S%P N (Dg x BO[b, sk p]) € M,
e forany f € ¥ there exist ka,a € O(Vka \ Sk.a) fk’b € O(Vkb\ §kbY with

fia = f on(A%a. real x G\ M, 50 = f on (Dy x B°[b. sk p]) \ M.

Then there exists a relatively closed pluripolar set M C X such that
s MNX°cCM,
e forany f € ¥ there exists an f € (9()2\1\2) with f =fonX°\ M,
« Mis singular with respect to the family {f fedFy,
* if all the sets Sk q, Skib, (a,b) € Ex, k € N, are thin, then M is analytic.

Proof. Step 1°. We may assume that for any k € N and (a,b) € E the set Sg 4 is
singular with respect to the family { fk,a . f € ¥} and S*? is singular with respect
to {fk’b : f € F} (cf. Remark 2.4.3). In particular, Sk 4 (resp. Skby is thin iff it is
analytic (cf. Proposition 2.4.6).

Step 2°. Fix a k € N and define:

Vi = U Via U vkt S = U Sk,a U S5 C Wi,
(a,b)EEk (a,b)EEk

X i= X(Ax, Be; D, Gr),  XQ := X(AY, BY; Dy, Gy).

Step 3°. Observe that X C V.

Indeed, let (z,w) € X?, e.g.z = a € A), w € Gi. Since My, is pluripolar,
there exists a b € B,? \ M(,,). Then (a,b) € (Ag X B,?) \M = Ej and (z,w) €
[P(a, rk,a) X Gk = Vk,a' _ _

Step4°. Takean f € ¥ . We want to glue the functions { fx o, f*? : (a,b) € &y}
to obtain a global holomorphic function f~k on Vi \ Sk.

Let (a,b) € Ex. Observe frq, = f = f kb on the non-pluripolar set

(A°a. rial x BB sis)) \ M
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(cf. Remark 10.2.1 (f)). Hence
Jea = T5" on (B(a, ria) x Bb,5kp) \ (Ska USE).

Since S 4 and S¥*:b are singular with respect to {f;c,a : f € F}and {fk’b fedFy,
respectively, we conclude that

Ska N (P(a, re.0) X P(b,skp)) = SE2 0 (P(a, ri0) x P(b, k).

Now let a’,a” € Ag be such that C := ﬁls(a’,rk,ar) NP, rear) 7 9. Fixa
b e B)\ (M) U M ,). We already know that

frea = f¥ = frar on (C x P(b, 1k p)) \ (Sk.ar U S0 U Sg o).

Hence, by the identity principle, we conclude that

fra = frar on (C x G)\ (Sk.ar U Sk.ar)

and
Sk.ar N (C X Gg) = Sk a7 N(C x Gg).
The same argument works for »’, 5" € B,g.
Step 5°. Let Uy be the connected component of Vi N X with X C Uy. Recall

that X0 = Xy, (cf. Remark 5.1.8 (f)).
To summarize: we have constructed a relatively closed pluripolar set S C Uy such
that

e SN XI? cM,

e forany f € F there exists an fk € O(U \ Si) withfk = f on X,? \ M,

« if all the sets {Sk 4, Sk (a,b) € By} are thin, then Sy is analytic.

Step 6°. Recall that X ,? C Uy C X, k- Observe that the envelope of holomorphy
Uy of Uy coincides with X.

In fact,leth € O(Uyg), then h |X,9 € O (X,?). So, by virtue of Theorem 5.4.1, there
exists an /1 € (9()?;{) with 2 = h on X,?. Hence i = h on Ug.

__ Step 7°. Applying Theorem 9.4.2, we find a relatively closed pluripolar set My C
X} such that

. Mk N U C Sk,

e for any f € F there exists an function fk € @(X\k \ My) with fk = fk on
Uk \ Sk (in particular, fx = f on X\ M),

o the set My is singular with respect to the family { fk feFy,

* if all the sets {Sk 4, Skb . (a,b) € By} are analytic, then 1\7Ik is analytic.
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Step 8°. Recall that Xk ' X and Xk S X (cf. Remark 5.1.8 (¢c)). Since Mk is
singular with respect to { fk f e F}, we get Mk+1 N X = My. Consequently:

o« M= Uiz, Mk is arelatively closed pluripolar subset of X with MNX° c M,

. f(}r each f € ¥, the function f = Ureg fk is holomorphic on X \ M with
f=fonX%\ M,

o Mis singular with respect to the family { f c feFy,

* if all the sets { Sk 4. Skib . (a,b) € Ey, k € N}are thin, then M is analytic. [

‘We move to the proof of Theorem 10.4.1. The main ideais to apply Theorem 10.4.2.
Thus, in fact, we have to check the following lemma.

Lemma 10.4.3. Under the assumptions of Theorem 10.4.1, for any a € A° and a
domain of holomorphy G' CC G with B°NG # @ there exist an v > 0 and a
relatively closed pluripolar set S C P(a,r) x G’ =:V C X such that
e (A%a,r]xGYNS Cc M,
* for every function [ € Os(X \ M) there exists an f € OV \ S) such that
f = fon(A%a,r] xG")\S,
e ifall the fibers M, ), z € A°, are thin, then S is analytic.

First, we reduce the proof of Lemma 10.4.3 to the following lemma.

Lemma 10.4.4. Suppose that the assumptions of Theorem 10.4.1 are satisfied. Let
(a,b) € A° x G, P(a,ry) cC D, P(h,Ro) CC G be such that Ry > ro and
M N H3((a,b),r0) = @&. Then for every 0 < R' < Ry there exist 0 < 1’ < ro and a
relatively closed pluripolar set S C P(a,r’) x P(b, R') =: V C X such that

o (A%a. | xP(B.R) NS C M,

e for every function h € Os(Y \ M), where

Y := X(A%a, ro], P(b. ro): P(a, ro), P(b, Ry))
= P((a,b), ro) U (4°%[a, ro] x P(b. Ry)),

there exists an h € O(V \ S) such that h = h on (A°[a, r'] x @(b, R')Y\ M,
e ifall the fibers M, ), z € A°, are thin, then S is analytic.

Notice that, by Terada’s theorem (Theorem 4.2.2), the space O5(Y \ M) consists of
all functions 4 € O(P((a, b), ro) such that i(z, -) extends holomorphically to P (b, Ry)
for every z € A%[a, ro).

Proof that Lemma 10.4.4 implies Lemma 10.4.3. Leta and G’ be as in Lemma 10.4.3.
Fix a domain G” CC G with G' CC G”. Let 2 be the set of all w € G” such that
there exist ryy, > 0 with P((a, w), ry) C X N(P(a,ro) x G")), and a relatively closed
pluripolar set Sy, C P((a, w), ry) such that
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« Sy N (A%a, ry] X P(w, 1)) C M,

* every f € Os(X \ M) extends to an fw € (9(@((41, W), rw) \ Sw) with f = f
on (A%a, ry] x P(w, ry)) \ M,

* Sw is singular with respect to the family {fw feOs(X\ M)},

o if all the fibers M, ), z € A°, are thin, then S is analytic.

It is clear that £2 is open. Observe that 2 # @.
Indeed, since B N G’ \ M, # @, we find apointw € BN G’ \ M,... Since
M is relatively closed, there is a polydisc P((a, w),r’) C X \ M. Put

Z := X(A%a,r'], B°[w,r']; P(a,r'), P(w, r")).

Observe that for every f € O5(X \ M) the function f|z belongs to O5(Z). Let 0 <
rw < ¥’ be such that [P((a w), ry) C Z. By Theorem 5.4.1, forany f € O4(X \ M)
there exists an fw € (9([P((a w), Iy)) with

fw = f on @((a,w),rw) NZ > A%a,ry] x @(w,rw).

Consequently, w € £2.
Moreover, 2 is £elatively closed in G”. Indeed, let ¢ beAan accumulation point
of £2 in G” and let P(c,3R) C G”. Take a point w € £2 N P(c, R) \ M(4,. and let

0 < p < min{ry, 2R} be such that IP((a w),p) N (M USy,) = @. Observe that
fu € O(P((a, w). p)) and

fu(z.) = f(z.)) € OP(w.p) \ Mz, z € A%a,pl.
Define

Y := X(A%, pl, P(w, p): P(a. p), P(w,2R)) = P((a, w), p)U(A°[a, p]xP(w,2R))
andputfw: Y\M — C,

7ol onBl@w.p).
Y1 f on(A%a, p] x P(w,2R)) \ M.

Then fw is well defined and f,, € O5(Y \ M). Now, by Lemma 10.4.4 (with b := w,
ro :=p, Ro 1= 2R, R/ := R), there exist 0 < r’ < p and a relatively closed pluripolar
set S C [P(a r’) x [P(w R) such that

« SN (A%a,r'| x P(w,R)) C M,

s every f € Os(X \ M) extends to an fw € (9(([|A’(a,r/) X @(w, R)) \ §) with
fuw = fw on (A%a, '] x P(w, R) \ M,

¢ S is singular with respect to the family {fw f € 0s(X \ M)},

* if all the fibers M(; ), z € A%, are thin, then S is analytic.
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Take an r, > 0 so small that P((a. ¢), r¢) C P(a, p’) x P(w, R) and put
Sc =8 NP((a,c),re), f~c = fwl@((a’c),rt?)\s-

Obviously f, = fw = fw = f on (A%a,r.] x @(c,rc)) \ M. Hence c € £2.
Thus 2 = G”.
There exists a finite set 7 C G’ such that

G' c U P(w, rv).

weT

Define r := min{ry, : w € T'}. Take w’, w” € T with

=P, rp) NP, ryr) # @.

Then for = f = fur on (A%a,r] x C) \ M. Consequently, fur = fu» on
([P(a r) x C) \ (Sy’ U Sy~). Since Sy and Sy, are singular, we conclude that they

coincide on [P(a r) x C and that the functions fw/ and fwn glue together.

Thus we get a relatively closed pluripolar set S C [P(a, r) x G’ =: V such that
SN (Af) [@,r]) x G') C M and any function f € O5(X \ M) extends holomorphically

toan f € O(V \ S) with f = f on (A%a,r] x G')\ M.

In the next step we reduce the proof of Lemma 10.4.4 to the following lemma.

Lemma 10.4.5. Let A C P(rg) C C? be locally pluriregular and let M be a relatively
closed subset of the cross Z := X (A, D(ro); P(ro), D(Ro)) with Ry > r¢ such that

o the fiber M(; .y is polar for all z € A® C A, where A\ A% is pluripolar,
e M N (P(ro) x D(ry)) is pluripolar,

* B :={w € D(ro) : M) € PLP} (note that the set D(ro) \ B is polar).

Then there exists a relatively closed pluripolar set M C Z such that
e MNZ°C M with Z° := X(A°, B%; P(ro), D(Ry)),

. for every fe¥ = (9((IP(r0) x D(ro)) \ M) N Os(Z \ M) there exists an

fe(D(Z\M)suchthatf fonZ°\ M,

e if M N (P(ro) x D(ro)) is analytic and all the fibers M, ., z € A°, are thin,

then M is analytic.
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Remark 10.4.6. Observe thatif M N(P(ro)xD(rg)) # @ and f € O;(Z\ M), then f
need not belong to O ((P(r¢) x D(r¢)) \ M). For example: take p = 1, ro = 1, assume
additionally that A Disclosedin D, andlet M := A x{0}. Define f: Z\M — C,
f(z,w) :=0ifw # 0, f(z,0) := 1. Then f € O;(Z \ M)\ O(D?*\ M).

Proof that Lemma 10.4.5 implies Lemma 10.4.4. See for example [Jar-Pfl 2003a] and
[Jar-Pfl 2003b]. Consider a configuration such as in Lemma 10.4.4. We may assume
that P(a, ro) = Py(rg) C C?, P(b, Ro) = P4(Ro) C C4. Put

Y := X(A°[0. ro]. Py (ro): Pp(ro). Py(Ro)) = Ppiq(ro) U (A°[0. 70] X Py(Ro)).
Let R, be the supremum of all 0 < R’ < Ry such that there existan r = rg/ € (0, rp),
and a relatively closed pluripolar set S = Sgr C V := P,(r) x P;(R’) for which:

« SN (A°00,7] x Py(Ro)) C M,
» for any function 2 € O5(Y \ M) there exists an h=hg € OV \ S) such that
h = hon (A°[0,r] x P,(R)) \ M,
o the set S is singular with respect to the family {/ : h € O5(Y \ M)} (in particular,
S N Ppiq(ro) = D),
o if all the fibers M(; ), z € A°, are thin, then S is analytic.
It suffices to show that R, = Ro. Suppose that R < Ry. Fix Ry < R” < Ry
and choose 0 < R’ < R’ < Ry, such that VYRIIRY > Ry. Letr :=rg, S ;= Sz,
h:= hg. Fixan R” with R) < R” < Y/ R'“"TR". Put

My = (S 0 (Pp(r) x Pg(R))) U (M \ (Pp(r) x Pg(R'))).

Observe that
o the set M, N (Py(r) x Pg(R")) = S N (Py(r) x Py(R')) is pluripolar,
« h e O((Py(r) x Py(R)) \ My) for every h € Oy(Y \ M),
s M;,NY CM,
« if all the fibers M(; .y, z € A°, are thin, then the set My N (P,(r) x Py(R')) =
SN(P,(r)xPy(R’)) is analytic and all the fibers (M) (z.) C M.,z € A°[0,r],
are thin.

Write w = (w’, wy) € C7 = C47! x C. Let
C :={(z,w) € A°[0,7] x Py—1(R’) : (My)(z ., is polar}.
In the case where all the fibers M(; ), z € A®, are thin we put
C :={(z,w) € A°[0,r] x Py—1(R') : (My)(z.u . is discrete}.

By Proposition 3.2.21, C is locally pluriregular. Observe that for every ¢ € C and for
every h € Os(Y \ M), the function h(c, -) is holomorphic in D(Ro) \ (My)(c,)-
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Consequently, applying Lemma 10.4.5 to the cross
Z, = X(C.D(R); Py(r) x Pg—1(R'), D(Ro)),

we conclude that there exists a relatively closed pluripolar set S; C Zq such that
e S5, N Z‘? C M, where Zq0 is constructed according to Lemma 10.4.5,
* any function h € Os(Y \ M) extends holomorphically to a };q € (9(24 \ Sq)
with A =h0nZ{?\M ,
* S, is singular with respect to the family {};q cheO;(Y\ M)},
o if all the fibers M, ), z € A°, are thin, then S, is analytic.

Using the product property of the relative extremal function (Theorem 3.2.17), we
get

2‘1 = {(z.w'", wy) € Py(r) x P4—1(R) x D(Ry) :
hz Pp(r)xPg— 1(R’)(Z w') + hp, D(R’), ID(RO)(wq) <1}
= {(z,w', wg) € Pp(r) x Pg—1(R') x D(Ry) :
A0xBy_y (R Py () xBy—y (R) Z W) T (R DR (Wa) < 13
= {(z, w' . wq) € Pp(r) x Pg—1(R) x D(Ry) :
4.0, () F hpry pery) (We) < 1}

Consequently, since R” < Ry, we find an r, € (0, r) such that
Py(rg) x Py—1(R) x D(R") C Z,.

Thus any function & € O4x(Y \ M) extends holomorphically to a function };q on
(Py(rq) x Py—1(R’) x D(R")) \ S4 and S, is singular with respect to the family
{hg :heOs(Y \ M)}.

Repeating the above argument for the coordinates w,, v = 1,...,q — 1, and
gluing the obtained sets, we find an . € (0, r) and a relatively closed pluripolar set
So = qu'=1 S; such that any function # € O5(Y \ M) extends holomorphically to a

function h~o = U?=l h ; holomorphic in P, (r«) x W \ So, where

q
W= Pj1(R) x P(R") x Py (R').
j=1

Observe that W is a complete Reinhardt domain in C4. Let W denote the envelope
of holomorphy of W (it is known that Wisa complete logarithmically convex Rein-
hardt domain in C? — cf. § 2.9). Applying Theorem 9.4.2, we find a relatively closed
pluripolar subset So of P p(Ts) X W such that
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So N (Py(r+) x W) C So,

« any function & € O5(Y \ M) extends to an he O (P, (rs) x w \ §0),
o Sy is singular with respect to the family {h~ cheO,(Y \ M)},

if all the fibers M(,.y, a € A°, are thin, then S is analytic.

Since W is logarithmically convex, we must have P,({RI'R)) C W. Con-

sequently, P;(R”) C W. Recall that R” > Ry. Let 0 < p < ry be such that
P,(0) X Py(R") C Py(rs) x W. Putrgm := p, 8" = Sgm := So N (P (p) x Py(R")).
Then any function 4 € O5(Y \ M) extends holomorphically to (P,(p) x Py (R"))\ S’

To get a contradiction it remains to show that S’ N (4°[0, p] x P,(R")) C M.
Take (z, w) € (A°[0, p] x P4(R"))\ M. Since M(; .) is pluripolar, there exists a curve
y:[0,1] = P, (R")\ M(;,) such that y(0) = 0, y(1) = w. We may assume that for
small ¢ > 0 we have

Pp(z. &) x (y([0,1]) + Py(e)) CC (Pp(p) x Pg(R™)) \ M.
Put V3, := y([0, 1]) + P4 (e). Consider the cross
W = X(Alz, €], Py(e); Pp(z, &), Viy).

Then h € O5(W) forany h € O5(Y \ M). Consequently, by Theorem 5.4.1, (z, w) €
W C Py(r) x Py (R”)\ S". O

Thus, it remains to prove Lemma 10.4.5.

Proof of Lemma 10.4.5. We are going to apply Theorem 10.4.2 (with D := P(ro),
G := D(Ry), B := D(ro), B® := {b € B : M(.pp) € PLP}). Keep all the notation
from Theorem 10.4.2. Assume additionally that B = D(rg) CC Gy for every k. Take
(a,b) € Bx = AY x B2\ M.

The “horizontal” direction is simple: we take s = sxp > 0 such that D(b,s) C
D(ro) andlet S5 := M N(Dy x [D(b 5)) =: V&b, §kb i relatively closed pluripolar.
Let S%? be the s1ngular part of Sk with respect to the family { f lvkop = f € F}
and let /% denote the extension of Slyxo\p to yhb\ skb,

The “vertical” direction is more complicated: we have to show that there exist an
r = rk,q > 0 and a relatively closed pluripolar set S C @(a, r) X Gx =: Vi 4 such
that

. @(a,r) C Dy,

* SN (A%a,r] xGy) Cc M,

« any function f € ¥ extends toan f € OVka\S) with / = f on (4%a, r] x
G\ M.

For ¢ € D(Ry), let p = p. > 0 be such that D(c, p) CC D(Rp) and M) N
dD(c, p) = @ (cf. Proposition 2.3.21). Take p~ = p. > 0, p™ = pF > 0 such
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that p~ < p < pT, D(c, p*) CC D(Rp), and M,y N P = @, where P = P, :=
A(c,p™,pt). Lety: [0,1] = G \ M(,..) be a curve such that y(0) = 0 and y(1) €
dD(c, p). There exists an ¢ = g, > 0 such that

(P(a.e) x ((y([0.1]) + D(e)) U P)) N M = @.
Put V =V, := D(r¢) U (y([0, 1]) + D(e)) U P and consider the cross
Y =Y := X(4][a, €], D(ro); P(a, &), V).

Then f € Os(Y) forany f € ¥. Consequently, by Theorem 5.4.1, any function from
¥ extends holomorphically to ¥ D {a} x V. Shrinking P, ¢ and V/, we may assume
that any function f € ¥ extends to a function f = f. € O(P(a, &) x W), where

W = W, := D(ro — &) U (([0, 1]) + D(e)) U P.

In particular, f is holomorphic in P(a, &) x P, and therefore may be represented by
the Hartogs—Laurent series

fEw) =Y A=)+ fu@w—0)™ = fTEw) + f(zw),
v=0 v=1
(z,w) € P(a,e) x P,

where £ € O(P(a, &) x P(c,p™)) and F~ € O(P(a, e)x(C\P(c, p7))). Recall that
for any z € A°[a, ¢] the function f(z,-) extends holomorphically to D(Rp) \ M(; ..

Consequently, for any z € AOa, ¢] the function f ~(z,-) extends holomorphically to
C\ (M,) N D(c,p~)). Now, by Theorem 9.2.24, there exists a relatively closed
pluripolar set S = S, C P(a, ) x D(c, p~) such that

¢ SN (A%a,e] x D(c,p7)) C M,
* any function f ~ extends holomorphically to an }_ € O(P(a,e) xC\ S).

Since f = f t+ f ~, the function f extends holomorphically to a function
f = f; € O(P(a,e) x D(c,p™) \ S). We may assume that the set S is singular
with respect to the family { f : f € F}. In particular, if ¢/, ¢” € D(Rg) and C :=
[D(c’,p:,) N [D(c”,p:,,) # &, then

Ser N (P(a,n) x C) = Ser N (P(a,n) X C),  for = fer on P(a,n) x C,
where 1 := min{e,’, &.~}. Thus the functions f;, ﬁn and sets S./, S¢» may be glued
together.

Now select ¢y, ..., cs € D(Rp) so that G C U;=1 D(c;, p;rj). Put

r=rgq:=min{ec; 1 j =1,....5}, Vig:=P(ar)xGg.
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Then S = Vi, N szl S, gives the required relatively closed pluripolar subs~et of
Vi.q such that S N (A°a,r] x Gx) C M and for any f € F, the function f :=
Uj=1 fe, extends holomorphically f to Vi \ S with f = f on (4°[a,r]x Gx)\ M.

O

The proof of Theorem 10.4.1 is completed.

Theorem 10.4.1 gives the following generalization of Theorem 9.2.24.

Theorem 10.4.7. Let D C CP? be a domain of holomorphy, let A C D be locally
pluriregular, and let @ # Ay C C4 be a domain. Assume that for each a € A we are
given a closed pluripolar set M (a) C C? with M(a) N Ay = @. Define

S:={f € O(D x Ao): Vaca 37 cocarmy © JaW) = fla,w), w € Ao}.

Then the §-envelope of holomorphy of D x Ao is of the form (D x C9) \ M, where
M is a pluripolar set such that

s MN(Dx Ay =2,

. M(a,.) C M(a), a € A\ P, where P C A is pluripolar,

e ifall the sets M(a), a € A, are thin, then M is analytic.
Proof. By Lemma 9.1.5 there exists a pluripolar set P C A such that the set M :=
UaeA\P {a}x M(a) isrelatively closedin (A \ P)xC4. Now we apply Theorem 10.4.1

to (D, G, A, Ay, B, Bo, M) := (D,C9, A\ P, A\ P, Ao, Ag, M); notice that § C
Os(X \ M). O

10.5 Separately pluriharmonic functions IIT

Having Theorem 10.4.7 we may partially generalize Proposition 9.3.1.

Proposition 10.5.1. Let D C C? be a domain of holomorphy, let A C D be locally
pluriregular, and let @ # Ay C CY be a domain. Assume that for each a € A we are
given a closed thin set M(a) C C? with M(a) N Ay = @. Define

F = {u € f/-)]f(D X Ao) : VaeA aﬁaej)]((q:q\M(a)) : ﬁa(w) = u(a,w), w e Ao}.

Then there exists a pseudoconcave analytic set M C D x C4 such that
. M(a,.) C M(a),a € A\ P, where P C A is pluripolar,
* every function u € F extends to a multivalued pluriharmonic function U on
(DxC9H\ M.

Moreover, if A is dense in D, then U is univalent (cf. [Sad 2005], [Sad-Imo 2006b]
for the case g = 1).
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It is an open question what are “optimal” conditions on A, under which the
extension # is univalent for eachu € ¥ (cf. Proposition 9.3.1).

Proof. We may assume that 0 € Ay. Observe that for each z € D the fiber M(Z,.)
is pluripolar. Let f; := aaT“j, Jj =1,....q. Then f; € O(D x Ap) and for each
.- (a,”) to C7\ M(a),
J = 1,....q. Thus, we may apply Theorem 10.4.7 and we get a pseudoconcave
analytic set M C D x C? such that

. 1\71(,1,.) C M(a),a € A\ P, where P C A is pluripolar,
. f extendstoanf} e O(D x([Zq)\]V[),j =1,....q9.
Define

w 9 .
Fewi= [ 3 fe0ds, e @<\,
j=1

where the integral is taken over an arbitrary piecewise €! curve y : [0, 1] — C¢ \]\71(25.)
with y(0) = 0, y(1) = w. Then F defines a multivalued holomorphic function in
(D x C9)\ M. Thus ii(z,w) := 2Re(F(z,w)) + u(z,0) defines a multivalued
pluriharmonic function on (D x C9) \ M. Observe thatifa € A \ P, then

i(a, w)—2Re(/ Za
=t +inj o (/ (882‘;’ 87:’(1 d'?;)—’/owzq: (%déj_%dm))

j=1

)+u(a 0)

+ u(a,O) = tig(w).

Consequently, i is an extension of u.

Now assume that A is dense in D. For any non-empty domain U C D and a
piecewise €!-curve y : [0, 1] — C? with y(0) = y(1)and U x ([0, 1]) C (D xC9)\
M , define

PU,y(2) —Re(/Zf](z §)d§j) zeU.
Then
* ou,y € PH(U);
* pyy =00nUN(A\ P)andso gy, =0.

Soitremains to note that  is univalent iff for all (U, y) (as above) we have ¢y, = 0.
O
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10.6 Proof of Theorem 10.2.6 in the general case

§§14,23,24,5.1,7.1,9.1,9.4,10.2, 10.4.

As we already mentioned, the geometric structure of generalized N-fold crosses
with N > 3 is much more complicated than in the case N = 2. This will be reflected
through the proof. The main tool is again a gluing result (cf. Theorem 10.4.2).

Theorem 10.6.1 (Gluing theorem II). Assume that Theorem 10.2.6 was already proved
for all (N — 2)-fold crosses if N > 4.

Let Dj, A;, %5, E;’, j=1....,.N, X, T, T° M, ¥ be as in Theorem 10.2.6
(with (C1)—(C8) from § 10.2).

Let (Dj k)7~ be an exhaustion sequence for D; (cf. Definition 1.4.5) such that each
Dj k is a domain of holomorphy and A = A; N Djx # @,k € N, j =1,...,N.
Put

k= Avg X X Ajyk, A}’k = Ajp1e X X ANk,
Sjk =55 N (A x AT, 0= )0 (A, x A7),
X=X N(Dyx x-x Dyg) =X (A Djp)Noy),
T :=T N (Dyg -+ x Dng) = T((Ajie. Dy T fey)-

T :=T°N(Dyg x--x D) = T((Ajk: Djker ) 1=1)-

Assume that forany j € {1,...,N}, k € N, anda € & := c(T,f) \ M, there
exist
“r =i € (0,pa), ) )
* a relatively closed pluripolar set Sj i 4 C [P(a’ 1) X Djg x IP(a r)=:Vjka
* a pluripolar set Pjj 4 C (A;.’k X A”k) \ 29,
such that
. @(a r) C Dy x--xDpng,

. j’kaﬂT]kaCM,where

. 0
T = (2. 2. 2)) € A laj rIx Ajax A la] ] 2 (25, 2)) & 202UPjkals

. for any f € ¥ there exists an f},k,a € O(Vjka \ Sjk.a) with f;,k,a = fon
e \ M-
j a
Then there exists a relatively closed pluripolar set M C X such that
e MNe(T® c M,

e forany f € ¥ there existsanfe (9()/(\\1\?1) withf: fone(T%\ M,
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o M is singular with respect to the family {f 1 feFy
* if each set Sj i 4 is thinin Vj i 4, then M is analytic.
Proof. Step 1°. If N > 4, then forany 1 < u < v < N, define an auxiliary (N — 2)-
fold cross
Yoo :=X((A4j,D))jet, . .u=1,u+1,.ov—1,0+1,..,N})-

We may assume that for each pair (k, a) the number ry 4 is so small that

P((ar,....au—1.au41,....Qv—1,Qv41,....AN), Tka) C Yp, 1=pu<v <N

Step 2°. We may assume that each set S} k.« 1s singular with respect to the family
Vika: f € F}. Inparticular, S i 4 is thinin V; i , iff S; i 4 is analyticin Vj g 4.
Step 3°. Observe that

Sika Ne(T) CM,  fixa=fonVixaNe(T))\ M. (10.6.1)

Indeed, fix a point b € (Vj,k,aﬂc(TkO))\M. Let pp > 0, fb € (9([}A°(b,,ob)) be asin
(C8). S0 fp = f = f}kaon (@(b ,ob)ﬂTO J\M. ThesetTO \Mislocallypluri—
regular and b € T0 2 \ M (Remark 10.2.1 (f)) In particular, ([P(b op)NT?, Y\M

1sn0tplur1p01arand S0, fb = f]ka on [P(b pb)\SJka Hence IP(b Pp)NSjka =
(because Sj k 4 is singular) and fj ka = fon P(b. op) N c(TO) \ M.
Step 4°. Fix ak € N. Put

V, = U Vika, Sk:= U Sjka-

aeEy acky

]ka

Then T,f C V.

Indeed, letc € T, e.g.c = (¢';en) € (Aly_y 4 \ By ;) X Dk Since M, is
pluripolar, there exists anay € Ay \ M. Thena := (c’,an) € c(T,?) \ M and
c € P(c".rka) X D = Vika:

Step 5°. The main problem is to show that

for arbitrary i, j € {1,...,N},a,b € Ex With W, jx ap :=Vika N Vikp # D
we have fixa = fixs o Wi jkan \ (SikaUSjxp) foral f € F. (10.6.2)

Suppose for a moment that (10.6.2) is proved. We finish the main proof.
Since the sets S; x , and S; i p are singular, we conclude that

Sij.a VWi jkab = Sikb N\ Wijkab

which implies that the function f; := U
over,

f;,k,a is well defined on V \ Si. More-

acEy
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* Sg is arelatively closed pluripolar subset of Vg,
* SeNe(T?) C M,

. ]?c € OV \ Sk),

* fi=fone(T)\ M,

¢ Sk is singular with respect to the family { fe: feFy,
* Sk is analytic provided that each set S; ¢ , is analytic.

Let Uy denote the connected component of Vi N X  that intersect T’ ko. Then X, k1S
the envelope of holomorphy of Uy.

Indeed, since X , 1s a domain of holomorphy (Remark 5.1.8 3 (e), we only need to
show that any function from @ (Uy,) extends holomorphically to Xi. Takea g € O(Uy).
Then g|To € Us (TO) N ‘C’(TO) By Theorem 7.1.4, g extends toa g € (9(Xk) with
g = g on T;. Observe that T ko is locally pluriregular. In particular, Uy N T kO is not
pluripolar. Hence, by the identity principle, & = g on Uy.

By virtue ofA the ChAirka tAheorem (Theorem 9.4.2), thgre exiAsts a relatively closed
pluripolar set My of Xy, My N Uy C S, such that Xy \ Mk is the envelope of
holomorphy of Uy \ Si. Moreover, if Sk is analytlc then so is Mk In particular, for

each f € ¥ there exists an fk € (9(Xk \Mk) with fk = fk on Ug \ Sk
We may assume that Mk is singular with respect to the family { fk f e F}.
Hence, Mk+1 N Xk = Mk Recall that Xk Ve X. Consequently:
o« M= Urz, Mk is arelatively closed pluripolar subset of X with M Ne(T% c
Ms
e for each f € ¥, the function f = Ury, ﬂ is holomorphic on X \ M with
f=fone(T%\ M,
o Mis singular with respect to the family { f c fefFy,
* if each set S; k 4 is analytic in V; 4, then M is analytic.
This completes the proof of Theorem 10.6.1 (modulo (10.6.2)).
Step 6°. We move to (10.6.2). Fix i,j € {l,...,N} and a,b € E} with
Wi jk.ab 7 D and take an f € F. We have the following two cases:

(a)i # j: We may assume thati = N — 1, j = N. Write
w=(w,w”) e (D x---xDy_s)x (Dy_1 x Dy).
Observe that
W18 kap = (P(@. rka) 0 PO 1ip)) x Pon-1.7k) X Plan. i)

Consider the following three subcases: R
Subcase N = 2: Then we have W15 ko5 = P(b1,rrp) x P(az, 1k q). We know
(cf. (10.6.1)) that fixq = f = foxpontheset B\ M, B := Wik ap N c(TkO).
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Observe that
(A1 kb1, 1k p] \ £9) X (A2 ka2, re.0] \ £9) C B.

Thus B \ M is not pluripolar. Hence, by the identity principle, ]Fl,k,a = f~2,k,b on
Wizkab \ (Stka VY S2kp)- R R R

Subcase N = 3: Then W2,3,k,a,b = ([P(al,rk’a) n [P(bl,rk’b)) X [P(bz,rk,b) X
I]AD(a3, Tk.a)- We are going to show that

F—ika = gy on (Par,req) VPGB, mrp)) X C)\ (Saka U S3kp),

where C C P(b,, Tk,b) X @(a3, Tk.a) 1S a non-pluripolar set; then, by the identity

principle, we obtain f5 ko = f3x6 0N Wa 3506 \ (S2.40 U S3k.5)-
Let

= {c € (A2 k[b2, r,p] X Az laz, rial) \ 2(1),k F(S2k,a)(c) € PLP,
(83.k,6)(.c) € PLP}.

The set Cis locally pluriregular (Remark 10.2.1 (f)). Fix a c = (c2,¢3) € C. Recall
that [P(al,rk 2) U [P(bl, Tk,b) C D1 . Thus, the functions f3 kb(,c)and f(-,c) are
holomorphic on

P(b1,rkp) \ ((S3.4.6)¢.c) U M)

Moreover, they are equal on the non-pluripolar set A; x [b1, 7k 5] \ M(.). Hence, since
the set (S3.k,5)(.c) U M(. ¢ is pluripolar, we get

fkp () = fCe)on Pbrrep) \ (Ssp)eo) U Me)-
An analogous argument shows that
PrkaCoo) = fCe) on Blar,rea) \ (S2ha) ) U Me)-
Hence, by the identity principle,
fora ) = frrw(0)on (P(ar.rea) VPO 1es) \ (S2.a) ) U (S340)(.0))-
Consequently,
frka = fakp on (Plar.ria) N BB1.7p)) X )\ (S20a U S3k).
Subcase N > 4: We are going to show that
IN-tia = fuks on (P rka) N PO 71p)) X €\ (SN-1a U Snkp):

where C C I]A"(bN_], Tk,b) X @(a N Tk,q) is a non-pluripolar set; then, by the identity
principle, we obtain

In—tha = INip N Wy_i Nkab \ (SN=1ka U SNk,b)-
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Let
By—1:={cN-1 € AN—1xlbN=1, k5] 1 (EX)(en_r) € PLEP).
By Proposition 2.3.31 the set By_; is locally pluriregular. Analogously, the set
By = {cn € Anklan.rkal : (EY_ien) € PLP}
is locally pluriregular. Let

={c € BN—1 X BN 1 (SN—1,k,a)(.0) € PLP. (SNk,b)(e) € PLEP,
EN¢e) e PLP, v=1,...,N =2}
The set C is also locally pluriregular. Fix a ¢ = (¢cy—1,cn) € C. Note that T (9 )

T), where
T? := T((Ay, Dy, () (.02

Observe that the (N —2)-fold cross T2, the sets (£9) (), v = 1,..., N —2, the set
M. ), and the family F. := {f(., C)chO\M(-,m . f € F} satisfy all the assumptions
of Theorem 10.2.6 (with N — 2).

Indeed, put A := Ay41 X+ X Ay, v=1,...,N —2. Then:

* The sets (ES)(.,C), v=1,..., N —2, are pluripolar.
e Foranyv € {l,...,N — 2} and (¢),,¢)) € A, x A we have

(M) e 80 = Mg, 80 )

Consequently, if (£}, £) ¢ (£9)(.c), then (M(.¢)) ¢, ..¢/) is closed and pluripo-
lar.

o ()€ Os(T2\ M), f €F
* Forevery ¢ € ¢(T2)\ M(c)y C (e(T°) \ M)(.c), the function fic)(-.c) €
O(P(&, pe¢,c))) gives the required holomorphic extension of f(-, ¢) with

feor(e) = fC.0)
on (P((Z, ¢). pie.ey) N (T )\ M).ey D P peey) Ne(T) \ M.

Since we have assumed that Theorem 10.2.6 is true for (N —2), we conclude that
there exists a relatively closed pluripolar set M (c) C YN 1,~ such that

. M(C) n C(TCO) C M(.’c),

 for any f € ¥, there exists an fc € (9(?N_1,N \ M(c)) with f; = f(-,c) on
C(Tco) \ M.c).

Recall that P(a’, Tk,a) U P, Tep) C ?N_I,N. Thus, the functions J]N,k,b (,c)and
fe are holomorphic on

PO, rkp) \ ((Snkb) ey U M (C)).
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Moreover, they are equal to f(-,c) on the set (c(TkO))(.,c) N c(Tco) \ Mo =: L.
Observe that L is not pluripolar.
Indeed, put A, := Ay g [by, 7k p], v =1,..., N — 2. First observe that

(A1 %+ x AN=2) \ (EX) en—n) € (T (0)-

On the other hand, (A; x -+ x Ay_») \ P C ¢(T, 9), where P is pluripolar. Hence, in
view of the definition of the set By _;, we conclude that

(A% x Ay2)\ Q C ((T))eo) Ne(TY).
where Q is pluripolar. In particular, the set
R:={t¢€ le X oo X fTN_3 D0, ¢ PLP}

is pluripolar. Moreover, for any § € (A} x --- x Ay_3) \ (E?V—z)(-,c’)’ the fiber
(M(.c)),) = Mg, ¢ is pluripolar. Thus, for any

e x - x AN_3) \ (RU(ZX_2)(0)

the set (Q U M(.)), is pluripolar. Now we are in a position to apply Proposi-
tion 2.3.31 and to conclude that L is not pluripolar.

Hence, since the set (S k,p)(.c) U M (c) is pluripolar, we get
I = Jeon PO rip) \ (Swip).e) U M(e)).

An analogous argument shows that

IN-tka = feon P, ra) \ (SN-150) 00 U M (€)).
Hence,

Fv-1ka0) = fyep(.0)

on (P(a'.r.a) N PO 1) \ (SN-1k.0).0) U (SNb) c))-

Consequently,

-1ka = fvapon (P@,rxa) NPD 1k p) X C)\ (Sn-14.a U Snip)-

(b)i = j: We may assume thati = j = N. Write
w = (w’,wN) € (D] X X DN—]) X Dy.

Observe that @ # Wi n.Nap = (P(@ ., rk.a) N P( . 1k p)) X Duk. By (a) we know
that

fN,k,a = fN—l,k,a on (VN,k,a N VN—l,k,a) \ (SN,k,a U SN—I,k,a)7

IN—1ka = INxp N (VN—1ka O Vi) \ (SN—1,k,a U SNk.p)-
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Hence fyk.a = fnkpoOn

VNka VVN—1k,a NV VNEE) \ (SN—1,k,a U SN kg U SNkb)
= (P(@',rx.a) NPOB, 115)) X Plan, 7k.a)) \ (SN—1.ka U SNka U SNkp)s

and finally, by the identity principle,

fvia = fnes on Wynkas \ (Snka U Snis).
The proof of (10.6.2) is completed. O

Proof of Theorem 10.2.6. Observe that we only need to apply inductively Theo-
rem 10.6.1 in such a way that if for all j € {l,..., N} and (a},a}’) € (A;. X A;.’) \ 29,
the fiber My . o7y is thin in D;, then each set S; k. q is thinin Vj kq. ‘

We keep notation from Theorem 10.6.1. Fix j € {1,..., N}, k € N, anda €
c(TkO) \ M. Let P(a, ps) and f; € O(P(a, ps)) be as in (C8). We may assume that
@(a,,oa) C Dy, x -+ x Dy . For simplicity, assume that j = N.

For each b), € A) \ =%, let M N.b, be the singular part of M ) with re-
spect to the family { f(by,-) : f € F} (taken in the sense of § 2.4) and let fN,b}\,
stand for the holomorphic extension of f(by,-) to Dy \ M N, - Since fN,b;v =
f(by,) = fa(b)y,)on Ay (an, pa) \ M, ., we conclude that f ;1 = fa(bh\?)
on @(aN, 0a) \ MN,b;\,- In particular, MN,ij N @(aN, Pa) = 2.

We are going to apply Lemma 9.1.5 with

ceki=n+---+nny_1,{ :=np,

* D :=P(dy.pa), G := Dn, Go := Plan, pa),

o A= Ay(dy.pa) \ 2%,

s M(by) = My, . by € A.

Notice that {f, : f € F} C §, where § denotes the set of all functions g €
O (D x Go) such that for every by, € A, the function g(b)y, -) extends holomorphically
to G\ M(b)y). Since the set M (b)) is singular with respect to the family { ; Nbl f e
¥} forevery by € A, itis obviously singular with respect to the family {g(b},.") : g €
S}. Consequently, Lemma 9.1.5 applies and we get a pluripolar set P = Py, C A
such that the set

Mya:= | {by}xM®by)
bl €A\P

is relatively closed in (4 \ P) x G. Consider the 2-fold cross
Wa =X(A\P,Go;D,G)=(DxGo)U((A\P)xG) C(DxGy)UT.

Since My 4 is relatively closed in Yy ,, we may apply Theorem 10.4.1 and we get a
relatively closed pluripolar set Sy, C Yy, such that
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* SNaNZng CMyga CM,where Zy, := X(A\ (P UQ),Go\R; D,G) for
certain pluripolar sets Q = Onq C A\ P, R = Ry4 C Gy,

o forany f € Os(Xv.a \ Mn,q) there exists an fAN,a € (9(171\/,‘, \ Sn,q) such that
fna=fonZya\ Mya.

* Sn,q is singular with respect to the family { fAN,a : f € Fna}, where

Fna = 1{g € Os(Wa\ Mng) :3pes : g = faon D x Gol;

in particular, Sy 4, N @(a Pa) =D
* if all the fibers M (by), by € A\ P, are thin (in fact, analytic), then Sy, is
analytic.
Since {aN} x G C YNa, there exists an t = rykqs € (0,0,) so small that
VNka = P(aly.7) x Dyg C Yya. Define Snxa i= Sna N Vkar [Nka =
fNalVNku\SNka and Py kq := Ona N IP(aN,r) (observe that TI?/ka C ZN,a).

Obviously, an analogous construction may be done for all j € {1 —1}.
We set rg o := min{rx 1,4,..., N kaq}- This shows that all the assumptlons of Theo-
rem 10.6.1 are satisfied.

The proof of Theorem 10.2.6 is completed. O

10.7 Example and application

It is natural to ask how large is the class of sets M C T with pluripolar fibers (cf. (C7)),
that are not pluripolar.

Proposition 10.7.1. Let S be a d -dimensional € -submanifold of an open set 2 C C"
with 1 < d < 2n — 2. Then for every point zy € S there exist an open neighborhood
U and a C-affine isomorphism L: C" — C" such that L(U) = D" and if M :=
L(SNU), thenforanya = (ay,...,a) € D*and j € {1,...,n}, theﬁberM(a}’.,a}/)
is finite.

Remark 10.7.2. (a) M satisfies (C1)-(C7) for an arbitrary cross with D; := D,
j=1,...,N =n.

(b) Notice that there are real analytic 2-dimensional submanifolds of C? that are
not locally pluripolar. For example (cf. [Sad 2005]):

S = {(x1 +i(x1 4+ x3),x2 +i(x] +x2)) : x1,x2 € R} C C>.

Consequently, one may easily produce examples of sets M satisfying (C1)—(C7) that
are not pluripolar.

Proof of Proposition 10.7.1. The idea of the proof is due to W. Jarnicki.
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Without loss of generality, we may assume that zg = 0 and d = 2n —2 (EXERCISE).
We shall prove that there exists an Xo € C” such that (CXy) N TpS = {0}. Let
a, B € C" ~ R?" be two R-linearly independent vectors such that

ToS = {x € R*" : Re(a, x) = Re(B, x) = 0},

where (, ) denotes the standard Hermitian scalar product in C”.

Assume that there exists a j € {1,...,n} such that o; and B; are R-linearly
independent. Then, for any £ € C, ~ (R?), we have Re(ajg) # 0or Re(ﬂjé) # 0.
Hence, we get (CXo) N TpS = {0} for Xy :=¢;.

If such a j does not exist, then for any j € {1,...,n} wehavea;j = B; = 0 or
there exists a A; € Cy such that for any § € C ~ R? we have Re(ajé) = Re(ﬂjé) =
0 <= & e RA; (ExercisE). Fix j, k € {1,...,n} with j # k such that («;, k),
(B;,Bx) € C? are R-linearly independent. Obviously, («;, ;) # 0 # (ak, Pk)-
Take p;, ur € C such that ujAg, ugA; are R-linearly independent (EXERCISE). Put
Xo := pjej + pger. TakeaA € C and assume that AXy € ToS. We have Ap; € RA;
and Apx € RAg. It follows that Apjux € (RAjug) N (RAgu;) = {0}, hence A = 0.

Let g9 > 0 be such that Uy := P,(gg) CC £2 and (CX) N T,S = {0} whenever
X € Xo+ Uy and z € Uy (EXerciSE). Take (X1,...,X,) € (Xo + Up)" with
det(Xq,...,X,) # 0 and let Ly be a C-linear isomorphism with Lo(X;) = e;,
j = 1,....n. Choose an & > 0 such that Ly (P,(¢)) C Up and put L := (1/¢)Lo,
U:=L7Y(D"). Takea € D" and j € {1,...,n} and consider the set

A= {A eC: L_l(al,...,aj_l,k,ajﬂ,...,a,,) € S}

Observe that M(a},.,a}/) = A N D (Exercise). Hence, it suffices to show that A N D is

finite. In order to do that we will show that each point of A N D is an isolated point of A.
Takeapu € AND. Letz := L™ (ay,...,aj—1, /4, @j+1,...,a,). Since L1 (e;) =
eXjand (CX;) N T, S = {0}, there exists a § > 0 with (z + D(e§)X;) N S = {z}
(ExeRrcisE) and hence A N (u + D(8)) = {u} (EXERCISE). O

As an application of Theorem 10.2.9 and Proposition 10.7.1 we get a simple proof
of the following extension theorem (cf. [Shi 1968], [Sto 1991]).

Theorem 10.7.3. Let S be a connected d-dimensional ‘€' -submanifold of a domain
D Cc C"withl < d < 2n — 2. Then every function f € O(D \ S) extends
holomorphically to D unless S is a complex submanifold of codimension 1.

Notice that an analogous result is also true for plurisubharmonic functions — com-
pare [Pfl 1980], [Kar 1991].

Proof. Take a pointa € S. Using Proposition 10.7.1 we find a neighborhood U, C D
of a and a C-affine isomorphism L, : C" — C” such that

e Gg=La(Uy) =1 +ilp) %X (Uap—1 +iln), where I1,..., I, CRare
open intervals,
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e forany b = (by,...,by) € (I1+ilp) X --X(Iap—1+ilap)and j € {1,...,n},
the fiber (Ma)(b},,’b}/) is finite, where M, := L,(S N U,),

« M, is the graph of a €' mapping with respect to real variables Xigsoos Xiy,
1 <iy <---<ij, <2n (in particular, M, is connected).
Now we apply Theorem 10.2.9, with N := n, D; = Aj = Ij_1 + ily,
¥ =%):=0,j=1,...,n(inparticular, T° = ¢(T°) = X), and we get an
analytic subset A7Ia of G, with the following properties:

« M, C M,,
« every function g € O(G, \ M,) extends toa g € O(G, \ M) with § = g on
Ga \ Ma,

. ]\7Ia is either empty or of codimension 1.

It is clear that if d < 2n — 3, then each set M, must be empty and consequently,

S is removable. Thus assume that d = 2n — 2. We have to prove that if there exists
an a € S such that 1\2 # @, then S is a complex manifold (and, consequently,
M % @ for every a € §). Since § is connected, we only need show that for a fixed
aes, e1ther M, = @or M, = M,. Fixana € S and suppose that M, #* .
Let ¥, = Smg(M )- Recall that X, is an analytic subset of G, of codimension
> 2. In particular, the manifold M, \ X, is connected. Since Reg(M,) C M, \ X,,
we conclude that Reg(ﬂa) = M, \ X, (EXERCISE). The set M, \ X, is dense in
M,. Consequently, T,y M, = T;EMa for every x € M, (EXERCISE). Thus, by the
Levi—Civita theorem (cf. [Chi 1993], Appendix § 2.3), M, is a complex manifold.
O



Chapter 11
Separately meromorphic functions

Summary. As an application of previous results we discuss various problems related to separately mero-
morphic functions. We begin with Rothstein’s theorems (Theorems 11.1.1, 11.1.2) which extend Proposi-
tion 1.1.10. The main result of the chapter is a cross theorem with singularities for separately meromorphic
functions (Theorem 11.2.1). In particular, we get a generalization of Hartogs’ theorem for separately holo-

morphic functions (Theorem 11.2.4). Some special cases are discussed in §§ 11.3, 11.4.

11.1 Rothstein theorem

§§ 1.1.3,2.4,2.8,5.1,5.4,9.1, 10.2.

Recall (cf. § 2.8) that a function f: £2 \ § — C, where £2 is a Riemann region
and S = 8(f) £2 is an analytic set, is said to be meromorphic on 2 (f € M(£2))
if

e fe€0(£2\S)and S is singular for f (consequently, either S = @ or S is of

pure codimension 1),

* for any point a € § there exist an open connected neighborhood U of a and
functions ¢, ¥ € O(U), ¥ # 0, suchthat yf = onU \ S.

Recall also (Theorem 2.8.4) that for any Riemann domain £2 its envelope of holo-
morphy 2 coincides with the envelope of meromorphy.

We begin with the following Rothstein theorem which may be considered as a
generalization of Proposition 1.1.10 for meromorphic functions.

Theorem 11.1.1 (Cf. [Rot 1950]). Let D, G be Riemann domains over CP and C¥,
respectively. Assume that D is a Riemann domain of holomorphy and O (G) separates
points in G. Let A C D be locally pluriregular and let @ # Go C G be a domain.
Define X := X(A, Go; D,G) = (A X G) U (D x Gy). Assume that f € M(D x Gy)
is such that for each a € A the fiber 8(f)(a,) is thin (equivalently, S(f)(a # Gy)
and the function f(a, -) extends meromorphically to G, i.e. there exists an fa € M(G)
with S(fa) NGy C S(f)(a 5 and fa = f(a,-) on Go \8(f)(a,). Then there exists an
fG.M(X)suchthatf f on D x Gy, ie. S(f)ﬂ(DﬁGo)—S(f)andf f
on (D x Go) \ 8(f).

Proof. Our proof is based on Theorem 10.2.6 (with N = 2) and is essentially different
than standard proofs.
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First, observe that we may assume that G is also a Riemann domain of holomorphy.
Indeed, let G be the envelope of holomorphy of G such that G is an open set in
G. Then every function fa extends to an fa e M(G). Consequently, if the theorem

is true in the case of domains of holomorphy, then f extends to an f € M(Y) with
Y :=X(4, Gy; D, G) Clearly, XcvY.

Notice that the set A may be always substituted by aset A\ P, where P is pluripolar.
In particular, using Proposition 9.1.4, we may always assume that for each a € A the
set 8(f)(q,) is singular for f(a,-) and, consequently, 8(f;) N Go = 8(f)(4,)-

Take N :=2,D; :=D, D, =G, A; .= A,

Ay = B :=1{b € Go:8(f)(p) # D},
S =30 =5,=50:=0,T =T°:= X(4, B: D.G),

M :=8(f) U | J{a} x8(fa).

acA

F = {fo}, where

f(z,w) if(z,w)e(DxB)\M,

~ i (z,w)e T\ M.
fz(w) if (z,w) e (AxG)\ M,

Jo(z,w) = {

Observe that G \ B is pluripolar. In particular, T = X. One can easily check
(EXERCISE) that (C1)—~(C8) are satisfied. Moreover, for any (a,b) € A x B, the fibers
Mg, )= S(fa) M. b) = S(f)( b) are thin. By Theorem 10.2.6 there exist an analytic
set M T and an fo € (9(T \M) such that M N(AxB)c M, fo fo= fon
(A x B)\ M, and M is singular for fo

Since the set (A x B)\ M is not pluripolar (cf. Remark 10.2.1 (), we get on = fon
(D xGy) \ (MU 8(f)). Consequently, since 8( f) is singular for f, we conclude that
S8(f) = M N (D x Gg) and fo fon (D x Ggp)\8(f). Moreover, S(fa) C M(a
for a € A. Using once again Proposition 9.1.4 (and substituting 4 by A \ P, where
P is pluripolar), we may assume that ]\7I(a’.) is singular for fo(a, -) for every a € A.
Thus 8(f,) = M.y and f, = fola.-)yon G \ M. fora € A.

We only need to show that fo € M(f ). The case M = @ is trivial. Thus, assume
that M is of pure codimension 1.

Observe that the main problem is to show that fo € M($2), where 2 C T is
an open connected neighborhood of T (recall that T as a 2-fold cross is connected —
cf. Remark 5.1.8 (a)).

Indeed, by Theorem 2.8.4, it is enough to show that the envelope of holomorphy of
£2 coincides with T. Take a g € O($2). Then g|r € Os(T). Thus, by the main cross
theorem (Theorem 5.4.1), there exists a g € O(T) with ¢ = g on T. Hence, by the
identity principle, g = g on §2.
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Let us start with the following “generic” situation, when M is locally a special
graph of a holomorphic function. Suppose that (ag, bg) € (A x G) N M is such that
there exist 0 < r,ry < min{dp(ao), dg(bo)} and a holomorphic function

Q: [P((a(),b(/)), }") e ID(bO,qv rq)v ga(ao,b6) = bO,q’

such that
M 0 (P((a0.by). ) x D(bog.7q)) = {(z.w', ¢(z.w")) : (z.w') € P((ao. by).7)},

where (using the standard identifications) we assume that [PD (ao) c C»?, [PG (by) C C1
and by = (by, bo,¢) in local coordinates. Since fo € (9(T \M ), we have

Jozow' wg) = Y filz.w)(wg — gz, w))E,

k=—00

(Z’ w/) € [P((ao,bf)),r), |wq —¢(Z:w/)| < 8(2’ w/) = g — |¢(Z’ w/) _bO,qL
where fi € O(P((ao, by). 1)), k € Z. Observe that for each
(z,w') € C := (AN P(ag,r)) x P(by, 1),

the function fo(z w’, +) extends meromorphlcally to D(p(z, w’), e(z, w’)).

Indeed, fix (z, w’) € C. Recall thatS(fZ) M(Z )and fz f(z, ) = fo(z -)on
B\M(Z ). Since B\M(Z ) isnot pluripolar, we get fo = fo(z )onG\M(z ). Observe
that the function fz (w’, ) is meromorphic on D(¢(z, w’), e(z, w’)) and S(fz (w',") C
{o(z,w’)}. Moreover, f,(w',") = fo(z, w’,-) on D(p(z, w’),e(z, w)) \ {p(z,w)}.

Thus for each (z, w’) € C there exists an s(z, w’) € N such that f_;(z,w’) =0
fork > s(z,w’). Let Cs := {(z,w’) € C : s(z,w’) < s}. Itis clear that there exists
an so such that Cy, is not pluripolar, which implies (via the identity principle) that
for = 0for k > s¢. Thus fo is meromorphic in a neighborhood of (ayg, o).

In the general case we proceed as in the proof of Theorem 10.2.12. Fix a p01nt
(a0,bo) € (AXG)N M and let L g € (9([P((a0, bg), p)) be a defining function for MnN
P((ag, bo), p). Since the fiber M(aO ) = 8(fa,) is thin, we conclude that g(ao, ) # 0
on []A’(bo, p). Choose a unitary operator U : C¢ — C¢ such that g(aqg, by, ) # 0 near
bo.4» where § := go®@, ®(z,w) := (z,bo+ U (w—hy)), (z, w) € P(ao. p)x P(bo. p')
and p’ > 0 is so small that by + U(w — by) € P(bg. p) for all w € P(by, p'). Put
H:=® ' (M), h:= food. Thenh € O((P(ao.p) x P(bo, p')) \ H) and for each
a € AN P(ap, p)) the function A(a,-) extends meromorphically to P(bg, p'). Using
the same argument as in the proof of Theorem 10.2.12, we find r,r; > 0 such that
P((ao.by), 1) x D(bo,g.1q) C P(ao, p) X P(bo, ©’) and the projection

Prepxca—t + H 0 (P((a0.bp).r) x D(bog.74)) > P((ao. by).r)
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is a ramified holomorphic covering. We may also assume that (P((ao, by),r) x
D(c,7)) N H = @ for certain D(c,t) C D(bo,q,74). It is known that there exists
an analytic set ¥ P((ao. by), r) such that

7| =1 (P((ag b)) N\E) 7 (P((ao. by). ) \ 2) — P((ag. by).r) \ =

is an unramified holomorphic covering. Put C := (4 N @(ao, r)) x P(by,r). Ap-
plying the “generic” case shows that there exists an open neighborhood U of C \ T
such that 1 € M(U x D(bg4,rq)). It remains to show that the envelope of holo-
morphy of the domain §2 := (U x D(bg4,74)) U (P((ao, by), r) x D(c, r)) contains
a neighborhood of (ag, bg) (and to use Theorem 2.8.4). Observe that 2 D Y :=
X(C\ X, D(c, 7); P((ao. by), ), D(bo,q. 7¢)). Consequently, every function holomor-
phic on §2 extends holomorphically to Y and

hZ\z IP((aO,b(’)),r)(Z’ w') = h*C,[P((ao,b{,),r)(Z’ w’)
= maxth 5 o Baon D MR ,r),[P(b{)J)(w/)} = I B0 Blaom D
which implies that (ag, bg) € Y. O
In the case where A = D the result may be strengthened as follows.

Theorem 11.1.2 (Cf. [Rot 1950]). Let D, G, Go be as in Theorem 11.1.1. Let f €
M(D x Gg) be such that for every a € D with S(f)(a # Gy, thefunction f(a,-)
extends meromorphically to G, i.e. there exists an fa € M(G) with S(f2) NGy C
S(f)(a yand fq = fonGg \S(f)(a ). Thenthere exists an f € M(D x G) such that

f = fonDxGo,ie8(f)N(DxGo)=8(f)and f = f on (D x Go) \ S(f).

Proof. Let ¥ :={z € D : {z} x Go C 8(f)}. We know that ¥ is a proper analytic
set. Using locally Theorem 11.1.1 on (D \ X) x G, we easily prove that f extends
meromorphically toan f € M((D x Gg) U ((D \ £) x G)). Using Proposition 2.4.4,
we conclude that the envelope of holomorphy of the domain (D x Go) U (D \ X) X G)
contains D x G. Finally, Theorem 2.8.4 implies that f extends meromorphically on
D xG. O

11.2 Cross theorem with singularities for meromorphic
functions

$§1.1.3,2.8,5.4,10.2.

After the Rothstein theorem (which may be considered as a generalization of Propo-
sition 1.1.10) it is natural to look for an analogue of the main cross theorem (Theo-
rem 5.4.1) and an extension theorem with pluripolar singularities (Theorem 10.2.9) for
meromorphic functions.
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Theorem 11.2.1 (Cross theorem with singularities for meromorphic functions). As-
sume that (cf. (C1)—(CT7))

* Dj is a Riemann domain of holomorphy over C"/,

* A; C D;, Aj is locally pluriregular,

« ¥ C Z;) C A} X A}/, E? is pluripolar, j = 1,..., N,

« X = X((4;. D)), T = T((4;. D;. SN,

e M CSCT,M,S are relatively closed,

e forany j € {1,...,N} and (a},a}’) € (A} X A}’) \ X9, the fiber S(a},.,a}/) is

thin.
Let

OS(T \'S) otherwise,
and assume that for all f € G, j € {1,...,N}, and (a},a}) € (A} x A])\ %0
the function f(a’;, -, a}) extends meromorphically to Dj \ M(a} valy i.e. there exists a
function f;a; al € M(D;\ M(a}’.,a}/)) such that S(f}’a}’a}/) C S(a},.,a}/) \ M(a},.,a}/)
and f;a; al = f(aj.-.a})on Dj\ S(a},.,a}/). Let M C X be constructed via Theo-
rem 10.2.9 with respect to the family
O(X\M) ifE = =3y=0,
OS(T \ M) otherwise.

g {OS(X\S) fS = =%y=2,

?U\My={

Then there exists a generalized cross T' = T((A;, D;, Z})jl.vzl) with Z;’ C X, X
pluripolar, j = 1,..., N, such that for each f € § there exists an f € M(X \ M)
with

s MNT' CM,

«8(/)nT'CS,

e f=FfonT \S.
Definition 11.2.2. In the above situation we say that f is separately meromorphic on
T\M(f € Ms(T \ M)).

In the case where M = & the theorem is a simultaneous generalization of some re-
sults presented in [Sak 1957], [Kaz 1976], [Kaz 1978], [Kaz 1984], [Shi 1986],
[Kaz 1988], and [Shi 1989], namely:

Theorem 11.2.3 (Cross theorem for meromorphic functions). Assume that X, T, and
E;), j=1,...,N,areasinTheorem 11.2.1. Let S C T be relatively closed such that

forany j € {l,...,N}and (a},a}) € (A} x A7)\ 0 the fiber S(a}’.,a}/) is thin. Let

Os(X\S) if¥1=---=Xy=2a,
OS(T \'S) otherwise,
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and assume that for all f € G, j € {1,...,N}, and (a},a}) € (A} x A]) \ %9,
the function f(a’ i a’l ) extends meromorphically to Dj, i.e. there exists a function
fj,a},a_y e M(D)) such that 8( f;-,a_;,,a}/) C St} -al) and f"ja o = [fd}.-.a}) on
D; \ S(a},.,a}/). Then there exists a generalized cross T’ = 'I]'((Aj ,Dj, E’ )N 1) with
EJO- - E}, E} pluripolar, j = 1,..., N, such that for each f € § there exists an
f e M(X) with

e MNT CM,

«8(/)NT'CS,

e f=fonT'\S.

IfA; =D;, %, =9,j=1,...,N,and M = &, then Theorem 11.2.3 gives the
following analogue of the Hartogs theorem for meromorphic functions.

Theorem 11.2.4 (Hartogs theorem for meromorphic functions). Let D; be a Riemann
domain of holomorphy over C" and let E;’ C D} x D} be a pluripolar set, j =
1,...,N. Assume that S C Dy x --- X Dy is a closed set such that for all j €
{l,....N}and (a},a}) € (D; x DY)\ E?, the fiber S(a;,.,a;/) is thin. Then there exist
pluripolar sets £; C D} x D} with Z? C X, j =1.,..., N, satisfying the following
property.

If f € O((Dy x---x DN)\ S) is such that forall j € {1,...,N} and(a},a}’) €
(D x DY)\ E?, the function f(a},-, a}) extends meromorphically to Dj, then there
exists an f € M(Dy x -+ x Dy) such that forall j € {1,...,N} and (a’,d") €
(D; x DY)\ I, we have f(a},-,a}) = f(a}.-.a]) on D; \ S(a},.,a}/).

]’]

Proof of Theorem 11.2.1. Our proof is based on Theorem 10.2.9. Using this the-
orem we get an analytic set S Cc X and a generalized cross T C T T' =
T((4,D;, HN)), T® := T((4;,D;. £NHN)), with £¢ c ¥/, ¥/ plurlpolar,
j =1,..., N)such that for each f € & there exists an f € (9(X \ §) with

e SNE(T%uT))CS,

« f=fon((T)UT)\S,

e Sis singular with respect to {f : fedy,

e MN((TOHUT)C M,

e forany j € {l,...,N} and (a},a}) € (4] x A)) \ X/, the fiber .§(a},.,a;/)

is singular with respect to the family { f (a},-a}) : f € §} (cf. the proof of
Lemma 10.2.8).

Similarly as in the proof of the Rothstein theorem (Theorem 11.1.1), we only need
to show that there exists an open neighborhood §2 C X \ M of T’ \ M such that

* every connected component of §2 intersects T/ \ M,
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o forevery f € ¢ there exists an f € M(£2) such that S(f) C S and f = f on
2\ S (equivalently, f = fonT’\ S).
Infact,if g € O(S2), then g|T,\M € (9C(T’\]\7I) Hence, by Theorem 10.2.12 there

existsa g € (9(X \ M) with g g=gonT’"\ M. Consequently, & g=gon 22\ M. This
shows that the envelope of holomorphy of §2 coincides with X \ M (Theorem 2.8.4)

and, therefore, for each f € ¢ the function f extends to an f e M (X \ M ) with
S(f)NT ' cSand f = fonT’'\S.

Takeana € T'\ M. We may assume thata = (aly.an) € (Ay \X}y) x Dy. Fix
aby € Ax \ §(a;v,.) (recall that §(a;v’,) is pluripolar). Put b := (aly.by) € T'\ S.

Let r > 0 be such that P(b,r) cC X \ S. In particular, f € (9(@(b,r)),Af €g.
Since M(a;v,.) is pluripolar, there exists a domain Gy CC Dy \ M(a/N,-) with

{an} U P(by.r) C Gy. Take r’ € (0,r) so small that @(a},,r/) xGy C X\ M.
We going to apply the Rothstein theorem (Theorem 11.1.1) with D := @(a N
G := Gy, Gy := [P(bN,r) A= (A \E )N [P(aN, r’). Observe that for every
f € & we have fN,aN = flay,) = f(aN, yon Dy \ S(a)y,)» Which implies
that S(fN,a;\,) N P(by,r) = & and fN’a/N = f(aly,) on P(by,r). Put Y, :=
X(A, P(by.r); @(agv, r’), Gy). By the Rothstein theorem, for every f € § there
existsan f € M(IZ,) such that f = f on @(ag\,, r’). Hence, by the identity principle,
7= f in¥\S. R

We put 2 := UaeT/\M Y. O

Remark 11.2.5. It is an open problem to characterize those closed sets S C D x
.- X Dy without the assumption that the fiber S(a;, ) isthinforall j € {l,..., N}

and (a}, a}’) € (DJ’. X D]’f) \ E;’, for which Theorem 11.2.4 remains true | ? | Some
partial answers will be given in the next sections.

11.3 The case N =2
§§2.8,3.6,5.4,10.4,11.1, 11.2.

In the case where N = 2, Theorem 11.2.3 may be strengthened as follows.

Theorem 11.3.1 (Extension theorem for meromorphic functions). Let D, G be Rie-
mann domains over CP and C4, respectively, let 3 #+ A C D, @ # B C G be locally
pluriregular sets, and let

X :=X(A.B;D,G) = (Ax G)U (D x B).



262 11 Separately meromorphic functions

Let § C X be a relatively closed set. Assume that there exist exhaustions (Dy)72,
and (G)g—, of D and G, respectively, by domains such that
(A) A := AN Dy # @, By := BN Gy # O,
(B) forevery (a,b) € A X By we have By \ S, # @, Ax \ S¢.p) # D, k € N,
(C) Ax BC (AxB)\S.

Then for everyfunctlon f € O5,(X\S)NM;(X) there exists a function f € M(X)
suchthatS(f)ﬂXCSandf fonX\S.

Remark 11.3.2. (a) Recall thatif f € O3(X \ S)NMs(X), thenforall (a,b) € AxB
there exist functions f, € M(G), f b ¢ M(D) such that

N S(fa) C S(a,.) and f = f(a, ) in G \ S(a,.),
. S(fb) C S(.,b) and fb = f(, b) in D \ S(.,b).
(b) Notethatifh;‘LD = 0(e.g. D\ Aisof zero Lebesgue measure), then X = DxG.

Exercise 11.3.3. Check that for N = 2 and M = &, Theorem 11.3.1 generalizes
Theorem 11.2.1.

Proof of Theorem 11.3.1. It suffices to prove that for each k there exists an open con-
nected neighborhood 2, C Xj of the cross Xi := X(Ag, Bx; Dk, Gi) = (AxxGy)U
(D x By) such that for each f € Os(X \ S) N M (X) there exists an fi € M(§2;)
with8(fr) N X C Sand fr = f on Xp \ S. R

Indeed, the envelope of holomorphy of §2; coincides with X (cf. the proof of
Theorem 10.4.2). Hence, by Theorem 2.8.4, the function f; extends to a function
fk € M(Xk) ie. S(fk) N2 = S(fk) and fk = fk on .Qk \S(fk) Observe that
fey1 = feon Xp (equivalently, fk+1 = fe on Xi \ (8(fe+1) US(f))-

Indeed, we have fk+1 = f = fk on (Ag X Bk) \ §. Hence, in view of (C), we
get fk+1 = fk on (Ax X Br) \ (S(fk+1) U S(fk)) Thus, by the identity principle,
fk+1 = fk on the non- plurlpolar set X \ (S(fk+1) U S(fk))

Now we glue the functions ( fk) 7=, and we get the required extension f

Fix a k € N. We are going to show that for any (a,0) € & 1= (Ag X B) \ S
there exists an r, 5 > 0 with P((a,b),r,p) C Di x Gi such that every function

feO,(X\S)N Mg (X) extends to an f;,b € M(824,), where
Qap = (Pla.1a) x G) U (Dg x P(b.10)) C X,

ie. S(f;,b) N Xy C S and f;,b = fon Xx N2, \ S. Moreover, f;’b = f;,d on
-Qa,b n Qc,d- B
Suppose for a moment that §2, 5, (a,b) € Ey, are already constructed. Put §£2; :=
Uw.pyez, Pab- Observe that X C 2.
Indeed, let (z, w) € X, e.g.(z,w) € Ax xGy. By (B) thereexistsab € B\ S(,,).
Then (z,0) € & and (z, w) € 2, .
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Forevery f € Og(X \ §) N M;s(X) the functions f;,b, (a,b) € Ey, may be glued
to an fk € M(2) with S(fk) N Xy C S and ﬁ = f on X; \ S. Thus, we may
define 2} as the connected component of [~2k that contains Xj. This will finish the
proof of the theorem

We move to the construction of £2, ; and f;,b. Fix (a,b) € & and f € Os(X \
S) N My(X). Let T > 0 be such that P((a,b),7) C (D x Gg) \ S. Define

Y := X(Ala. 1], B[b. 7): P(a. ). P(b. 7)) C Xi.

Then f € Os(Y, ) and hence, by Theorem 5.4.1, f|y, , extends holomorphically
on ff,,b. In particular, f extends holomorphically to an f;,b € (9(@(((1, b), p)) with

p e (0,7), P((a,b),p) CYip. o )
Observe that for each o € Ala,p], fu = fap(a,?) on P(b,p). Thus all the
assumptions of the Rothstein theorem (Theorem 11.1.1) are satisfied, and consequently,

there exists an f;,b € M(Za,b) with Z, , := X(A[a, p], I]AD(b, 0); P(a, p), G) such that

fab = fab on ﬁ’((a b), p). Notice that fab(a ) = fy for every o € Ala, p]. We
take an r € (0, p) so small that IP(a r)x Gy C Za »- Repeating the same construction

in the “horizontal” direction gives §2, 5 and f,l ». It remains to show that fa p = fc d
on 2,4 N §2. 4. Observe that

2ap N Req = (P, rap) NP(e.rea)) x Gi) U (Pa.rap) x P(d.rc.a))
U (@(c, Fed) X P(b, rap)) U (Dk x (P(b, Tap) N @(d,rc,d))).

Note that the main problem is to show that f;,b = fc,d on @(a, Fab) X @(d, Te,d)
(resp. P(c,rc,q) x P(b, rap)). Then the identity principle for meromorphic functions
immediately gives the equality on

(P(a,rap) N P(c,rea)) X G (resp. Dg x (P(b,rap) NP(d,rc.a))),

provided that this set is not empty.

To prove that fa b= fc 4 on P(a Fab) X [P(d ¥¢,q) we may argue as follows. For
(o, B) € (Ala,rqp] x Bld, e q]) \ S we have

Jap(@.p) = fu(B) = f(@.p) = [P (@) = fea(@.B).
Hence, by (C), we get f;,b = fc,d on the non-pluripolar set

(Ala, rap] % Bld, re.a) \ (8(fup) US(fe.a))-

Consequently, by the identity principle,

fap = fea on (Pa,rap) x P(d, re.a)) \ (S(fup) US(fe.0)). O
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Corollary 11.3.4 (Cf. [Sak 1957]). Let S C D x D be a relatively closed set such that
e intS =g,
e for every domain U C D x D the set U \ S is connected (we say in brief that S
does not separate domains).

Let A (resp. B) denote the set of all a € D (resp. b € D) such that intc S,y = @
(resp. intc S(.p) = D). Put X := X(A, B;D,D) = (A xD) U (D x B).

Then for every function f € Os(X \ S) N Ms(X) there exists an f € M(D x D)
suchthatf: fonX\S.

Notice that the original proof of the above result is not correct — details may be
found in [Jar-Pfl 2003c], see also § 11.4.

Proof. We are going to apply Theorem 11.3.1. First we check that the sets A and B
are not plurithin at any point of D (in particular, they are dense in D).

Indeed, suppose that A is plurithin at a point a € D. By Remark 3.6.2 (e), there
exists a circle C C D such that C N A = @. Let (G;)72, be a countable basis of the
topology of D consisting of relatively compact discs. PutC; :={z € C : G; C S(z 9}
Observe that C; is closed and C = U;‘;l C;. Using a Baire category argument, we
find a non-empty open arc I" C C and adisc D(b, r) suchthat ¥ := I" xD(b,r) C S.
Since dim ¥ = 3, the surface ¥ separates domains. Hence, since S is nowhere dense,
we easily conclude that S separates domains; a contradiction.

Consequently, by Remark 3.6.2 (d), the sets A and B are locally regular and h;‘UD =
h p = 0. In particular, X =DxD.

It remains to check (A)—(C) with arbitrary exhaustions Dy := D(r¢), Gi := D(ry),
0 < rr /' 1 (EXERCISE). O

Corollary 11.3.5 (Cf. [Shi 1989])). Let D, G, A, B, X be asin Theorem 11.3.1. Assume
that S C X is a relatively closed set such that

e the set D \ A is of zero Lebesgue measure,

* forevery a € A the fiber S(, . is pluripolar,

* for every b € B the fiber S(.p) is of zero Lebesgue measure.

Then for every function f € Og(X \ S) N Ms(X) there exists an f € M(D xG)
such thatf =fonX\S.

Proof. One can easily check that all the assumptions of Theorem 11.3.1 are satisfied
with arbitrary exhaustions and k > 1 (EXERCISE). O
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11.4 Counterexamples

§§2.1.7,2.3,2.5.3,3.2,7.2, 11.3.

This section is based on [PI-NVA 2003].

In [Sak 1957], E. Sakai claimed (without proof) that the n-dimensional analogue of
Corollary 11.3.4 is also true. Unfortunately, this is false as Propositions 11.4.4, 11.4.5
will show. We need the following preparations.

Let v € $#(D(2)) be such that v(0) = 0 and the set v™!(—oc0) is dense in D(2).
For example,

=3 Liglotl 5oL, lad
v(z) := dkog 2 dkog4,
k=1 k

=1

where (Q +iQ) N D(2) = {q1, 42, ...} and (dg)g2; C R>g is such that

o 1o gkl
Zzlog%>—
k=1 "%

Put

n

un(2) = Y (@), 2= (21 za) € Ba(2),

k=1
Ap:={z e D" :u,(z) < —1}.

Observe that 4, is an open set dense in D”.

Lemma 11.4.1. If Sy,..., Sy C D" are relatively closed sets which do not separate
domains, then the set UJI-V=1 S; does not separate domains.

Proof. Use finite induction on N and the equality

N N-1
U\Usz(U\USj)\SN. 0
j=1 =1

Lemma 11.4.2. Let S C D" \ A, be relatively closed, n > 2. Then:

(a) S does not separate domains,

(b) for any closed sets F,, C CP, F/ C C4 (p,q > 0), the closed set F, x S x F/
does not separate domains in C? x D" x C4.

Proof. (a) It suffices to show that for every open convex domain P = Py x---x P, CC
D", the set P \ S is connected.

Indeed, let U C D" be a domain and leta,b € U \ S. Let y: [0,1] — U be a
curve such that y(0) = a, y(1) = b. Choose polydiscs Q1,..., @y CC U such that
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y([0.1) C ULy Proa € 01,0001 # @, j =1.....N—1,b € Qy. IfQ;\S
isconnected, j = 1,..., N,and (Q;NQ;4+1)\Sisconnected, j =1,..., N—1,then
(QjUQj41)\Sisalsoconnected, j = 1,..., N —1,andfinally, (Q1U---UQn)\S
is connected.

Take a = (ay,...,ay), b = (by,...,by) € P\ S. We are going to connect the
points @ and b with acurve y: [0, 1] — P \ S. We may assume that v(a;) = v(b;) =
—00,j =1,...,n.

Indeed, as the set v~ ! (—oo) isdense, we finda’ = (@}, ..., a,),b’ = (b},..., b)) €
P withv(a}) = v(b;) = —oo, j = 1,...,n, such that the segments [a,a'], [b,b'] are
contained in P \ S.

Define

y(@):=0b1,....0;,(J+1—nt)ajy1 + (nt — j)bjy1.a;42,....a,),

ES
ze[i ]—] j=0,....n—1.
n n

Observe that y: [0, 1] — P is well defined, continuous, y(0) = a, y(1) = b, and
Uy (y(t)) = —oo for every t € [0, 1] (because n > 1). Since

ScD'\A, ={zeD":u(z) > -1},

we conclude that y: [0,1] > P\ S.

(b) As in (a), it suffices to show that P \ (F, x S x F/) is connected for every
open convex domain P = P; x P, x P/ CC C? x D" x C4. Fix (a,,a,ay),
(b, b,by) € P\ (F, xS x FJ). Since v~ (—00) is dense in D, we may assume that
a,b ¢ S. By (a) there existsacurve y : [0, 1] — P, \ S suchthat y(0) = a, y(1) = b.
Consequently, the curve

[0,1] 3¢ = (1 =)ay, + tby,, y(t), (1 = t)ay + tby)
connects the points (a,,,a,ay), (b,,b,by) in P\ (F, x S x F}). O

Lemma 11.4.3. Let 2 C C" be a pseudoconvex domain, ¢ € PSH (£2), 2’ :={z €
2 : ¢(z) < 0}. Assume that ' $2. Then there exists an f € O(§2') that cannot be
extended meromorphically to 2.

Proof. By Theorem 2.5.5 (e) £2’ is pseudoconvex. Take an arbitrary f € O (£2’) that
cannot be extended holomorphlcally beyond £2’ (cf. Proposmon 2.1.27) and suppose
that / € M(£2)is suchthat f = f on £2’. Then £2 \ 8(f) C £2'. Since S(f) is a
proper analytic set, we easily conclude (cf. Proposition 2.3.29) that ¢ < 0 on §( f );a
contradiction. O

Foraset S C D" put

S;i={(@,a")y e D' x D"V iintc Sy DY j=1,....1m
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Proposition 11.4.4. For all n > 3 there exist

¢ a relatively closed nowhere dense set S C D" such that S does not separate
domains and S DY i =1,...,n

* adomain 2" D" with T := T((D,D, S;)}_,) C £2', and

* afunction f € O(§2') that cannot be extended meromorphically to D".

In particular, f|r\s € O5(T \ S) N M (T) cannot be extended meromorphically
to D".
Proof. Let

B:={zeD:v(z) <—1/(n—1)}.

Note that B is dense in D and

(D\B)" '=(M\B)x---x(D\B)c D" '\ 4,_;.

(n—1)-times

Fix an arbitrary closed disc ' C B. Then, by Lemmas 11.4.1 and 11.4.2, the closed
set
S:=(FxD\B)"Hu.---Uu((D\ B xF)

does not separate domains in D”. Since B is dense, we easily conclude thatint S = &.
Observe that S; = (D \ B)"~!, j = 1,...,n. Consequently,

T=(BxD")U- U@ xB) = Xpu-1((B.DY/—y) = Xyns
(cf. § 7.2); note that T is open. Define
2 ={(z1.....z) D" : Y By p(z) <n—1} = Xy ot

Observe that:
- 2 D"
Indeed, let C := supp v. Note that C > 0 (because v(0) = 0). Put

v=C
W= ———— .
C+1/2
Then h% , > w. In particular,
h (0)>w(0)=i+1>0
B.DY = C+1/2 '

Now it remains to apply Remark 5.1.6 (b).
e 2’ is connected — cf. Remark 7.2.3 (f).

Finally, by Lemma 11.4.3, there exists an f € O (£2’) that cannot be continued
meromorphically to D”. O
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For domains D C C?,G Cc C?and S C D x G put
As :={a € D :intg S(a,.) = g}, BS = {b € G :intp S(.’b) = 7}.
Proposition 11.4.5. Let D C C?, G C C? be bounded pseudoconvex domains

(p,q = 2). Then there exist

* arelatively closed nowhere dense set S C D x G such that S does not separate
domains and As, B® are locally pluriregular,

* adomain 2’ D x GwithX := X(A4,B;D,G) C 2/, and

* afunction € O(§2') that cannot be extended meromorphically to D X G.

In particular, f|x\s € Os(X \ S) N My(X) cannot be extended meromorphically
to D xG.

Proof. We may assume that 0 € D C D?,0 € G C DY. Fix closed polydiscs F), :=
P(r,) CC D and Fj = P(r;) CC G. Recall that A, = {z € D? : u,(z) < —1} —
cf. the proof of Proposition 11.4.4. Put

S = ((D\ 4,) x FJ) U (F) x (G \ 4g)).

It is clear that S is nowhere dense. Lemmas 11.4.1, 11.4.2 imply that S does not
separate domains. Moreover, As = A, N D and BS = A;NG; A= As,B = BS
are open, in particular, locally pluriregular. Let

2 :=X(A.B;D.G) ={(z.w) e Dx G : by ,(z)+hY}, gw) <1}

Observe that 2 D x G. Indeed, let C := supp, u,. Observe that C > 0 (because
up(0) = pv(0) = 0). Put

u, —C
w = 1.
c+i
Then h*A,, p = w. In particular,
B (0) > w(0) = —C +1>0
Ap, DT = T C+1 '

Hence, by Remark 5.1.6(b), 2’ D x G.
We conclude the proof as in Proposition 11.4.4. O
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Symbols

General symbols

N := the set of natural numbers, 0 ¢ N; Ng := NU{0}; Ng :={n e N:n >k},
Z := the ring of integer numbers;

Q@ := the field of rational numbers;

R := the field of real numbers;

C := the field of complex numbers;

C := C U {oo} = the Riemann sphere;

Rez :=thereal part of z € C, Imz := the imaginary part of z € C;

z := x — iy = the conjugate of z = x + iy;

|z] := +/x% + y? = the modulus of a complex number z = x + iy;

argz :={p € R:z = |z|e*};

C\ {0} > z — Argz € (—m, +x] the main argument; Arg 0 := 0;

A™ := the Cartesian product of n copies of the set 4, e.g. C";

X<y:&<= x; <y, j=1....,n,wherex = (x1,...,X,), Yy = (¥1,...,¥n) €
R";

Aw = AN {0}, e.8. Cu, (C")s; A% := (As)", eg. CT;

Ay :={a€A:a=>0},eg Zy,Ry; AL = (A4)", eg 277, RY;
A_={ae€ A:a <0};

Aso:={acA:a>0}eg Rso; AL, := (4>0)",e.8. RL;
Acg:={ae A:a <0}

Reoo :={—00}UR, Rico :=RU{+o00};

A+B:={a+b:ac A, beB},a+ B :={a}+ B,where A,BC X,a € X,;
A-B:={a-b:aec A, be B},where ACC,B CC"

0, ifj#k
Sjk = 1 J 7 = the Kronecker symbol;
’ 1, ifj=k
e = (eq,...,ey) := the canonical basis in C", e; := (§j,1,...,6j4), j = 1.....n;
I=1,:=(,....,1) e N;2:=2-1=(2,...,2) € N";

(z,w) := Y_}_, zjw; = the Hermitian scalar product in C";

W= (Wy,..., W), W= (wWy,...,w,) e C"
z-w:i= (Z1W1, ..., ZpWy), 2 = (21,...,2Zn), w = (Wy,...,wy) € C";
ef = (e”1,...,e"), z=1(z1,...,24) € C";

1/2
Iz := (z.2)V/? = (Z;:l |Zj|2) = the Euclidean norm in C";
z]loo := max{|zi],...,|zn|} = the maximum norm in C”";
lzlly := |z1| + -+ + |zn| = the £}-norm in C";

#A := the number of elements of A;
diam A := the diameter of the set A C C” with respect to the Euclidean distance;
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X4 = the characteristic function of A4;

conv A = conv(A) := the convex hull of the set A4;

A CC X : < Aisrelatively compactin X;

pry: X XY — X, pry(x,y):=x, or pry: X ®Y — X,pry(x + ) :=x.

Euclidean balls

B(a,r) = Bu(a,r) :={z € C" : ||z — a|| < r} = the open Euclidean ball in C" with
center a € C" and radius r > 0; B(a, +o0) := C”,

B(a,r) = Bu(a,r) := B,(a,r) = {z € C" : ||z —al| < r} = the closed Euclidean
ball in C” with center a € C” and radius r > 0;

B(r) = B,(r) := B,(0,r); B(r) = B,(r) := B,(0,r);

B = B, := B, (1) = the unit Euclidean ball in C”;

D(a,r) := By(a,r); D(r):= D(,r);

D(a,r) := By(a,r); D(r):=D(0,r);

D«(a,r) :=D(a,r) \ {a}; Du«(r) := D«(0,r);

D:=D(1) ={A € C: |A| < 1} = the unit disc;

T := JD.

Polydiscs

P(a,r) = Pula,r) :={z € C" : ||z — a|lco < r} = the polydisc with center a € C"
and radius » > 0; [P, (a, +00) := C";

P(a,r) = Py(a.r) := Py(a.r); Pu(a,0):={a};

P(r) = Py(r) := Pu(0,7);

P(a,r) = Py(a,r) := D(ay,r1) x---x D(ay, rp) = the polydisc with center a € C”
and multiradius (polyradius) r = (r1,...,7,) € RL,; notice that P(a,r) = P(a,r-1);
P(r) = Py(r) := P,(0,r);

doP(a,r) := dD(ay,r1) x --- x dD(ap, r,) = the distinguished boundary of P(a, r).
Annuli

Ala,r=,rt)y={zeC:r <|z—a|l<rth,aeC,—o0 <r <rt < +oo,
rt > 0;ifr~ <0,then A(a,r~,r") = D(a,r"); A(a,0,r%) = D(a,r ")\ {a};
Ar=,rt) = A, r,r").

Laurent series

%=z 2= (21, 20) €Cha = (a1, ..., an) € Z" (00 := 1);
al:=a!l-o!, o= (ar,...,ay) € Z7%;
|| := |ey| + -+ |an], @ = (a1,...,a,) € R,

(§) = ==l e 7, Z4;

(g) = (%i)(%ﬁ), a=(a1,....,0n) €Z", B = (B1,....Bn) €Z'.
Functions

[ flla:=supllf(a)|:a €A} f:A—C;

supp f = {x : f(x) # 0} = the support of f’;
P (K™) := the space of all polynomial mappings F: K* — K, K € {R,C};
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Pa(K*) :={F € P(K") :deg F <d};
€1 (£2) := the set of all upper semicontinuous functions u: 2 — R_s;
i(a) = %(%(a) — i%(a}), %(a) = %(%(a) + ia%(a)) = the formal

0z;
partial derivatives of f ata;

gradu(a) := (%(a), cee a%(a)) = the gradient of u at a;
DB — (%)m O”‘O(%)an O(%)ﬂl o”'o(%)ﬂn;

€k (82, F) := the space of all €¥-mappings f: 2 — F, k € Z4 U {oo} U {w} (
stands for the real analytic case);

ek(2) =€k, 0);

‘6(’,‘(9) ={f e€k(Q) :supp f CcC 2

£V := Lebesgue measure in RV ;

L?(£2) := the space of all p-integrable functions on §2;

| |27 (s2) := the norm in L7 (§2);

Lf:)c(.Q) := the space of all locally p-integrable functions on £2;

O(X,Y) := the space of all holomorphic mappings f: X — Y;

OR2):=0(2,C) = th;le space of all holomorphic functions f: 2 — C;

@ = Jim S
D% = (%)"‘1 0...0 (%)“" = o-th partial complex derivative;

Lﬁ (£2) := O(£2) N LP(§2) = the space of all p-integrable holomorphic functions on
£2;

L3°($2) := the space of all bounded holomorphic functions on §2;

H (£2) := the space of all harmonic functions on £2, 2 C C;

SH (§2) := the set of all subharmonic functions on £2, 2 C C;

PSH (X) := the set of all plurisubharmonic functions on X;

Lu(a;§) = Z;'l,k=1 g—auélc(a)éjék = the Levi form of u at a.

= the j-th complex partial derivative of f at a;
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